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THE SIGNIFICANCE OF THE SYSTEM OF SUBGROUPS FOR 
THE STRUCTURE OF THE GROUP.* 


By REINHOLD BAER. 


DEDICATED TO 
FELIX HAUSDORFF 
On his 70th Birthday, November 8, 1938. 


Theorems in group theory whose proofs are effected by manipulating 
subgroups and not elements—such theorems generally refer to direct decom- 
positions—are as a rule easily recognized as special cases of theorems in the 
theory of lattices. There are other theorems in the theory of groups where 
such a generalization is not quite obvious. Thus the problem arises to char- 
acterize those parts of the theory of groups in which the results may be 
expected to be special cases of theorems in the theory of lattices. Such a part 
of the theory of groups contains but one essentially group-theoretical state- 
ment, namely the assertion that all the facts in this theory are special cases 
of results in the theory of lattices. 

If the group @ is isomorphic to every group with an isomorphic lattice 
of subgroups, then it may be said that the structure theory of this group G 
forms part of the theory of lattices. If in addition every isomorphism of the 
lattice of the subgroups of G is induced by an isomorphism of G, then the 
relative structure of the subgroups of G@ presents a problem which belongs 
to the theory of lattices. 

Thus it will be our problem to discuss the relations between the iso- 
morphisms of groups on the one hand and the isomorphisms of the lattice 
of its subgroups on the other hand. The term “isomorphism of the lattice 
of subgroups ” will be used in a more or less restricted sense. In its broadest 
meaning this term refers only to lattice properties in the accepted sense of 
the word, whereas the isomorphisms of the lattice of the subgroups in the more 
restricted sense of the term shall preserve properties like normality and 
numbers like the index. 

The modern development of the theory of lattices has been preceded by a 
discussion of the above problem. It has been proved in 1928 by A. Rottlaender 
that there exists finite non-isomorphic groups whose lattices of subgroups are 
isomorphic in a rather strong sense.1 Since these groups are both not abelian, 


* Presented to the American Mathematical Society, Sept. 6, 1938. 
1 Ada Rottlaender, “ Nachweis der Existenz nicht-isomorpher Gruppen von gleicher 
Situation der Untergruppen,” Mathematische Zeitschrift, Bd. 28 (1928), pp. 641-653. 
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2 REINHOLD BAER. 


one might feel inclined to discard this example, considering that lattice theory 
is primarily concerned with abelian questions. But Rottlaender proved at the 
same time that there exist two groups of order p* with isomorphic lattices of 
subgroups one of which is abelian and the other not.2, Furthermore one should 
bear in mind that any two groups of prime number order have isomorphic 
lattices of subgroups and that there exist abelian groups of prime power order, 
possessing automorphisms of the lattice of subgroups which are not induced 
by automorphisms of the group.’ 

It is the object of this investigation to show that these phenomena are— 
at least as far as abelian groups are concerned—rather the exception than the 
rule. In a somewhat crude form one might state as our main result that every 
isomorphism of the lattice of subgroups of an abelian group which is not “ too 
small ” is induced by an isomorphism of the group in question. 

A precise sattement of our concepts and principal results may be found 
in section 1. As the difficulties in our investigation arise mostly from the 
“smaller ” groups, these will be treated to some extent before we embark on 
the proofs of our main theorems. 


i. A function f of the subgroups of the group G is called a subgroup- 
isomorphism of G upon the group G’, if 


(1.a) Sf is a subgroup of G’ for every subgroup S of G; 


(1.b) to every subgroup 9’ of G’ there exists a subgroup S of G@ such that 
Sf — 
(1.c) SST is a necessary and sufficient condition for Sf T’. 


Thus a subgroup-isomorphism of G upon G’ defines a one-one-corre- 
spondence between the subgroups of G and the subgroups of G’ and the inverse 
function to a subgroup-isomorphism is a subgroup-isomorphism. Moreover a 
subgroup-isomorphism maps the meet and join of a certain set of subgroups 
upon the meet and join of the corresponding subgroups and in particular the 
group-unit upon the group-unit and G upon G’. A subgroup-isomorphism of 
G upon G’ is therefore an isomorphism of the lattice of all the subgroups of G 
upon the lattice of all the subgroups of G’.—If in particular G = G’, then the 
subgroup-isomorphisms of G upon G’ are called suwbgroup-automorphisms of G. 

If S is a subgroup of 7’, then the index [7: S] is the number of different 
classes of J’ mod 8. A subgroup-isomorphism f of G upon G@’ is called tndez- 
preserving, if 


? Rottlaender, op. cit., pp. 644-647. : 
® Reinhold Baer, “ Situation der Untergruppen und Struktur der Gruppe, Sitz.-Ber. 
Heidelberger Akad. Wiss.; Math.-nat. Kl. 1933 (2), pp. 12-17. 


an 


| 
( 
0 

a 

( 
if 

0 
is 
sl 

tl 

| 
tl 
It 

G 
su 
ex 
( 

a 
= 

if 

th 

is 


at 


or. 


THE SYSTEM OF SUBGROUPS. 3 


(1.d) [%:S]—[7*: for subgroups of cyclic subgroups T of G; 
and f is called strictly index-preserving, if 


(1.d*) 8] for subgroups of subgroups T of G. 


The subgroup-isomorphism f of the group G upon the group G’ is normal, 
if it satisfies: 


(1.e) S is a normal subgroup of @ if, and only if, S/ is a normal subgroup 
of G’; 


and f is said to be strictly normal, if it satisfies: 


(1.e*) The subgroups R and S of the subgroup 7 of G are conjugate in T 
if, and only if, Rf and Sf are conjugate subgroups of 7°. 


Since strictly index-preserving subgroup-isomorphisms preserve the orders 
of the subgroups, the strictly index-preserving and strictly normal subgroup- 
isomorphisms are exactly the same as the correspondences which preserve the 
situation of the subgroups [Rottlaender|]. The result of Rottlaender, men- 
tioned in the introduction, may now be stated in the form: 


there exist finite groups which are not isomorphic, though there exists a 
strictly index-preserving and strictly normal subgroup-isomorphism between 
them. 

If there is any danger of confusion, then the isomorphisms between groups 


in the customary sense of the word will be termed element-isomorphisms. 
It is obvious that every element-isomorphism of the group G upon the group 


| @ induces a uniquely determined strictly index-preserving and strictly normal 


subgroup-isomorphism of G upon G’. But as has been remarked before, there 
exist strictly index-preserving subgroup-automorphisms of finite abelian groups 
(which are of course strictly normal) which are not induced by element- 


| automorphisms. 


The following theorem which will not be used in the future may serve as 
an illustration of these concepts. 


If G is either an alternating or a symmetric group of finite degree n, and 


| of f is a strictly index-preserving and normal subgroup-isomorphism of G upon 


the group G’, then G and G’ are (element-) isomorphic. 


Proof. It is a well known fact that the symmetric group of degree n 
is apart from isomorphic groups the only group of order n! which contains a 
subgroup of index n such that no subgroup ~ 1 of this subgroup is normal in 
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the whole group and the same property together with the fact that the order 
is n!/2 characterizes the alternating group. Now the theorem is obvious. 


The principal results of this investigation may be stated in the following 
form: 

The subgroup-isomorphism f of the group G is induced by an element- 
isomorphism of G, if one of the following conditions is satisfied: 


(1) Gis hamiltonian‘ and all the elements in G are of even order. 


(2) G is abelian and contains at least two independent elements of infinite 


order. 


(3) G is abelian, does not contain elements of infinite order, contains ele- 
ments of order p’, if it contains elements of the prime number order p, and 
G contains at least three independent elements of order n, if it contains ele- 


ments of order n. 


(4) Gis abelian, all its elements ~ 1 have the same finite order p, G contains 
at least p* elements and all the elements 1 in Gf have the same order. 


The subgroup-isomorphism f maps the group G upon an isomorphic group 
H, if one of the following conditions is satisfied : 


(5) Gis abelian and contains elements of infinite order, f is index-preserving, 


and H is abelian. 


(6) G is abelian, does not contain elements of infinite order, the number of 
elements of order p in G is ~>p, and H is abelian. 


(7) Gis abelian, does not contain elements of infinite order, and f is index- 


preserving as well as normal. 


The following discussion is devoted to the proofs of these statements. It 
will be seen from suitable examples that it is impossible to omit any part of 
any of the above conditions. No attempt has been made to give a systematic 
survey of the possible counter examples—in particular a theory of the groups 
which are subgroup-isomorphic with abelian groups—though some indications 
are contained in this investigation. 


2. Finite cyclic groups. 


(2.1) The group G is a cyclic group whose order is the n-th power of a prime 
number tf, and only tf, 


‘A group is hamiltonian, if it is not abelian, but all its subgroups are normal. 


er 
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(a) the number of subgroups of Gisn+1; 
(b) SST or TSS for any two subgroups 8 and T of G. 


Proof. If G is a cyclic group of prime power order p”, then its subgroups 
are just the subgroups G?' for 0 =i n and this proves the necessity of the 
conditions.—If the group G satisfies the conditions (a) and (b), then @ con- 
tains a subgroup WG which contains every subgroup #G. Any element 
w of G which is not an element of W generates G and G@ is consequently a 
cyclic group. If m is the order of the cyclic group G— G is clearly a finite 
group — and if p is a prime number, dividing m, then G? = W and this shows 
that m = p”. 

An obvious corollary of (2.1) is 


(2.2) Suppose thai G ts a cyclic group of prime power order p". Then G 
and the group H are subgroup-isomorphic if, and only if, H is a cyclic group 
of prime power order q”. 

If are not-negative integers, then the lattice -,m) 
consists of the k-tuples (m,- - +, which satisfy 0 m; S mn, for every 1 
and the partial order in LZ is defined by 


mx) S + if, and only if, m, = m’, for every 1. 


(2.3) The lattice of the subgroups of the group G is lattice 1somorphic with 
the lattice -,m) tf, and only if, 


(a) Gis a finite cyclic group; 


k 

(b) the order of G is [I pi" where the p; are suitably chosen different prime 
numbers. 

Proof. If G@ satisfies the conditions (a) and (b), then the subgroup S 


k 
of G has an order of the form [[ withOS mS Put Sf= mx). 
i=1 


It is easily verified that f is a lattice-isomorphism of the lattice of the sub- 
groups of G upon the lattice L(m,- - -,”~).—Suppose now conversely that 
there exists a lattice-isomorphism g of L(n,,- - -,,) upon the lattice of the 
subgroups of G. Then it is a consequence of (2.1) that G = (0,-- -,0, 
ni,0,* * *,0)8 is a cyclic group of prime power order q;"* and that the sub- 
group (m,,° °°, mx)® is cyclic of prime power order if, and only if, at most 
one of the integers m; is #0. Thus an element x in G is of prime power 
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order if, and only if, 2 is contained in one of the groups G;. If gs generates 
k 

then g = [I is not contained in any of the groups +, —1, 
4=1 


Nis,’ °°, %)*. Since these subgroups of G are just all the greatest subgroups 
~ G of G, it follows that g generates G. Thus G is a cyclic group of finite 
order. This implies that the prime numbers q; are different, since all the 


ke 
subgroups of a cyclic group are cyclic, and thus the order of @ is [J] qi™. 


An obvious consequence of (2.3) is the 


THEOREM 2.4. Suppose that G is a cyclic group of order I pi", where 


the p, are different prime numbers. Then G and the group H are subgroup- 


isomorphic if, and only if, H 1s a cyclic group of order Il qi™* where the qi are 


suitably chosen different prime numbers. 


CoroLuary 2.5. A subgroup-isomorphism of the finite cyclic group G 
is induced by an isomorphism of G if, and only if, it is indez -preserving. 


In conclusion it may be mentioned that automorphisms of finite cyclic 
groups induce the identity in the lattice of subgroups and that the identity 
is the only subgroup-automorphism of a cyclic group of prime power order. 
But if p and q are different prime numbers, then there exists a subgroup- 
automorphism of the cyclic group of order pq which interchanges the subgroup 
of order p and the subgroup of order q. 


3. Infinite cyclic groups. 


(3.1) The group G ts an infinite cyclic group tf, and only if, there exists a 
one-one-correspondence f between the positive integers and the subgroups #1 
of G such that 


nis a multiple of m if, and only tf, WS mi SG. 


Proof. If G is an infinite cyclic group, then a correspondence f which 
meets the requirements of the theorem is defined in mapping the positive 
integer n upon the uniquely determined subgroup of index n in G. 

Suppose now that there exists a correspondence f between the positive 
integers and the subgroups ~ 1 of the group G which meets the requirements 
of the theorem. If x=41 is an element in G, then denote by n(x) the 
uniquely determined positive integer such that n(x)f is generated by x. Since 
every subgroup +1 of G contains an infinity of subgroups, every n(x)f for 
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a =~ 1 is an infinite cyclic subgroup of G. If x and y are two elements ~1 
in G, then denote by m(z, y) =m the l.c.m. of n(x) and n(y) and by d(a, y) 
the g.c.d. of n(a) and n(y). It is a consequence of the properties of f, that 
m(zx,y)* is the meet of the two infinite cyclic subgroups n(z)f and n(y)f and 
that d(z, y)/ is the subgroup of G which is generated by z and y. As m(z, y)/ 
is £1 and the meet of two infinite cyclic subgroups, it is itself an infinite 
cyclic subgroup of G, and as m(z,y)/ is generated by a power of 2 which 
equals a power of y, it follows that m(z,y)/ is contained in the central of 
d(z,y)f. This implies that m(a,y)/ is a normal subgroup of d(x, y)/ and 
now it is a consequence of (2.3) that d(z,y)4/m(a,y)f is a cyclic group. 
Thus the central quotient group of d(z,y)f is cyclic and this implies that 
d(x, y)f is abelian. Hence 2 and y are permutable and this proves: 


G is abelian. 


Since there exists only a finite number of subgroups of G which contain 
a given subgroup ~ 1 of G—for 74 is only contained in those mf with n = n’m— 
it follows that every set of subgroups of G contains some greatest subgroup. 
Hence there exists a greatest cyclic subgroup of G. If z generates such a 
greatest cyclic subgroup of G, and if z is any element ~ 1 in G, then there 
exist relatively prime integers h and k such that 


since all the elements 1 in G are of infinite order, and since the meet of 
any two infinite cyclic subgroups of @ is an infinite cyclic subgroup. There 
exist furthermore integers h’, k’ such that hh’ + kk’ = 1 and consequently: 


But since n(z)/ is a greatest cyclic subgroup of G, and since all the elements 
~1 in G are of infinite order, it follows that k = + 1 and z consequently 
generates (, i.e. @ is an infinite cyclic group. 

An obvious inference from (3.1) is 


THEOREM 3.2. The infinite cyclic group G and the group H are subgroup- 
isomorphic if, and only if, H is an infinite cyclic group. 


A consequence of Theorem 3.2 and Corollary 2.5 is the 


Corottary 3.3. A subgroup-isomorphism f of the infinite cyclic group 
G is induced by an isomorphism of G if, and only if, f is index-preserving. 
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temark. The group of the subgroup-automorphisms of the infinite cyclic 
group G@ is isomorphic with the group of all the permutations of the set of all 
the prime numbers. But the automorphisms of G induce the identical subgroup- 


automorphism. 


4. Ideal-cyclic groups. A group G is called ideal-cyclic, if every finite 
subset of G is contained in some cyclic subgroup of G. Since cyclic groups 
are abelian, and since therefore any pair of elements in an ideal-cyclic group 
is contained in an abelian group, it follows that 


ideal-cyclic groups are abelian. 


Since the elements 1 in a cyclic group are either all of infinite order or 
are all of finite order, it follows that the elements ~ 1 in an ideal-cyclic group 
are either all of infinite order or are all of finite order. 


(4.1) Jf G 1s an tdeal-cyclic group and if H is subgroup-isomorphic with G, 
then H 1s ideal-cyclic. 


Proof. If f is a subgroup-isomorphism of H upon G, and if F is a sub- 
group of H which is generated by a finite number of elements, then it is a 
consequence of Theorems 2. 4 and 3.2 that Ff is generated by a finite number 
of elements. Since G is ideal-cyclic, / is contained in a cyclic subgroup of 
G and therefore itself cyclic. Now it follows from the Theorems 2. 4 and 3. 2 
that F is a cyclic subgroup of H and this proves that H is ideal-cyclic. 

If the group RF contains elements of order p, then the prime-number p is 


said to be relevant for the group R. 


THEOREM 4.2. The ideal-cyclic group G without elements of infinite 
order and the group H are subgroup-tsomorphic if, and only ‘f, 


(a) H is an ideal-cyclic group without elements of infinite order ; 


(b) there exists a one-one-correspondence r between the prime numbers 
which are relevant for G and those which are relevant for H such that 


G contains elements of order p" if, and only if, H contains elements of 
order 

Proof. Suppose that f is a subgroup-isomorphism of G upon H. Then 
H is by (4.1) an ideal-cyclic group. If z is any element, then denote by Z 
the subgroup, generated by x. If w is an element of prime power order p", 
then af is by (2. 2) a cyclic group of prime power order p’. If v is an element 
of prime power order q”, then 7/ is of order q’". If pq, then uv is of 


0 
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order p"q™, wv! of order p’"q’™ and it follows from Theorem 2. 4 that p’ = q’. 
Now (b) is a consequence of the fact that f-* is a subgroup-isomorphism of the 
ideal-cyclic group H upon G. 

Assume now that the conditions (a) and (b) are satisfied. If the prime 
number p is relevant for G, then the p-component G, of G@ is either a cyclic 
group of order p") or a group® of type p®. If f is the correspondence 
between the relevant prime numbers which enters into condition (b), then the 
p-component H,f of H is correspondingly either a cyclic group of order 
(p!)”?) or of type (pf). Now it is obvious how to extend the correspondence 
f between the relevant prime numbers to a subgroup-isomorphism of G upon 
H which always maps Gp upon H,/. 


THEOREM 4.3. Suppose that G 1s an ideal-cyclic group without elements 
#1 of finite order. Then G and the group H are subgroup-tsomorphic tf, 
and only 


(a) H ts an tdeal-cyclic group without elements ~1 of finite order; 


(b) to every infinite cyclic subgroup Z of G there exists an infinite cyclic 
subgroup Z’ of H such that 


(b’) G/Z and H/Z’ are subgroup-isomorphic ; 


(b’) the number of prime numbers which are not relevant for G/Z is the 
same as the number of prime numbers which are not relevant for H/Z’. 


Proof. If f is a subgroup-isomorphism of G upon H, then H is ideal- 
cyclic as follows from (4.1). If Z is an infinite cyclic subgroup of G, then 
it follows from Theorem 3.2 that Z’ = Z/ is an infinite cyclic subgroup of H. 
As H is abelian, it follows that f induces a subgroup-isomorphism between 
the quotient groups G/Z and H/Z’. 

Since there is no subgroup between Z and Z?, if p is a prime number, the 
index of (Z?)f in Z’ is a uniquely determined prime number p* and g is a 
permutation of the prime numbers, since both f and f are subgroup- 
isomorphisms. If p is a relevant prime number for G/Z, then there exists a 
subgroup Z(p) such that Z(p)? = Z. Z(p) is a uniquely determined infinite 
cyclic subgroup between G@ and Z. Z(p)/Z? is a cyclic group of order p? and 
it follows now from (2.2) that Z(p)4/(Z?)f is a-cyclic group of order (p*)’, 
since it contains Z’/Z’p®, Thus g maps primes which are relevant for G/Z 


5A group @ has been defined (by H. Priifer) as a group of type p~, if @ is 
generated by an infinite sequence a(i) of elements so that a(0) is of order p and 
a(i+1)”=a/(i). for every 1. 
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upon primes which are relevant for H/Z’ and conversely. This proves the 
necessity of the conditions (a) and (b). 

Assume now that the groups @ and H satisfy the conditions (a) and (b). 
Let Z be an infinite cyclic subgroup of G and Z’ an infinite cyclic subgroup 
of H so that Z and Z’ satisfy (b’) and (b”). As G and H are ideal-cyclic 
groups, it follows that G/Z and H/Z’ are ideal cyclic groups without elements 
of infinite order. Thus there exists by Theorem 4.2 a permutation g of the 
prime numbers with the property: 


the p-component of G/Z and the p*-component of H/Z’ are subgroup-isomorphic. 


If X is an infinite cyclic subgroup of G, then both the meet Z* X and 
the join ZX of X and Z are infinite cyclic subgroups of G. If [J] p™*?) is the 


p 
index of Z* X in Z and JJ p/‘*”) is the index of Z in ZX, then there exists 


one and only one infinite cyclic subgroup X/ of H such that the index of Z’9 Y/ 
in Z’ is and such that the index of Z’ in Z’X4 is (ps) 
p 


f is a one-one-correspondence between the infinite cyclic subgroups of G and 
the infinite cyclic subgroups of H which preserves meet and join. Thus there 
exists one and only one subgroup-isomorphism of G upon H which induces f in 
the set of infinite cyclic subgroups and this completes the proof. 

A consequence of the Theorems 4.2 and 4.3 is the 


4.4. The subgroup-isomorphism f of the ideal-cyclic group 
G is induced by an (element-)isomorphism of G if, and only if, f ts mdez- 


preserving. 
5. Groups all of whose elements are of order 2. 


Lemma 5.1. If all the elements ~1 of the group G are of order 2, 
then every subgroup-isomorphism of G is induced by an (element-)isomorphism 
of G, provided G is not a cyclic group. 


Proof. Since all the elements ~ 1 in G are of order 2, G is an abelian 
group and a direct product of cyclic groups of order 2. Since G is not a cyclic 
group, G contains at least two independent elements of order 2. If wu and v 
are two elements of order 2 in G, then they are dependent if, and only if, they 
are equal. If w and v are independent elements, then wu is the only element 
+~ 1 in the subgroup a, generated by uw, and uv generates the only proper sub- 
group of the group, generated by wu and v, which is different from @ and 7. 

Assume now that f is a subgroup-isomorphism of G upon the group /. 
Then every element in H is of order a prime number, as follows from (2. 2). 


THE SYSTEM OF SUBGROUPS. 11 


Let wu and v be two independent elements ~1 in G and w’ and wu” be elements 
in v’ an element ~1 in Then both w’v’ and wv’ generate 
and w’w’’v’ generates the same group as v’. Thus u’u” = 1 and this shows that 
i contains exactly one element #1. Thus all the elements in H are of order 
2 and w’v’ is the only element 1 in uv/.° An isomorphism g of G upon H 
which induces f is therefore defined by 


1¢ — 1; if 1, then is the uniquely determined element ~ 1 in 


Remarks. 1. That the Lemma would not be true, if G would be cyclic is 
a consequence of (2.2). 2. The following example shows that the Lemma 
does not hold true for direct products of a cyclic group of order 2 and a cyclic 
group of order 2” with 2 < n. 

Let H be the group, generated by the two elements u and v which satisfy 


the relations: 
1 = uv? =v, == y?"", 


Then v generates a normal subgroup of order 2” and uv? = v?u so that 
u and v® generate a subgroup which is a direct product of a cyclic group of 
order 2 and of a cyclic group of order 2""'. The only subgroups of H which 
are not contained in this subgroup are H and the two cyclic groups which are 
generated by v and wv and these latter ones are just the two cyclic subgroups 
of order 2”. 

Let now G@ be the direct product of a eyclic group of order 2 which is 
generated by an element r and of a cyclic group of order 2” which is generated 
by an element s. Then there exists a subgroup-isomorphism of G upon H 
which maps the cyclic group, generated by r‘si upon the cyclic subgroup of H 
which is generated by u‘vi. This subgroup-isomorphism is index-preserving 
though H is not even an abelian group. 

(The following formula is used in the proof of the facts concerning H 
which have been mentioned above and this formula shows the point where the 


assumption 2 < n has been needed: 
(uv) 24 = p2t(1+2"-2) (uv) 24+? (1+2"-2) ) 
6. Primary hamiltonian groups. 


THEOREM 6.1. Every subgroup-isomorphism of a primary hamiltonian 


group is induced by exactly four (element-)tsomorphisms. 


Proof. It is known ® that a primary hamiltonian group @ is a direct 


°Cp. e.g. R. Baer, op. cit.*, section 3. 
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product of a quaternion group and of any number of cyclic groups of order 2. 
Thus GQ X T where the elements “1 in T are all of order 2 and where 
Q is a quaternion group which is generated by two elements wu and v satisfying 
the relations: 

1 == = 1%, U? y* == 


If g is an automorphism of G which maps every subgroup of G upon itself, 
i.e. which induces the identical subgroup-automorphism, then 


t= fortin 7, =v! with e —d?—1 


and all these four possibilities are actually realized by automorphisms of G 
which induce the identical subgroup-isomorphism. Subgroup-isomorphisms 
of G which are induced by isomorphisms of G are consequently induced by 
exactly four isomorphisms of G. 

‘Suppose now that f is a subgroup-isomorphism of @ upon the group H. 
If Q’ is the subgroup of Q which is generated by u?, then Q’ is a cyclic sub- 
group of order 2 and is the meet of the two cyclic subgroups of order 4 which 
are generated by wu and by v. Thus Q/ is generated by two elements which 
generate cyclic groups, containing Q’f. Q” is therefore contained in the central 
of Qf and is consequently a normal subgroup of Qf. Q/Q’ is a direct product 
of two cyclic groups of order 2 and it follows now from Lemma 5. 1 that Q/Q’ 
and Q4/Q’f are isomorphic, since f induces a subgroup-isomorphism of Q/Q’ 
upon (/Q’f which is by Lemma 5.1 induced by an isomorphism. If @ is the 
cyclic group, generated by u, then this implies that a/Q’ is a cyclic group of 
order 2. It follows therefore from (2.2) that @ is a cyclic group of order 4, 
that Qf is a cyclic group of order 2. If F’ is any cyclic subgroup of order 4 
of G, then Q’ < F and it follows from (2.2) that Ff is a cyclic group of 
order 4. 

The elements of order 2 in G form exactly the subgroup Q’ X T. As it 
has been proved that Q’f is a cyclic group of order 2, and as all the elements 
~1 in Q’ & T are of order 2, it follows from Lemma 5.1 that there exists 
exactly one isomorphism g of Q’ & T which induces f in Q’ K T.—As Q/Q’ 
and G/(Q’ < 7’) are essentially the same groups, it follows from previous 
remarks that there exists exactly one isomorphism of G/(Q’ X T) which 
induces f, as (Q’ X T)4 is exactly the subgroup of all the elements of prime 
number order in 

The orders of the elements in H are therefore 2 and 4 and if h is an 
element of order 4 in H, then h? is the only element ~1 in Q%, i.e. 


(u?)¢ == h?, 


i 
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Denote now by w’ any element, generating a, and by v’ any element, 
generating vf. Then it is a consequence from our previous remarks that w’ 
and v’ generate H mod (Q’ x T)/, and that’ uw’ and wv are independent 
mod (Q’ XT). wu’, v’ and w’v’ are therefore elements of order 4 which satisfy: 


and this implies that the group Qf which is generated by w’ and v’ is a 
quaternion group. 
Every element in G may be represented in one and only one way in the 


form: 
with OS7r,sS1 and z in XT 


and it follows from the facts, proved thus far, that a one-one-correspondence 
between the elements of G and the elements of H is defined by 


(u've) == 278, 


g is clearly an isomorphism in Q and in Q’ X T' and induces f in these sub- 
groups of G. But since (Q’ X T)f is contained in the central of H,—for 
wu”? or = or wa = and = implies that g is 
an isomorphism in the whole group G and g induces f, since wa generates the 
only cyclic subgroup of order 4 which is contained in the subgroup, generated 
by w and z, and is not generated by u, if x is not in @ This completes the 
proof. 


7. Normal subgroup-isomorphisms of abelian and hamiltonian groups. 


THEOREM 7.1. Jf f is a normal subgroup-tsomorphism of the group G 
upon the group H, then H is abelian, if G is abelian, and H is hamiltoman, 


if G is hamiltonian. 


Proof. If all the subgroups of the group G@ are normal subgroups, and 
if f is a normal subgroup-isomorphism of G upon H, then all the subgroups 
of H are normal subgroups. G is hamiltonian if, and only if, all its subgroups 
are normal and it contains a quaternion group.” Now our Theorem is a con- 
sequence of Theorem 6.1, since this Theorem implies that subgroup-iso- 
morphisms map quaternion groups upon quaternion groups. 


Remark. In Remark 2 of section 5, an example of a subgroup-isomorphism 
of an abelian group upon a non-abelian group has been constructed, so that 
the assumption of normality cannot be omitted in Theorem 7. 1. 


*. 
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8. Abelian groups without elements of composite order. 


THEOREM 8.1. Suppose G is a non-cyclic, abelian group, that all its 
elements ~1 have the same finite order p, and that the group H satisfies 
at least one of the following condtttons: 


(i) At is abelian. 
(ii) All the elements ~1 1m H have the same order. 


(iii) The group-unit rs the only element in H whose order is smaller than p. 
Then G and H are (element-)isomorphic tf, and only if, they are 
subgroup-isomor phic. 


Proof. Since every element-isomorphism induces a subgroup-isomorphism 
we need only prove the sufficiency of the condition.—Since all the elements 
~ 1 in G have the same finite order p, and since G ~1, this number p is a 
prime number. If there exists a subgroup-isomorphism f of G upon H, then 
it follows from (2.2) that all the elements in H are of prime number order. 

Let now wu and v be two independent elements in G, W the subgroup, 
generated by uw and v. Then W is a direct product of two cyclic groups of 
order p, a basis of W is formed by wu and v, every proper subgroup of W is a 
cyclic group of order p and the number of proper subgroups of W is p+ 1. 

Assume now that H is abelian. Then W* is abelian and generated by two 
elements whose orders are prime numbers. If the orders of these generating 
elements would be different, then W/ would be a cyclic group. But this is 
impossible since W is not a cyclic group, as follows from Theorem 2.4. Thus 
all the elements +4 1 in W* have the same prime number order g. Since W/ 
is abelian, this implies that the number of proper subgroups of Wf is g+1 
and hence p= gq. Thus it follows that all the elements of the abelian group H 
are of order p since G is not a cyclic group and therefore contains two in- 
dependent elements. Since G is a direct product of cyclic groups of order p, 
and since f preserves this decomposition as H is abelian, it follows that G 
and H are isomorphic. 

Assume next that H satisfies (ii). Then all the elements 1 in W/ have 
the same prime number order g. Since W/ contains but a finite number of sub- 
groups it is finite, and the order of W/ is some power of g. Now it follows 
from a well known theorem that the central C of W’ is #1. Since C isa 
normal subgroup of Wf and since W/(C*") is a cyclic group, it follows from 
Theorem 2.4 that W//C is a cyclic group. Since C is the central of W/, this 
implies C = WS and WS is consequently abelian. Hence any pair of eléments 


ten ante. tude 
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in H is contained in some abelian subgroup of H and this proves that H is 
abelian. But it has been proved before that this implies isomorphy of G and H. 

Assume finally that H satisfies (iii). All the elements of Wf have prime 
number order. Let V be a cyclic subgroup 1 of Wf whose order q is as 
small as possible. Then (iii) implies pq. Denote by N the normalizer 
of V in Wf= W’. Since WN lies between the cyclic subgroup V ~1 and W’, 
there are but two possibilities: 

Casel. V=WN. 

If w is any element in W’ but not in V, then w does not transform V into 
itself. Since w is an element of prime number order r, it follows that w 
transforms V into r different subgroups which are all different from the sub- 
group, generated by w. Thus r+ 1 p-+ 1 and consequently by the choice 
of V: 

p=q=rs p. 
W’ satisfies therefore (ii) and it follows from what has been proved. before 
that W and W’ are isomorphic. Hence W’ is abelian and W’ itself would be 
the normalizer of V in W’ in contradiction to our assumption for this case 1. 


Case 2. W’=N. 

This implies that V is a normal subgroup of W’, and since W/V!" is a 
cyclic group of prime number order p, it follows from (2.2) that W’/V is a 
cyclic group of prime number order r. If w is an element in W’ but not in V, 
then w generates W’ mod V and r is the order of w. Hence qr. The order 
of the automorphism which w induces in V is either 1 or r and would in the 
latter case be a divisor of g —1, as V is a cyclic group of prime number order 
q. But this would contradict gr and w is therefore permutable with the 
elements in V. This shows that W’ is abelian, and from this fact it follows 
again that H is abelian and that G and H are isomorphic. This completes the 


proof of our Theorem. 


CoroLuary 8,2. Suppose that G is a non-cyclic, abelian group whose 
elements 1 are all of the same finite order, and that f 1s a subgroup- 
isomorphism of G upon the group H. Then the following three properties 


are equivalent : 

(i) Gand H are tsomorphic. 
(ii) ts normal. 

(iii) f 1s index-preserving. 


This is a consequence of Theorem 8.1 and Theorem 7. 1. 
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Remarks. 1. The existence of an isomorphism between G and H which 
induces f cannot be proved, since there exist subgroup-automorphisms of direct 
products of cyclic groups of order p42 which are not induced by element- 
automorphisms.® 


2. That the conditions (i), (ii) or (ii) in Theorem 8.1 cannot be 
omitted, follows from the existence ® of non-abelian groups which are subgroup- 
isomorphic with a direct product of two cyclic groups of prime number order 

Let q be a prime number, dividing p—1 (e.g. 2==q) and let n be an 
integer such that 0 <n < p and such that the multiplicative order of n mod p 
is gq (If q=2, then one may choose n= p—1). Let H be the group, 
generated by two elements wu and v, which satisfy the relations: 


of = = 4", 


H is an extension of the cyclic group of order p which is generated by w by a 
cyclic group of order qg, and it is well known that H is essentially the only 
non-cyclic group of order pq. 

The elements in H are all of the form: u‘vd with OSi1i< p,OSj<q 
where the numbers 1 and j are uniquely determined by the element. If 7 #0 
and k is a positive integer, then 


(utvs)* utlyi* where f = (ni* — 1) (ni —1)7 


and the order of u‘v/ is q, if 7 ~ 0. Furthermore it may be inferred from this 
formula that every cyclic subgroup of H which is not generated by a power 
of w contains one and only one element of the form: u‘v. Since every proper 
subgroup of H is a cyclic group of prime number order, this shows that H 
contains exactly p-+ 1 proper subgroups, and that consequently H is subgroup- 
isomorphic with the direct product of two cyclic groups of order p. 


(8.3) If the group H is subgroup-isomorphic with a direct product of two 
cyclic groups of prime number order p, then H contains an element of order p. 


Proof. H contains exactly p-+ 1 proper subgroups and every proper sub- 
group of H is a cyclic group whose order is some prime number. Let Z be 
some cyclic subgroup ~ 1 of H and let the prime number r be its order, z an 
element which generates Z. 


® Cp. e.g. the Remark at the end of section 11. 
® This example could be obtained as a special case of Theorem 11. 2. 
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Case 1. There does not exist a proper subgroup X ~ Z of H so that 
= 


In this case each of the p proper subgroups X + Z is transformed by the 
elements in Z into exactly r different conjugate subgroups + Z, as r is a prime 
number. Consequently p is a multiple of 7 and this implies p= 1, i.e. z is an 


element of order p. 


Case 2. There exists a subgroup W 1 of prime number order which is 
transformed into itself by the elements in Z. 

Since H is generated by Z and W, it follows that W is a normal subgroup 
of H. Consequently H/W is a cyclic group of prime number order r. If q is 
the order of W, then rq is the order of H. If g=vr, then g=r—=—p by 
Theorem 8.1. If gr, then—as g Ar and Theorem 8.1 imply that H is 
not abelian—~r is a divisor of g—1 and JH is of the type discussed in Remark 
2 just above. In particular the number of proper subgroups of H is q+ 1 
and this implies g-+1—p+1,q=p. MWence W is of order p and this 
completes the proof. 


9. Element-functions, derived from subgroup-isomorphisms.*° The 
following notation will be used throughout: {...} is the subgroup, generated 


by the element sets inside the brackets. 


(9.1) Jf G is the direct product of the cyclic groups NX and Y, tf f is a 
subgroup-isomorphism of G upon the group H, tf XI = {a’} and Yf = {y’}, 
then Z = {a’y’}° = {xy} where x generates X and y generates Y. 


Proof. That Z is a cyclic subgroup of G, is a consequence of the Theorems 
2.4 and 3.2. Hence Z is generated by an element of the form zy where z is 
an element in X and yin Y. If # would not generate XY, then Z would be a 
subgroup of X’Y where X’ = {zx} is a proper subgroup of X. This would 
imply that z’ is an element of X’Y4, that X/= XY! and that consequently 
X= NX’Y. But this is impossible and consequently X = {x}, Y = {y}. 


(9.2) Suppose that f is a subgroup-tsomorphism of the abelian group G 
upon the group Il, that x and u are independent elements in G and that 


{u}f = {u'}. 


(a) If u is of infinite order, then there exists one and only one element 
f(x;u,u’, f) so that 


10The methods evolved in this section seem to admit of an extension to certain 
classes of abelian operator groups. 


9 


4 


18 REINHOLD BAER. 


(9. F) = 


(b) If «and u are of finite order, and if the order of u is a multiple of the 
order of x, then there exists at most one solution a of the pair (9.F) of 


functional equations. 


(c) If wu’ transforms {x}f into itself and tf the order of wu ts [either infinite 
or] a multiple of the order of x, then there exists at least one solution x’ of 
(9. F). 


(d) Jf the order of u is finite and a multiple of the order of x, and if the 
number of elements, generating {x}, is not greater than the number of ele- 
ments which generate {x}4, then there exists one and only one element 
a =f(r;u,u’,f), satisfying (9. F). 


Proof. Suppose that the elements x’ and x” are both solutions of (9. F). 
Assume first that wu is of infinite order. Then either 2’u’ = 2’u’ which implies 
or wu = (aw). In the latter case we would have: (a’u’)? 
= But since {ru} and {x} have only the group-unit in 
common, we would have in this case #’a’”' = 1 or v’ = w’.—If secondly w is 
an element of finite order, then there exists a positive integer & so that 
wu! = or = since cu is an element 
of finite order too. Since under the assumptions of (b) the group-unit is 
the only element in common to {x} and {zu}, it follows from (9.1) that 
1 or = 2’, 

If u’ transforms {x} into itself, then denote by y any element, generating 
{z}/. Every element of {y,u’} has the form and (ytu’s)* = 
Thus {xu}! = {y‘w’4} and it is a consequence of (9.1) that u’/ generates {w’}. 
Since {x} and {au} have only the group-unit in common, it follows that 
wu’, uJ and y‘w’s have the same order. Thus there exists an integer k such 
that wu’ = and = {(ytu’)*}. Tt = = then it 
is a consequence of (9.1) that y* generates {y} and this proves (c). 

Assume now that the number of elements which generate {x} is not 
greater than the number of elements which generate {x}! and that w is either 
of infinite order or of an order which is a multiple of the order of 2. Then 
it follows from what has been proved above that the number of subgroups of 
the form {vu’} with {v} = {z}/ is exactly equal to the number of elements v 
which generate {x}/ and it is a consequence of (9.1) that each of these sub- 
groups satisfies: {vu’}4* = {wu} with {w} = {x}. Since the number of sub- 
groups of the form {wu} with {w} = {2} is finite, it follows that these two 
numbers of subgroups are equal and that every {ww} is of the form -{rw’}. 
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Thus everything has been proved except the existence-assertion in (a). 
But if x is an element of finite order, then {x}/ is the subgroup of all the 
elements of finite order of {2, u}/ as wu is of infinite order. Hence {zx} is a 
cyclic normal subgroup of {z, u}/ and (c) may be applied.—If z is of infinite 
order, then {x}/ is by Theorem 3.2 a cyclic group of infinite order and {7} 
and {x} have both exactly two generating elements so that the result may be 
applied which has been derived in the last paragraph. This completes the 


proof. 


Remark. The example given in Remark 2 of section 8 shows that the 
additional hypothesis in (c) and (d) cannot be omitted. 


Corottary 9.3. If the element u and the subgroup S of the abelian 
group G are independent if ut=1 implies S'=—1, if f is a subgroup-iso- 
morphism of G upon the group H, if u’ is an element in H so that {u}f = {u’}, 
and if there exists to every element x in S one and only one solution a’ 
=f(x;u,w,f) of (9.F), then f(x;u,w,f) constitutes a one-one-corre- 
spondence between the elements of S and the elements of Sf which induces f. 


Proof. If y is any element in SS, then it follows from (9.1) that there 
exist elements z and v so that {z}/= {y}, {v}/=— {u’} and {zv}/ = {yw}. 
Since v and wu consequently generate the same subgroup, it follows that there 
exists some integer k so that Since ué —1 implies —1, it 
follows that z and z* generate the same subgroup, and as @ is abelian it follows 
that zv and (zv)* = zw generate the same subgroup. Hence y = f(z"; u, wv, f) 
and f maps S upon the whole group Sf. Since f and f coincide on the cyclic 
subgroups of S, this completes the proof. 


(9.4) If u, v and w are three independent elements in the abelian group G 
so that ut = 1 implies vt =1 and =1 implies w* = 1, if f ts a subgroup- 
isomorphism of G upon the group H, if u’ ts an element in H so that {u}S = {u’} 
and so that there exists to every element x in {v,w} one and only element 
=f(x;u,u,f) which satisfies (9. F), then 


f(wv; u, wv, f) =f(w;u,w’, f)f(v; u, wv’, f). 


Proof. It is a consequence of the Corollary 9.3 that f is strictly index- 
preserving on {v,w}=—S. Thus there exists by (9.2) one and only one 
element f(w;v,v,f) =w’ so that = {w’} and {wv}f = {w'r"} if we 
put vo’ =f(v;u,w’,f). Consequently we have: 


f (wv; u, f) = f(w; Uv; (v3 4, wu’, f) |= wv’). 
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As f is strictly index-preserving on {v,w}, as vu is independent of S and as 
(viu)* = 1 implies c‘ = 1 for every x in S, it follows from (9.2) that there 
exists one and only one element a’ = f(x; vu, (vu)’, f) so that {x} = {2’} 
and = {2’(vu)’}, if only is an element in S and (vu)’ =v’u’. This 
implies f(w;v,v’, f) =f(w; vu, (vu)’,f). But as uw and vu behave sym- 
metrically with regard to 8 and w and v, this implies f(w; v, , f)=f(w; u,v, f) 
and this completes the proof. 


(9.5) Suppose that the abelian group G contains to every element x an 
element y so that x and y are independent and so that yt = 1 implies rt = 1. 
If f is a subgroupssomorphism of G upon the group H, and if f(x) is a one- 
one-correspondence between the elements of G and the elements of H which 


induces f and satisfies: 


f(xy) =f(x)f(y), of and y are independent and =1 implies = 1; 
then f 1s an tsomorphism of G upon H. 


Proof. If 21 is any element in G, then there exists in G an element y 
so that x and y are independent and so that yt 1 implies z?'=—1. If j is 
any integer, then z/ and y are independent (if z/+41) and y+ =—1 implies 


zit==1, Consequently 


f(xy) = f(x") Fy) 
ay) = f(a) f(2y) = f(a) f(y), 


since #/-' and xy are independent (if z/*+41) and since (zy)* = 1 implies 
yt = x‘ = 1 and therefore x-!)¢ —1. Thus it follows by complete induction 


that 
f(z/) = for every 7 and every z in G. 


Suppose now that z and y are two elements in G which are independent 
and which have the property that = 1 implies zt Then 


f(y) = (f(@) f(y) = f(ay)* = f((2y)*) 
= f(xy") (as G is abelian), 
f(a") f(y") 
and consequently 


f(xy) =f(«) f(y) =f(y)f (2). 
If x and y are independent elements, then we certainly have 


f(cy) =f(«)f(y) =f(y)f(2), 
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if at least one of the elements « and y is of infinite order—lIf both are of finite 
order, then assume first that the orders are relatively prime. In this case the 
order of zy is the product of the orders of # and of y. There exists an element 
z so that z and zy are independent and so that z' = 1 implies (zy) = 1. Then 
z and yz are independent and (yz)* = 1 implies x‘ = 1,z and y are independent 
and z4==1 implies yi=1. Thus we have 


f (xyz) = f(xy) f(z) 
= f(x) f(yz) f(y) f(z) 


F(@)F(y) flay) f(y) F(2). 


If the orders of x and y are powers of the same prime number p, then we may 
assume that the order of y is a multiple of the order of z. Since # and y are 


independent we have: 


=f(2) f(y) = f(y) (2). 


If # and y are independent elements of some finite order, then = 2(1)---a(h), 
y= y(1)---y(h) where the orders of x(t) and y(t) are powers of the same 
prime number p(t), p(t) ~Ap(j) for 1A Jj, and where and y(t) are 
independent, if both are ~ 1. Then 


=f(r(1)y(1))- 
=f(y(1))f(@Q1)) -f(y(m) = FF (2) 


so that f(xy) = f(x) f(y) =f(y)f(x) has been proved for any pair of in- 
dependent elements x and y. 

If finally 2 and y are any two elements in G, then {a,y} is a direct 
product of two cyclic groups (one of them may be equal 1). If r and s form 
a basis of {z, y}, then s/ are independent (if 41), and = risk, y = 1s", 


Consequently 


= f(r)"*f(s)*f(r) mF f(r) f(s) f(x)f(y) 


and thus the formula f(y) = f(x)f(y) has been proved for any pair of ele- 
ments x and y in G. This completes the proof. 


(9.6) If fis a subgroupasomorphism of the abelian group G upon the group 
IT, if Sis a subgroup of G and t an element in G so thal {t} and S are in- 


1s 
J 
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}- 
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dependent and so that =1 implies S'=1, if finally {s’} = {t’s’t’} for 
every U in {t}4 and every s’ in Sf = SS’, then is abelian. 

Proof. If t’ is any element so that {/}/ = {¢?}, then it follows from our 
assumptions and from (9.2) that there exists to every element s in 8 one and 
only one element s’ = f(s; t,t’, f) such that 


> / 


The elements x and y in S’ = Sf are certainly permutable, if they generate 
a cyclic subgroup. If {x,y} is not a cyclic subgroup, then it follows from 
Theorems 2.4 and 3.2 that V = {a,y}*"' is not cyclic. But as V is an 
abelian group which is generated by two elements, there exists a basis of V 
which consists of two elements wu and v, and the elements wu’ and v’ which have 
been defined above generate the subgroup J|’f = {z, y}. 

From our assumptions concerning ¢’ and S’ it follows that 


Hence 


The first of these equations shows that 7’/*c’ is contained in the meet of 
{u’l’, v’} = {ut, v}" and {w’, v’} = {u, v}4. But the meet of {ut, v} and {u, v} 
is {v}, since {t} and are independent and since implies S* 1. 
Consequently both v’J-*c’ and c’ are elements of {v’}. By the same argument 
it follows from the second of the above equations that c’ is an element of {u’}. 
The meet of {w’} and {v”} is 1, since wu and v are independent elements. Hence 
c =1 or wy’) = vw’', But this proves that V is abelian, since 


V = (x,y) = {wv} = (w} = 5}, 
and S’ is therefore abelian. 


10. The number of isomorphisms inducing a given subgroup- 
isomorphism. If G@ is a group and f a subgroup-isomorphism of G, then 
there is either no isomorphism of G which induces f or the number of iso- 
morphisms of G which induce f is exactly the number of automorphisms of (/ 
which map every subgroup of G upon itself, i.e. which induce the identical 
subgroup-automorphism of G. If G is a primary abelian group, then these 
automorphisms have been determined before.’ Here the case shall be dis- 
cussed where G@ is an abelian group which contains elements of infinite order. 


11 Reinhold Baer, “Primary abelian groups and their automorphisms,” American 
Journal of Mathematics, vol. 49 (1937), pp. 99-117, Theorem 5. 2. 
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(10.1) Jf G is an abelian group, containing elements of infinite order, then 


the automorphisms: 
x for every x, and = 2 for every x, 
are the only automorphisms of G which map every subgroup of G upon itself. 


Proof. That the two automorphisms, mentioned in the theorem, have the 
required properties, is obvious——If conversely g is an automorphism of G 
which satisfies S = S¢ for every subgroup S of G, then there exists to every 
element z in G a number n(a) such that 7% = 2"‘”) and such that 2 and x”) 
generate the same subgroup. If wu is an element of infinite order in G, then 
n(u) =e=+1. If v is an independent element of uw (of finite or infinite 
order), then 

yn (uv) qyn(ur) 


== yeyn(r) 


and now it follows that e=n(uv) =n(v) mod the order of v, if v is of 
finite order 
=n(v) if v is of infinite order. 


This implies x = 2° for every a, and this proves our statement. 


11. Abelian groups without elements of infinite order. If G@ is an 
abelian group without elements of infinite order, then G is the direct product 
of its primary components Gp where G contains all those elements in G whose 
order is a power of the prime number p. 


(11.1) Jf G@ is an abelian group without elements of infinite order and if 
f is a subgroup-isomorphism of G upon the group H, then H is the direct 
product of its subgroups Gf and the orders of elements in different subgroups 


Gf are relatively prime. 
4 


Proof. Suppose that ps4 q are prime numbers, that wu is an element in 
Gf and v in Gf. Then {u}f* S G, is a cyclic group, generated by u’, and 
{7} =< G,. Thus wv’ is an element of order p”q" and {u’v’} contains 
the element wu’ of order p” and the element v’ of order q". It is now a con- 
sequence of Theorem 2. 4 that wu is of order p’”, v of order q’" and uv of order 
pq" where p’ and q are different prime numbers. Thus w and v are per- 
mutable and this completes the proof. 

As a consequence of this statement (11.1) it will be no loss in generality 
to assume throughout this section that the abelian group @ is a primary group. 


THEOREM 11.2. (a) There exists a subgroup-isomorphism which 1s not 
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mdex-preserving of the abelian p-group G which is not ideal-cyclic if, and 


only tf, 
(i) 


(ii) G is a direct product of cyclic groups of order p. 


(b) There exists a subgroup-isomorphism which is not index-preserving of 
the group H upon an abelian, but not ideal-cyclic p-group if, and only if, there 
exists a subgroup W of H with the following properties: 


(1) W «ts a direct product of cyclic groups of order p; 
(2) WfAland 


(3) W is a normal subgroup of H and H/W is a cyclic group of order q 
where q is a divisor ~1 of p—1, q a prime number; 


(4) «if w ts some element which generates H mod W, then waw = 2x for 


every x in W 


where the integer 7 does not depend on x and where j is an integer which is 
relatively prime to p and whose (multiplicatwe) order mod p is exactly q. 


Proof. Assume first that f is a subgroup-isomorphism of the abelian 
p-group G upon the group H, that f is not index-preserving and that @ is 
not ideal-cyclic. Denote by G* the subgroup of all the elements of order p 
in G and put 1/* = G*/. If all the elements ~1 in H* would be of order p, 
then f would be index-preserving, since a power ~1 of every element ~ 1 
in H is contained in H*, and since by (2.2) all the elements in H are of 
prime power order. Hence H* contains elements whose order is a prime 
number gp. Note furthermore that G* and H* are not cyclic groups, 
since G is not ideal-cyclic. 

Suppose now that 2’ and y’ are two elements of order p in H*. If they 
are dependent, then they generate the same cyclic subgroup of H*. If they 
are independent, then {2’,y’}/" is a direct product of two cyclic groups of 
order p. If {y/} would not be a normal subgroup of {2’, y’}, then 2’ would 
transform {y’} in exactly p different subgroups of {2’, y/} since p is the order 
of x’. Since the number of proper subgroups of {2’, y’} is exactly p+ 1, and 
since the index of every proper subgroup of {a’, y’} in {a’,y’} is p and the 
group of permutations which the inner automorphisms of {.’, y’} effect in 
the set of p+ 1 proper subgroups of {2’, y’} is therefore not transitive, this 
implies that {2’} is transformed by y’ into itself and {2’} is consequently a 


normal subgroup of {z’,y/}. Thus at least one of the groups {a’} and {y’} 


nd 


"e 
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is a normal subgroup of {2’,y} and this subgroup as well as its quotient 
group—which is represented by the other of the two subgroups—is of order p, 
and it follows therefore that {a’, y’} is of order p? and that all its elements 
~ 1 are of order p. Thus it has been proved: 


(11.2.1) The elements of order p in H* form a subgroup W of H*. 


If V = WS", then it is a consequence of Theorem 8.1 that V and W are 
isomorphic and |V is in particular therefore a direct product of cyclic groups 
of order p. Since all the elements of prime number order in H/ are contained 
in H*, it follows that W is the subgroup of all the elements of order p in H. 
Thus W is a normal subgroup of H. 

V is a direct factor of G*. If G* is the direct product of V and V’, then 
VF and W have only the group unit in common. V’f contains therefore no 
elements of order p. Since V’ is a direct product of cyclic groups of order p, 
it follows now from (8.3) that V’ is a cyclic group and this implies: 


(11.2.2) H*/W is a cyclic group of prime number order q A p. 


Assume now that w is an element of order p* in H. Then w? is an element 
of order p in W. Let ¢ be some element in H* which is not contained in W. 
Then all the results, derived so far, may be applied upon the groups 
{1,w}F* and {t,w}. Thus {w?} is the subgroup of all the elements of order p 
in {t, w} and is a normal subgroup of {t,w}. Hence all the results may be 
applied upon the groups {t, w}4*/{w?}J* and {t,w}/{w?} and {w}/{w?} is 
therefore the normal subgroup of all the elements of order p of {t, w}/{w?}. 
This proves that {w} is a normal subgroup of {/,w} and that twit? = w! for 


some j prime to p. ‘Thus we have: 
(wt)? = w wl? wt = with 57". 


It is a consequence of (9.1) that {wt}* = {w’t’} with {w’}f = {w} and 
== {t}. Since {w’?} = {w’, = ({w, it follows from (2.2) that 
{(wt)?} = {w?} and this together with the above identity would imply /? = 1, 
as {t} and {w} are independent. But this is impossible since ¢ is an element 
of the prime number order gq ~ p and therefore the following fact has been 


proved : 
(11.2.3) H does not contain elements of order p?. 


Denote now by 2 the meet of G? and G*. It is a consequence of (11. 2. 3) 
that Rf and W have only the unit-element in common. Thus, it follows from 
(11.2.2) that either R =1 or R is a cyclic group of order p and G* is the 


26 REINHOLD BAER. 


direct product of R and V. If & ~1, then #f is the only cyclic subgroup of 
prime number order of H which is contained in a greater cyclic subgroup. 
Thus £/ is a normal cyclic subgroup of I7. Since H* is the join of Rf and W, 
since both these subgroups are normal and have only the group-unit in common, 
it follows that H* is their direct product. Since W is abelian and since /? 
and Rf are cyclic, H* is abelian, and since H* is not cyclic it would follow 
from Theorem 8.1 that G* and H* are isomorphic. As this is impossible, 
it follows that R=1, G=G* and H = /H*. From the last argument the 
following fact may be derived: 


(11.2.4) Jf tis an element in II which is not contained in W, then {t} is a 
not-normal subgroup of order q of I. 


If ¢ is an element in H, but not in W, w= 1 is an element in W, then 
the previous results may be applied upon {t, w}4* and {/,w}. Consequently 
{w} is a normal subgroup of {t, w} and {¢} is not a normal subgroup of {#, w}. 
Hence (wt = w/ where j is relatively prime to p and where the multiplicative 
order of 7 mod p is exactly g. Thus q is a divisor of p--1. Since ¢ induces 
thus an automorphism of W which maps every subgroup of W upon itself, 
it follows from known theorems '* that j is the same for all the elements in W. 

Thus the necessity of all the conditions (i), (ii), (1) to (4) has been 
proved. 

In order to prove the sufficiency of these conditions, let p be a prime 
number ~ 2, g a prime number dividing p— 1, j an integer, prime to p whose 
multiplicative order mod p is exactly q, and let W 1 be a direct product of 
eyclic groups of order p. Let HH he the group, generated by the elements in W 
and an element (, satisfying: 


{4 == 1, tat-' for every z in W. 
Every element in #7 has the form: at! with 0S1t< q and a in W. 


with h=1+ j'+ j%#+---+4 Since 7—1 is prime to p, h is 
divisible by p if, and only if, j*—41 is divisible by p, i.e., 74 ==1 mod p. 
If 7 is relatively prime to q, the order of a/‘ is exactly q and there exists exactly 
one element «’ in W so that {axt‘} — {a’t}. Thus a one-one-correspondence 
has been defined between the elements in W and the cyclic subgroups of // 
which are not contained in W. 

Let now G be the direct product of W and of the cyclic group, {t’} of 
order p. Then all the cyclic subgroups ~ 1 of G are of order p and to every 
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cyclic subgroup Z of G which is not contained in W there exists one and only 
one element z in W so that at’ generates Z. There exists a uniquely determined 
subgroup-isomorphism f of G upon H so that Sf = 8S for SS W, {at’}f = {al} 
for z in W and this completes the proof of our Theorem. 


CoroLuary 11.3. If Gis an abelian p-group which contains elements of 
order p? and which is not ideal-cyclic, then every subgroup-isomorphism of G 
is index-preserving. 

CorotiAry 11.4. Jf @ is an abelian p-group, but not ideal-cyclic, f a 
subgroup-rsomorphism of G upon the abelian group I, then f is indez- 
preserving. 


Both these Corollaries are consequences of Theorem 11.2 and its proof. 


LemMA 11.5. If G is an abelian p-group so that Ge" = 1 whereas G 
contains at least p* elements (0 < m), then every indea-preserving subgroup- 
isomorphism of G is induced by an (element-)isomorphism of G. 


Proof. Since the orders of the elements in G are bounded, there exists '” 
a basis B of G and this basis B contains at least three elements of the maximum- 
order p”™. Let f be an index-preserving subgroup-isomorphism of G upon the 
group H. If b is some element of order p” in B, B’ the subgroup of G which 
is generated by the elements 5 in B, and b’ some element in H so that 
{b}f = {b’}, then it follows from (9.2) that there exists to every element x 
in B’ one and only one element 2 = f(x; b,b’, f) in H so that 

}4 = {2’'b’}. 
Since B’ contains two independent elements of maximum order, it follows from 
(9.4) and (9.5) that f(a; b, b’, f) is an isomorphism of B’ upon B’ such that 
in particular B’f is abelian. 

H is generated by the elements which are contained in the groups {2} for 
zin B. If h and k are two elements in B, then it is possible to choose the 
element b—used in the first paragraph of the proof—in such a way that it is 
different from both h and k. Consequently {h, k}/ is contained in an abelian 
subgroup of H and this implies that 7 possesses a permutable set of generators. 
Hence H is abelian. 

Since @ is the direct product of B’ and {b}, since both b and Db’ are 
elements of order p” and since // is as an abelian group the direct product 
of BY and {b}/, it follows that there exists one and only one isomorphism g 


of G upon H, so that 


12,4 proof of this well known theorem may be found e.g. in R. Baer, “ Der Kern, 
eine characteristische Untergruppe,’ Comp. Math., Bd. 1 (1934), pp. 254-283, Lemma 
in § 5. 
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be = b’, 28 —f(x;b,b’,f) for x in B’. 


In order to prove that this isomorphism g induces f note first that every ele- 
ment in G has the form b‘c for ¢ in B’. Since every basis of B’ contains at 
least two elements of maximum-order p™, it is possible to represent B’ as a 
direct product of a cyclic group {z} of order p™ and of a group C which con- 
tains the element c. Then it follows as above that there exists to every element 
y in {b, C} one and only one element y” = f(y; 2, 28, f) so that 
This function f(y; z, 28, f) is an isomorphism of {b,C}. In particular, we 
have therefore 
{f (25 b, f)b’} = {28b’} 
(f(b; 2, 28, f) 2s} 


and this implies—as f(...) is uniquely determined 


that b’ = f(b; z, 2, f). 
Similarly we find: 
{bez}! = {f (be; z, 28, f)2*} 
= {f (0x5 b, — { (cz) 


and from the uniqueness of f(...) it follows that 
as f(...) is an isomorphism and consequently we have finally: 


c& = f(c; 28, f). 


Now we find 


(Dic)! — 2, 28, f)} — (f(D; 2, 28 2, 28, f)} — 
{ (bi) 


and this completes the proof. 


CoroLuary 11.6. If G is an abelian p-group so that Ge" =1 for0 <m 
but G?”"~ contains at least p* elements, if f is an index-preserving subgroup- 
isomorphism of G upon the group H, if u is an element of order p™ in G and 
w’ an element in H so that {u}f = {u’}, then there exists one and only one 
isomorphism of G upon H which induces f and maps u upon w’. 


Proof. As a consequence of the Theorem 11.5 there exists an _ iso- 
morphism h of G@ which induces f. Consequently {w*} = {u}f = {u’} and 
there exists therefore an integer j prime to p so that u¥) = u’. The isomorphism 
78 = xi of G upon H induces f and maps wu upon u’.—If g’ is another iso- 
morphism which induces f and maps u upon w’, then it follows that gg’ 
induces ‘the identical subgroup-automorphism in H; consequently = 
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for every x in G and an integer 7 which is prime to p and does not depend on «. 
sut = us’ = us) implies =1 mod and therefore g = g’. 


(11.7) Jf G is a direct product of a cyclic group of order p" (0 <n) and 
of a group of type p~, and if G and the group H are subgroup-isomorphic, 
then Gand H are (element-)isomorphie. 

Proof. If f is a subgroup-isomorphism of G upon the group H, then it 
follows from Corollary 11.3 that f is index-preserving. G contains exactly 
one subgroup 7’ of type p®, and consequently 7 is a normal subgroup of // 
and of type p® (cp. Corollary 4.4). Denote by G’ the subgroup of all the 
elements of an order dividing p". Then G/G’ is of type p®. G’S = H’ is the 
subgroup of all the elements of H whose order divides p” (by (2.2) !) and is 
therefore a normal subgroup of H. As H’ contains but a finite number of 
subgroups, H’ is a finite group and the group of the automorphisms of H’ is 
finite. Let p” be the highest power of p so that there exist automorphisms 
of order p™ of H’. If wis any element in T’ = T/, then T’ contains an element 
y so that yw?" —-z. As the order of y is a power of p, the order of the auto- 
morphism which y induces in the normal subgroup H’ of H is a power of p 
and «= yy?” consequently induces the identical automorphism in H’. Thus 
every element in 7” is permutable with every element in H’.—If G is the 
direct product of 7 and the cyclic group Z of order p”, then Z S G’, ZS H’ 
and H is consequently the direct product of Z/ and T’. Since f is index- 
preserving, this shows that G and H are isomorphic groups. 


If G is a group, 7 a not-negative integer, then denote by (G@;2+==1) the 
subgroup of G which is generated by those elements x in G@ which satisfy 
If is an abelian group, then every element in (G; 7‘ = 1) satisfies 
af == 1, 

Suppose now that G@ is an abelian p-group, but not ideal-cyclic. Then it 
may happen that (G; 2? =1) contains less than p* elements. Then (G@; 2? = 1) 
is the direct product of two cyclic groups of order p and we put m = m(G)=0. 
A second possibility is that there exists a greatest positive integer m = m(G@) 
so that (G;2?—1)/(G;a2?"’=—1) contains at least p* elements and 
(G; 1)/(G; = 1) contains at most p? elements. Then 
G/(G; 2" 1) is a direct product of two ideal-cyclic groups one or both of 
which may be equal 1. Finally it may happen that for every integer 1 the 
quotient group (G;2?**=1)/(G@;a?'=1) contains at least p* elements. 


Then we put m= m(G) = o. 


THEOREM 11.8. Suppose that G is an abelian p-group which is not ideal- 
cyclic and that f is a subgroup-isomorphism of G upon the group H. 
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(a) f is induced by an (element-)isomorphism of G, if one of the following 
conditions 1s satisfied : 


(a.1) G contains at least p*® elements, G?=1 and f is index-preserving. 
(a.2) 1<m(G) < © and G= 
(a.3) m(G) =o. 


(b) If the orders of the elements in G are not bounded, then G and H are 
(element-) isomorphic. 


(c) If H is abelian, then there exists an (element-)isomorphism of G upon 
H which induces f in (G;a?"'® =1) (if m(G) is finite). 


Proof. It is a consequence of Theorem 11.2 and of the Corollaries 11.3 
and 11.4 that f is index-preserving, if either of the conditions mentioned in 
the Theorem 11.8 is satisfied. Hence it follows from Lemma 11. 5, that 
f is induced by an isomorphism of G upon H, if either (a.1) or (a.2) is 
satisfied. 

Assume now that (a.3) is satisfied. If «1 is any positive integer, then 
there exists by Lemma 11.5 an isomorphism g of (G;2?'=1) upon 
(G; 2?‘ which induces f in (@;2?'=1). Furthermore there exists 
an element w of order p**? in G so that w= w? is an element of the exact 
order p*. Since {u}/ =< {w}/, it follows that there exists an element w’ so that 
{w}4 = {w’} and ww’. There exists by Corollary 11.6 an isomorphism 
h of (G;2?**=1) which induces f and maps w upon w’. Then we have 
Us == wrh — y, Since h induces f in (G; —1) and maps 
upon the same element as g, it follows from Corollary 11.6 that g and h 
coincide in (G; a‘ = 1).—This proves that there exists to every positive in- 
teger 1 an isomorphism g(i) of (G; 21) which induces f and coincides 
with g(j) in (G;2” =—1) for j <1. Since G is the join of all the groups 
(G;. 1), there exists one and only one isomorphism g of G which coin- 
cides in every (G;2?*—1) with g(t). This isomorphism g induces f in 
every cyclic subgroup of G and therefore g induces f everywhere. 

Thus (a) is completely proved. If the orders of the elements in G are 
not bounded, then either m(G) = o and it follows from (a) that f is in- 
duced by an isomorphism of G. If on the other hand m(@) is finite, then 
G/(G; 2" —1) is a direct product of two ideal-cyclic groups and one of 
them is of type p®, as the orders of the elements in G are not bounded. Hence 
G contains a group of type p® and is therefore ** the direct product of a group 


18 Cp. e.g. R. Baer,’?, section 1. 


ng 


on 


THE SYSTEM OF SUBGROUPS. 31 


(’ and of a group 7’ of type p®. It is a consequence of (11.7) that 7% is 
contained in the central of H and it is therefore a consequence of (9.6) that 
Gf and therefore that H is abelian. Thus (b) will be proved as soon as (c) 
has been proved. 

Assume now that H is abelian, that m(@) is finite and that (G;a?”""@’ = 1) 
#~ G—if these latter assumptions would not be satisfied then (c) would be a 
consequence of (a). G/(G;a?"'® —1) is a direct product of one or two 
ideal-cyclic groups and consequently there exist elements a(i), b(¢) for 
i=0,- which generate G mod (G; = 1) so that a(i), are both 
of the exact order and are independent, if  1—it may happen that 
b(i) is only defined for +0 and that both are defined only for a finite 
number of #’s—and so that finally a(i+1)?=a(t), 
There exists by Lemma 11.5 an isomorphism h of (G;a?"'® —1) which 
induces f in (G;a?"°® —1). Since H/ is abelian and f is index-preserving, 
there exist elements a(¢)’, b(7)’ so that {a(1) }4 = {a(2)’}, {b(1) = {b(1)’}, 
a(0)* == a(0)’, b(0)* = b(0)’, a(t +1)? —a(t)’, +1)? = D(1)’. 

There exists exactly one isomorphism g of G which coincides with h in 
(G; —1), maps a(t) upon a(i)’ and b(i) upon b(t)’. Since the a(t) 
and b(i) generate G mod (G; 4?”‘”’ = 1), it follows that g maps G upon the 
whole group H and this completes the proof. 


remarks. That there exist index-preserving subgroup-isomorphisms of 
abelian finite p-groups upon non-abelian groups, has been shown by Rott- 
liinder.’* Thus it is impossible to omit in (c) the hypothesis that H is abelian. 

That there exist subgroup-automorphisms which are not induced by 
element-automorphisms has been noted before. Thus it is impossible to 
strengthen the statement in (c) in such a way that it becomes analogous to 
(a). The following statement may be of some interest in this connection: 


Let G be a direct product of cyclic groups of order p. Then there exist 
subgroup-automorphisms of G which are not induced by element-automorphisms 
if, and only 

G is of order p* and pA2 and ¥3B. 

If the order of G is p, then G is cyclic and the identity is the only subgroup- 

automorphism. If the order of G is greater than p’, then it is a consequence 


14 Rottlaender ?. 
15This statement and Theorem 11.8 contradict Theorem 5.1 in the author’s 


paper 74, But the “ proof” of this assertion was based on the erroneous assumption 
that subgroup-automorphisms of direct factors are induced by subgroup-automorphisms 
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of Theorem 11.8, (a) and of Corollary 11.4 that every subgroup-isomorphism 
of G is induced by an element-automorphism of G. If finally G is of order p*, 
then the order of its group of automorphisms is (p*—1)p(p—1) and the 
number of subgroup-automorphisms which are induced by element-auto- 
morphisms is therefore (p—1)p(p-+ 1) as the element-automorphism g of 
G induces the identical subgroup-automorphism *° if, and only if, 7% = a! for 
every z in G where 7 is independent of « and 0 <7< p. The number of thie 
subgroup-automorphisms of G is exactly (p-+1)! since the subgroup-auto- 
morphisms are exactly the permutations of the p-+ 1 proper subgroups of G. 
But (p+ 1)!=(p—1)p(p+1) if and only if p=2 or p=3 and this 
completes the proof of our statement. 

12. Abelian groups with elements of infinite order. If G is an abelian 
group, then the elements of finite order in G form a subgroup F((@) of G@ 
which consists of elements of finite order only, and G/F(G) does not contain 
elements ~ 1 of finite order. Throughout this and the following section we 
shall assume that G contains elements of infinite order (G ~ F(G@)) and the 
greater part of this section will be devoted to those groups G where G/F'(G) 
is 41 and ideal-cyclic, since the groups which contain two independent ele- 
ments of infinite order will be investigated in the next section. 

The p-component of F'(G) may be denoted by F(G, p). Then (G; 2? —1) 
= (F(G,p);a?'=1) for every integer 1. The number m(G, p) shall be 
defined as follows: 

0, if (G@;a? —1) is a cyclic group; 
i, if (G; = 1)/(G; 2% —1) is cyclic, but 
m(G,p) = (G; = 1)/(G; =1) is not cyclic; 
o, if (4; a? —1)/(G; 1) is never cyclic. 


Then the join-group M(G) of all the subgroups (G; 2?‘ = 1) for i< m(G, p) 
is a smallest subgroup of G so that F(G)/M(G) is ideal-cyclic—If m(G, p) 
is finite, then F(G, p)/(G; 2?”‘°” —1) is either a finite cyclic group or a 
group of type p®. Therefore‘? both F(G) and F(G,p) are direct products 
of an ideal-cyclic group and of a subgroup of M(G).—Finally it may be 
recalled that the prime number p is relevant for G, if F(G, p) #1, and other- 
wise p is irrelevant. 


Lemma 12.1. If the abelian group G contains elements of infinite order 
and if f is a subgroup-isomorphism of G upon the group H, then 


(a) F(G)4=F(H) ts the subgroup of all the elements of finite order in H; 


™, 17 Cp. Baer,’ section 1. 
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(b) there exists an isomorphism of F(G) upon F(H) which induces f in 
(the set of subgroups of) M(G) ; 
(c) ZZ for every cyclic subgroup Z of G and for every for G relevant 
prime number p (or as we shall say: f preserves the relevant wndices) ; 
(d) there exists to every prime number p and to every element t of infinite 
order in H an integral p-adic number j(p, t) so that 

== for in F(H, p) 
and so that j(p,t) =0 mod p*, tf t is mod F(H) a p*-th power. 

Remark. If G/F(G@) = (G/F(G))*, then F(H, p) is contained in the 
central of H, since either F(G,p) = F(H,p) =1 (by our Lemma) or 
H/F(H) = (H/F (f#))” (by our Lemma), and since therefore every element 
t of infinite order in H is mod F(Z) a p‘-th power for every 1 and this implies 
j(p, t) = 90 by (d) of the Lemma. 

Proof. It is a consequence of the Theorems 2.4 and 3.2 that subgroup- 
isomorphisms map finite cyclic groups upon finite cyclic groups and infinite 
cyclic groups upon infinite cyclic groups. Hence F(G@)f is exactly the set of 
all the elements of finite order in H and this proves (a). 

A particular consequence of this fact is the following one: If z is an 
element of finite order in H and y is an element of infinite order in H, then 
{c} = F({z,y}). Thus is a normal subgroup of {z,y} and is a 
power of z. 

If now w and y are two elements of finite order in H, then {7, y} is 
generated by two independent elements u and v—unless it is a cyclic group. 
If t is some element of infinite order in H, then it follows from what has just 
been proved that 

== tut (tv) ut (tv) = 
== (tu)u(tu) ty == 


for suitable integers h and k, since ¢, tu and tv are elements of infinite order in 
H. Since wu and v are independent this implies ¢uvuwv7t1—1. Con- 


sequently wv = vu so that we have proved: 
(12. 1.1) F'(H) is abelian. 


If x is an element of the finite order n in H, ¢ an element of infinite order 
in H, then {x}4" is a finite cyclic group {2’} of some order m and {t}f" is an 
infinite cyclic group {t’}. As G is abelian, {2’, t’} is the direct product of {27} 
and {t’}. Since {t/*} is the only infinite cyclic subgroup of {2’, t’} so that 
{2’, ’}/{t’™} is a direct product of a cyclic group of order m and of a cyclic 


3 
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group of order m*, it follows that {t’/”°}/ is a normal subgroup of {2’, /’\/ 
= {x,t}. It is now a consequence of Corollary 11.3 that f is index- 
preserving on {2’,l’}/{t"°}. This implies in particular that both x and 2’ 
are of order n = m and that {(’""}4 = {/""} and this fact is equivalent to (c). 

If ¢ is an element of infinite order in //, then it is a consequence of facts 
which have been proved in the second paragraph of this proof that ¢ induces 
in #(7) and in F(/H/,p) an automorphism which maps every subgroup of 
F’(/1) into itself. Thus it follows from well known facts * that there exists 
an integral p-adic number 7(p, so that = for every in F(I/, p). 
If x’ and ?’ are elements in G, so that {a’}/ = {a} and {l’}/ = {t}, then 
{x’, t’} is the direct product of {2’} and {t’}. Since {a’?, is the only sub- 
group of {a’,t’} so that {a’, U’}/{a’?, t”} is a direct product of two cyclic 
groups of order p, it follows that {2’?, ?”}f is a normal subgroup of {2, ¢} 
= {2’,t’}4 and f consequently induces (by (c) !) an index-preserving subgroup- 
isomorphism of {2’, t’}/{a, upon {a, t}/{a, Hence it follows from 
Theorem 8.1 that {a,¢}/{x, t}” is abelian and tat-x* is therefore a p-th 
power, i.e. i(p,t) —1—pj(p,t). Since tat? it follows that 
j(p, ) =0 mod p and this completes the proof of (d). 

Let now wu be an element of infinite order in G and w’ an element in H 
so that {u}/ = {u’}. Then it follows from (9.2) and (d) that there exists 
for every element « in F(G@) one and only one element a’ = f(x; u, w, f) in 
F(f1) so that 

== {2’}, = {a'w’}. 


It is a consequence of (9.4) and (9.5) that f(x; u, wu’, f) is an isomorphism 
of M(G) upon M(G@)f which induces f in the sets of subgroups of M(@). 

Since F(G)/M(G) is ideal-cyclic, since either the orders of the elements 
in F'(G)/M(G) are prime to p or the orders of the elements in the p-com- 
ponent of M(G@) are bounded, there exist elements a(p,71) in F(G, p) which 
generate F(G) mod M(G) and satisfy: a(p,i+ 1)” =a(p,7) and a(p, 9) 
=1mod M(G). 

F(#) is an abelian group by (12.1.1) and f is by (c) index-preserving 
on F(G@). Consequently there exist elements a(p,1)* in F(H) so that 
a(p,0)*=f(a(p,0) ;u,w,f), {a(p,t) = {a(p,t)*}, 1) a(p,t)*. 
There exists one and only one isomorphism g of F(G) which coincides with 
f(z;u,w,f) on M(G) and maps a(p,7) upon a(p,t)*; g maps F(G) 
upon the whole group (#7) since the elements a(p,i)* generate F'(/) 
mod M(G)f. Thus (b) holds true and this completes the proof of the Lemma.— 
The isomorphism g which has just now been constructed has a certain property 


which may be stated for future reference. 
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CoROLLARY 12.2. If wis an element of infinite order in the abelian group 
G, if f is a subgroup-tsomorphism of G upon the group H and if {u}f = {w’}, 
then there exists an isomorphism g of F(G) upon F(H) so that {a} = {28}, 
= {x8u’} for x in M(G). 

THEOREM 12.3. Jf @ is an abelian group so that G/F(G) ts an ddeal- 
cyclic group ~1 and if there exists an index-preserving subgroup-isomor phism 
between G and the abelian group H, then G and H are tsomorphie. 

Proof. It is known**® that @ is a direct product of a group G’ without 
subgroups of type and of a group G” = F((@) which satisfies G” = 
for every positive integer n. Then G/F(G@) and G’/F(G’) are essentially the 
same groups. 

Let now b be any element of infinite order in G’. Then we put: 


oo, if F(G’)b is contained in every (G’/F'(G’) )#'; 
n(p) if F(G’)b is contained in (G’/F(G’))*, but not in 


(12.3.1) If n(p) =o, but the orders of the elements in F(G’,p) are 
hounded, then there exist elements b(p,7) so that b(p,1)?b-' = w(p) is an 
element in F(G’, p) and b(p,1)? = b(p,t—1) for 0 <1. 

If n(p) = then there exist elements c(p,7) so that ¢(p,0) = 6b. The 
element ¢(p, = lies in p), since G’ is abelian and 
since an equation x? =w has a uniquely determined solution in {uw}, if w is 
an element = 1 of finite order whose order is prime to p. Since we assumed 
that the orders of the elements in /'\(G’, p) are bounded, there exists a positive 
integer k so that 1 for every x in F(G’, p). 

From the definition of the elements ¢(p,7) and v(7) it follows by complete 
induction that 


(12. 3. 11) c(p,i +s)” = c(p, 7) Il vii t+1+h)”. 


h=0 


Now the elements b(p,i) may be defined as follows for 0 <1: 
b(p, jk —i) =c(p, (j for 0<j and OSi<ck. 


Applying (12.38.11) and =1 for in F(G’, p) it follows that 


it+k 


b(p, jk —i) —c(p, jh—i-+ i+ c(p, jk —i) (jk —i +h)" 
h=1 


k 
—c(p, jk—i) TL v(jk—i + 
h=1 


48 Reinhold Baer, “The subgroup of the elements of finite order of an abelian 
group,” Annals of Mathematics, vol. 37 (1936), pp. 766-781, (1; 1). 
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so that in particular b(p, jk —1)c(pjk —1)* is in F(G’,p). Furthermore 
we have 


b(p, jk —i)? — jk o(jk — i+ 
= b(p, jk —1—1), if and 


and this completes the proof of (12.3.1). 


(12.3.2) If n(p) is finite, then there exists an element b(p) so that 
b(p)”"b- = w(p) is an element in F(G’, p). 


(12.3.3) If n(p) is infinite and the orders of the elements in F'(G’, p) are 
not bounded, then there exist elements b(p,1) for 0 =1% so that b = b(p, 0) 
and b(p,i + 1)?b(p,t) = w(p,7) is an element of F'(G’, p). 

Both (12.3.2) and (12.3.3) are obvious consequences of the facts that 
G’ is abelian and that an equation 7" = wu has exactly one solution in {u}, 
if n and the finite order of wu are relatively prime. 

If the elements b(p) for finite n(p) and b(q,7) for infinite n(q) are 
determined in accordance with (12.3.1) to (12.3.3), then these elements 
generate G’ mod F'(G’) and they generate G mod F(G@). 

Since H is abelian, H is the direct product of its subgroups H’ = G’ 
and H” = Gf, It is furthermore a consequence of our hypothesis concerning 
f and of Lemma 12.1 that f is index-preserving. 

Let now c be an element in H so that {b}4—{c}. Then it is a con- 
sequence of Corollary 12.2 and of the proof of Lemma 12.1 that there exists 
an isomorphism g of F(G) upon F'(#) with the following properties: 


(i) {ax}f = {28}, — {28c} for in M(G). 
(ii) G’e—H” (as G” is the greatest subgroup of F(G) which satisfies: 
G” for every positive n). 
(iii) F(A’) = F(G’)s. 

It is a consequence of (9.2) and the fact that H is abelian that there 
exists to every element z in ’(G) one and only one element 2’ = f(z; b,c, f) 


so that 
{x}f {2’} and {xb}f = {2’c}. 


It follows from (i) that 
=f(x;b,c,f) for in M(G). 
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If w is an element of infinite order in G, p a prime number and v an 
element so that {v} = {u?}/, then there exists one and only one element v’ 
so that {v’} = {u}’ and v’? =v, since f is index-preserving. Consequently 
there exist elements c(p) for finite n(p) and c(q,%) for infinite n(q) with 
the following properties: 


(I) Ifn(p) is finite, then {b(p) } and c(p)?"” =cf(w(p) ;b,¢, f). 


(II) Jf n(p) is infinite, but the orders of the elements in F'(G’, p) 
are bounded, then {b(p, = {(c(p, t)} and c(p, i + 1)? = 
1)? = cf (w(p) 3b, ¢, f). 

(III) If n(p) is infinite and the orders of the elements in F(G’, p) are not 
bounded, then {6 (p, +) {c(p, +) }and 1)?=c(p,1)f(w(p, 1) ; b, ¢, f) 
for 

If p is a prime number so that F(G’, p) is not contained in M(G), then 
F(G’, p) =F (G, p) is the direct product of a cyclic group {z(p)} of order 
pe” with m(G,p) <h(p) and of a group M’(G, p) which is contained in 
M(G). Then an element w(p) is defined according to (12.3.1) and (12.3.2) 
and w(p) has the form: w(p) =v(p)z(p)*™ for v(p) in M’(G, p). 

Since 


it follows that there exists an element z(p)’ in M’(G,p) so that f(z(p) 3}, ¢, f) 
and (z(p)z(p)’)*® generate the same subgroup. ‘There exists therefore an 
integer 7(p) prime to p so that 
Thus there exists an isomorphism r of /(G) upon F(//) with the following 
properties which determine r uniquely: 
v = 78, if x is an element in G” or in an F'(G’, p) which is contained in M(G@) 
or in M’(G, p) in case F(G’, p) is not part of M(G) ; 
2(p)" = (2(p)z(p)’)#™ if F(G’, p) is not contained in M(@). 
This isomorphism r satisfies in particular: 
i)? = f(w(p,1) 5b, 6, 
For if w(p,%) is defined, then F(G@’, p) M(G@) and = =f (zx; f) 


for elements « in F(G’,p). The same applies to w(p) such that F(’, p) 


<M(G). If w(p) is defined, but F(G@’,p) is not part of M(G). then 
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f(w(p) f) =f(v(p) 36, ¢, b,c, f) by (9. 4) 
— 
as v(p) is in M(G, p)’, 
= w(p)" 


In mapping b(p) upon c(p), b(p,+) upon c(p,t) and b upon ¢ an extension 
of the isomorphism r to an isomorphism of @ upon H may be defined as 
follows from (I) to (III). This completes the proof of our theorem. As a 


matter of fact we have proved slightly more, namely: 


CoroLuary 12.4. If is an abelian group so that G/F (G) is an ideal- 
cyclic group ~ 1, and if f is a subgroup-isomorphism of G upon the group H 
(which preserves the for G irrelevant indices), then there exists an isomorphism 
r of G upon H and a subgroup Kk of F(G) with the following properties: 

(i) 4 induces f in the set of subgroups of R; 

(ii) F(G)/R ts ideal-cyclic and the p-components of F(G)/R are finite; 
(iii) F(G,p) SR, if either F(G,p) = M(G) or if F(G,p) contains 
subgroup of type p®. 

CoroLuary 12.5. If G is an abelian group so that G/F(G) is an ddeal- 
cyclic group ~ 1, and if f is a subgroup-isomorphism of G upon the abelian 
group H, then G/F(G) and H/F(H) are subgroup-isomorphic and there 
exists an isomorphism of F(G) upon F(H), ducing f in the set of sub- 
groups of M(G). 

The two most important special cases of these statements may be enun- 
ciated separtely : 

If G is an abelian group so that G/F(G) ts an ideal-cyclic group -1, 
and if there exists an index-preserving subgroup-tsomorphism between G and 
the abelian group H, then G and H are (element-)tsomorphic. 

If G is an abelian group so that G/F(G) is an ideal-cyclic group ¥1, 
and so that either F(G,p) = M(G) or the orders of the elements in F(G, p) 
are not bounded, and if f is a subgroup-isomorphism of G upon the abelian 
group H which preserves the for G irrelevant indices, then there exists an 
isomorphism r of G upon H which induces f in the set of subgroups of F(G). 

Remarks. That the condition concerning the preservation of indices cali- 
not be omitted, is a consequence of the fact that there exist subgroup-auto- 
morphisms of ideal-cyclic groups without elements 1 of finite order which 
are not index-preserving (cp. sections 3 and 4). 

The following example shows that it is impossible to strengthen ou! 


Ve 


THE SYSTEM OF SUBGROUPS. 39 


statements concerning the induction of the given subgroup-isomorphism by 
some element-isomorphism. 

Let p be a prime number 42 and @ a direct product of some cyclic 
groups of order p and of an infinite cyclic group {z}. Then a subgroup- 
automorphism f of G may be defined as follows: 

If ¢ is an element of finite order, & is prime to p and h a not negative 
integer, then 


-1)h 


That such a subgroup-automorphism exists, is a consequence of the fact that 
p-th powers 1 in G are powers of the element z. On the other hand it is 
clear that f is not induced by any automorphism of @. 

Finally we construct an example of an abelian group G which contains 
elements of infinite order and possesses an indea-preserving subgroup-iso- 
morphism upon a not-abelian group. 

Let G be a direct product of a cyclic group of order p? (pa prime number 
~ 2) and of an infinite cyclic group and let HZ be the group which is generated 
by two elements uv, v which obey the following rules: 


ul” = 1, == 


Then every element of // has the form u‘v/ where « and j are integers, 
0Si< p*, and where 7 and 7 are uniquely determined by the element. If 
i,j, and 0 < k are integers, then 


These formulae imply that the central of // is the direct product of {uw} and 
{v?} and that the central quotient group of // is a direct product of two 
eyclic groups of order p. 

If a,b is a basis of G so that 6 is an element of infinite order, then a 
subgroup-isomorphism of G upon JZ which preserves indices may be defined 
by mapping 

upon for positive prime to p 
upon {utvr*} 
and non-cyclic subgroups may be mapped accordingly, since the non-cyclic 
subgroups of always contain {w?}. 

13. Abelian groups which contain at least two independent elements 

of infinite order. 


TreorEeM 13.1. If the abelian group G contains at least two independent 
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elements of infinite order, then every subgroup-isomorphism of G is induced 
by an (element-)isomorphism of G. 

Proof. If f is some subgroup-isomorphism of the group G upon the 
group //, then it is a consequence of Lemma 12.1 that F(G@)/ is the subgroup 
F(H) of all the elements of finite order in H, that F(@) and F(/) are 
isomorphic and that therefore F(//) is abelian. 

If x and y are any two elements in //, then let V be the subgroup of G 
so that V/= {x,y}. V is generated by two elements and therefore either 
cyclic or a direct product of two cyclic groups. If V is cyclic, then so is V 
and x and y are permutable elements. If V is finite, then VS F(G) and 
both a and y are elements in the abelian group F’(//) and a and y are 
permutable-—Assume now that V is a direct product of two infinite cyclic 
groups. Since V is abelian, it follows from Corollary 11.4 and Corollary 8. 2 
that V” is the only subgroup S of V so that V/S is subgroup-isomorphic to a 
direct product of two cyclic groups of the prime number order p. Since 
conjugate subgroups of {z,y} possess isomorphic lattices of containing sub- 
groups, this implies that V?/ is a normal subgroup of {z, y}. Thus f induces 
a subgroup-isomorphism of V/V? upon {z,y}/V. Lemma 5.1 proves now 
that the direct product V/V? of two cyclic groups of order 2 and {2, y}/V# 
are isomorphic. Therefore f preserves the index 2, and the commutator group 


of {x,y} is contained in V*4, Assume now—by induction—that for every 
prime number g < p the direct product V/V? of two cyclic groups of order q 
and {2, y}/V“% are isomorphic groups so that in particular f preserves—in V— 
the index q for every prime number g < p. The subgroup-isomorphism f of 
\"/V” therefore maps cyclic groups of order p upon cyclic groups whose order 
is not smaller than p. But this implies by Theorem 8.1 that V/V? and 
(x, y}/V" are isomorphic; hence we have proved by complete induction that 

V/V? and {x,y}/V"% are isomorphic groups for every prime number / 
and f is index-preserving on V. 

The commutator group of {z, y} is consequently contained in the meet of 
all the groups V’, This implies that {x,y} is abelian since the meet of 
all the groups V? is equal to 1. 

Thus xz and y are permutable elements, if V is a direct product of two 
infinite cyclic groups.—If finally V is a direct product of a finite cyclic group 
{wu} and an infinite cyclic group {v}, then there exists in @ an element w of 
infinite order which is independent of v. It follows from the fact which has 
been proved just now that both {v, w}/ and {v, ww}/ are abelian groups. Thus 
{v}? is part of the central of {v, w, = {v, w, and {v}f is therefore 
part of the central of {v,u}/—= {a,y}. Thus the central quotient group of 
{x,y} is cyclic. This proves that {x,y} is abelian and that x and y are in 


any case permutable elements. Hence 
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It is a consequence of Lemma 12.1 that f preserves the indices of finite 
cyclic subgroups. If Z is an infinite cyclic subgroup, then Z is a direct factor 
of a direct product V of two infinite cyclic groups, V=G. But it has just 
been proved that f is index-preserving on such subgroups V. Thus it follows 
that 

f is index-preserving. 

Let w be an element of infinite order in G and wu’ an element in H so that 
{u}f = {u’}. Then there exists by (9.2) to every element 2 in G which is 
independent of wu one and only one element v = f(x; u,w’, f) so that 

As a consequence of (9.4) and (9.5) this function f(...) 1s an isomorphism 
of F(G) upon F(/1). Furthermore 
f(xy; u, wu’, f) =f(x;u,w, f)f(y; u,v’, f) 
if the following conditions are satisfied: 2 and y are both independent of uw; 
and they are independent of each other, if they are both of infinite order. 

If # and w are dependent elements, then z is of infinite order and the 
meet of {x} and {wu} is {u*} for some positive number d. Then «vt = wu? for 
some uniquely determined integer 7. Moreover, there exists one and only one 
element a’ = f(x; u, wu’. f) so that 

since f is index-preserving and |7| is the index of the meet of {uw} and {2} 
in {x}. 

Thus f(x; u, uv’, f) is a single valued function which is defined for every 
cin G, every element u of infinite order in G and every w’ so that {u}f = {w’}. 
Some simple properties of this function may be mentioned. 

(13.1.1) == {f(2z; u, wu’, f)}. 

(13.1.2) If w and wv are independent elements of infinite order, and if 
= f(v;u, wu’, f), then uw’ =f(u;v, v, f). 

(13.1.3) wf) = f(a; uw, f) = uw, f)>. 

The proof of the following statement constitutes the basic step for the 
proof of our theorem. 

(13.1.4) If w and v are independent elements of infinite order, then 
f(x; u, u’, f) is an isomorphism of {u,v} which induces f in the set of sub- 


groups of {u, v}. 
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Put =f(v;u,u’,f). Then {u'}4 = {u’'} and = {v"}, since f is 
index-preserving. Hence it follows from (9.1) that {u't/}% is generated 
by an element of the form w’tv’/¢(+)) where e(1, 7) = + 1 and where e(1, — j) 
= e(i,j) and e(t, = e(— i, — j) for 0. Since 7) is only 
uniquely determined by the above conditions, if both ¢ and j are ~ 0, we put 
e(i,0) =e(0,7) =1. If both i and / are #0, then the above identities for 
e(i,j) permit us to assume that both 7 and / are positive. Then wu and uty 
are independent and it follows from (9.1) that {uwir/}f= {u(ut'v/) }F is 
generated by an element of the form wu’ (uw with d= + 1. Since 
wu’ and v’ are independent elements of infinite order, this implies: 
i=1+ (1—1)d, je(t,j) = je(t— 1,7) d. 
The first of these equalities involves two possibilities: either 141 and d=1, 
e(i,j) =e(i— 1, /) by the second equation; or t= 1. In any case, this proves 
that for positive i, 7 we have: e(i,7) =e(1,/). If 1< /, then a similar argu- 
ment, using the symmetry between wu and v, proves that e(1,7) = e(1, 1). 
Thus e(i,7) =e(1,1), if both i and j are #0. But e(1,1) =1 as a con- 
sequence of the choice of v’ and thus we have proved: 
{uly}, 
If the element x in {u,v} is dependent on u, then «=u! and f(x; u, w, f) 
= f(u';u,w,f) =w''.—If the element z in {u, v} is independent of wu, then 
x= u'vi with ~0 and 
{f(a; u, f)} u, wu’, f)u’} == . 
Consequently we have: 
f(z; u, w’, f) = f(a; u, 4 
with e? =d?=1. This implies je = jd or since j #0, and ei +1 
= (1+ 1)d= (i+ 1)e or e=d=—1. Thus we have proved quite generally 
f(utvi su, u’, f) 

and this proves (13.1.4) by (13.1.1). 
(13.1.5) If w and v are independent elements of infinite order, then 
u,u’, f) =f(x;v,v',f) for every x in {u,v} and for v’ = f(v; u, w, f). 

It is a consequence of (13.1.2) and (13.1.4) that the two functions 
f(x; u,u’,f) and f(x; v, v’, f) are both isomorphisms of {u,v} which map 1 
upon w’ and v upon vw’. This proves their equality. 
(13. 1. 6) f(at;u,w.f) =f (a; 


The last statement is a consequence of the fact that f(...) is an iso- 
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morphism of #(G) upon (JZ), if w is an element of finite order. If x is 
dependent of u, then = and = and this proves our equality. If 
finally # is an independent element of wu of infinite order, then our statement 


is a consequence of (13.1.4). 


(13.1.7) If wand v are elements of infinite order, and if v’ = f(v; u, w’, f), 
then 
f(x; u, f) =f v, 0’, f) for every x in G. 

In order to prove this statement let us assume first that wu and v are 
independent elements of infinite order. If x is independent of {u,v}, then « 
is independent of u,v and uv. Thus it follows from the “ restricted multi- 
plicativity ” of f(...) mentioned before that 

f(cuv; u, f) =f (xr; u, f)f(uv; uw’, f) = f(r; u, w’, f)u’r’. 
Consequently 
f(x; u, f) =f (a; wv, u'r’, f) . 
Similarly we have: f(x; v, f) = f(x; uv, w’v’, f). This proves f(x; u, w’, f) 
=f(x;v,v’,f) for elements # which are independent of {u, v}. 

If x is dependent of {u,v}, then there exists a positive integer i so that 
1A xz‘ is an element in {u,v}. This shows in particular that a is of infinite 
order. Then it follows from (13.1.6) and (13.1.5) that 

f(z; u, wv’, f) = f(2'; v’, f) = f(x; v, f)*. 
This relation implies f(a; u, w’, f)= f(x; v, v’, f) since both elements generate 
the same infinite cyclic group. 

Thus (13.1.7) has been completely proved for pairs u,v which are in- 
dependent. If w and v are dependent elements of infinite order, then there 
exists an element w of infinite order which is independent of both w and r. 
It follows from what has been proved so far that 

f(x; u, u’, f) =f(x; w, w’, f) =f(2;v, 0", f) for every in G 
and for w’ = f(w;u,wu’, f) and = f(v;w, w’,f). This implies in particular 
=f(v;u,w,f) =f(v;v, 0%, f) =v". 
Consequently we find 
f(x; u, u’, f) =f (2; 0, f) for every x in G 
and this completes the proof of (13.1.7). 


(13.1.8) f(ay;u,w,f) for any and y in G. 


In order to prove this assume first that and y are independent elements 
of infinite order. Then it follows from (13.1.7) and (13.1.4) that 
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f(y; u, f) = f(xy; x, 2’, f) = f(r; x, 2’, f) f(y; x, 2, f) 
=f(z;u,w’, f)f(y;u, wv’, f). 


If x and y are not independent elements of infinite order, then there 
exists an element v of infinite order in G which is independent of {z, y}. If 
{x, y} = {z} is a cyclic group, then 7 =z‘, y= 2/ and 


f(xy; u,w, f) f) =f (2; u, f)* 
= f(z‘; U, f) 
=f(z;u,w’, f)f(y;u,w’,f) by (13.1.6). 


If {x,y} is not a cyclic group, then there exists a basis w,z of {x,y} and we 
have «= w'zi, y= w"z*, Since w and z and v are three independent elements, 
it follows from the “ restricted multiplicativity ” of f(...) which has been 
mentioned before and from (13.1.6) and (13.1.7) that 


f(xy; u, w’, f) f ; v; v’, f) 
f (wi; v, v', f) f(a; v, f) 
=f(w; Vv; v’, f)‘f (232, v', f)if(w; v; v’, f)"f (2; Vv; v’, f)* 
= f(w';v, 50, f)f(w; v, f) u,v’, f) 
= f(r; 0, Vv, f) f(y; f) 
=—f(e;u,u, 


These relations complete the proof of (13.1.8). 

Thus it has been proved that f(x; u, wu’, f) is a homomorphism of G into 
H which induces f in the set of cyclic subgroups of G. Consequently f is an 
isomorphism of G upon the whole group H which induces f in the set of all 
subgroups of G. 


CoroLuary 13.2. If the abelian group G contains at least two in- 
dependent elements of infinite order, then every subgroup-isomorphism of G 
is induced by exactly two (element-) isomorphisms of G. 


This is a consequence of Theorem 13.1 and of (10.1). 


Corottary 13.3. If f is an index-preserving subgroup-isomorphism of 
the abelian group G upon the abelian group H, then f maps every subgroup 
of G upon an isomorphic subgroup of H and f ts therefore strictly indez- 
preserving. 


This is a consequence of Theorems 11. 8, 12.3 and 13.1. 
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NORMAL SEMI-LINEAR TRANSFORMATIONS.* 


By N. Jacosson. 


The present paper is devoted to a discussion of vector spaces relative to 
a totally regular (definite) bilinear form. The coefficients are taken in any 
quasi-field % having an involutorial anti-automorphism. We consider semi- 
linear transformations (s.1.t.’s) and define the adjoints of such transforma- 
tions and normality, generalizing the well-known notion due to Toeplitz. It 
is shown that a normal s.1.t. is always completely reducible and in a number 
of instances is orthogonally completely reducible in the sense defined in § 2. 
These cases are (1) any unitary, self-adjoint or skew s.1.t., (2) certain cases 
where % is similar to the real field, the complex field, or the quasi-field of real 
quaternions. Some of these results may be formulated in a simple fashion as 
theorems on matrices. In §9 we re-state the theory in terms of projective 


geometry. 


1, Let % be an arbitrary quasi-field with an involutorial anti-automorphism 
(i.a.a.) a—>a:? 
and §t a vector space of n dimensions over %. In particular if % is commu- 


tative we may have w= «a. A bilinear form f = (z,y) is a function of pairs 
of vectors z, y in St with values in % such that 


(2, + 22, y) = (41, + (42, y) (x,y: + = 41) + (4, ye) 
(zx, ya) (x, y)a (xa, y) = 


If +, 2n is a basis for over and (2;, 2j) = a4;, we call A = (a4;) 
the matrix of f relative to Then for = and y = Saini 
we have (x, y) = %£iai;n;. Thus f is determined by its matrix and conversely 
any matrix may be used to define a bilinear form. If we change the basis to 


* Received May 12, 1938. : 

1 Presented to the Society April 15, 1938. 

? Besides the well-known instances of such quasi-fields we note the following. Let 
be a domain of integrity with an i.a.a. and suppose D has a quotient field §, i.e. 
consists of the elements af, in ®. (Cf. Ore, “ Linear equations in non-commuta- 
tive fields,” Annals of Mathematics, vol. 32 (1931), p. 466). It is readily verified that 
af" Bg is an i.a.a. in %. For example we may take 9 to be a ring of differential 
operators and a the adjoint of the operator a. 
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Yis Where yi = Sajpji, M = non-singular then the matrix 
of f relative to y2,° +, yn is M’AM, M’ = (vj), vig = 

f is hermitian if (x,y) = (y, x), skew-hermitian if (z,y) = — (y,2). 
The conditions on the matrix of f are respectively A’ = A and A’ =— A. 


We suppose from now on that one of these cases obtains and in addition that 
f is totally-regular* in the sense that (u,uw) =0 only if w—0. w and y are 
said to be orthogonal if (z,y) =0 (or (y,2) =0). If © is a subspace the 


’ called the orthogonal 


set of vectors y orthogonal to all z in © is a subspace © 
complement of ©. 
Suppose are vectors such that (wi,ui) = Bis 0 and 

(ui, uj) =0 if 47 and let A, denote the space spanned by the w’s. Consider 
the transformation E;, such that 

LE; = ui (ui, (ua, 2). 

i=1 
E, is linear, maps ®t into 2, leaves the elements of Mx invariant and sends 
HW, into 0. We call E; an orthogonal projection of R on R,. Note also that 
(x, = y) and hence 1— E, is an orthogonal projection on 
For any we have « = vE, + «(1— + where We 
Hence = + We, Neo 0.4 If Re A MM we may choose a vector of 
the form «(1—E,) ~0 and using it as we. we obtain Wes 
such that (wi,ui) = Bi ~O and (ui, uj) =0 if If we begin with any 
vector 0 as u; we obtain a basis of this type, called orthogonal, for the 
whole space. If © is any subspace we may obtain an orthogonal basis 


Vi, V2," Ur for © and supplement it with ris, Un to obtain an 
orthogonal basis for R. Uris, Un generate S and hence RK = S + CG’, 


Sao’ 


We write = S @ in place of these two equations. 
Let 2 denote the lattice of subspaces of #. The correspondence © > @’ 


is (1—1) and involutorial, S’= ©. We note also that it is an anti- 
automorphism of &, i. e., 
(SG; + = 6,’ (S, =O’, + 


If HR where ~0 and KR; CW; if iA 7 then 
we write OBR. It follows that every vector is ex- 


* Cf. Weyl, ‘On generalized Riemann matrices,” Annals of Mathematics, vol. 35 
(1934), p. 715 and Birkhoff and v. Neumann, “The logic of quantum mechanics,” 
Annals of Mathematics, vol. 37 (1936), pp. 823-843. Evidently the assumption of 
total-regularity excludes the case commutative, a =a and f skew. 

*It follows that E, is the only orthogonal projection of § on §,.. 

5 Cf. Birkhoff and v. Neumann, loc. cit. in 3. 
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pressible uniquely in the form If 


is an orthogonal basis for then the 
j=1,: form an orthogonal basis for 


2. We recall the definition of a semi-linear transformation (s. 1. t.) 
T with automorphism S as a single valued mapping of # on itself such that 


(x y)T =aT + yT (2a)T == (2T) 


If and then = T is determined by 
the matrix 7’ = (7;;) and by the automorphism S. If © is a subspace then 
ST the set of vectors of the form yT, yeS is a subspace also. The sum of 
two s. 1. t.’s with the same automorphism is another such s.1.t. If T, and T, 
have respectively the matrices JT, and 7. and the automorphisms S; and S, 
then T,T, is an s.1.t. with matrix and automorphism S,S.. The 
scalar multiplication «— is an s.1.t. with matrix lp and auto- 
morphism If Yn is a basis such that yi = Sajpji, the 
matrix of T relative to the y’s is M*TMS, M = (pu;).® 

If © is a set of s. 1. t.’s then the system of subspaces invariant under all 
s. 1. t.’s of OD is a sublattice L(QD) of VA. S in L(Q) is irreducible if it contains 
no proper invariant subspace. We recall also that &(Q) or Q is completely 
reducible if for every S, in &(Q) there is an GS, in this lattice such that 
k=S,+6., S$,9S,—0. In view of the chain conditions this is equiva- 
lent, as is well-known, to the condition = R, + +-- +--+ Ri, where 
the R; are irreducible.? Q is orthogonally completely reducible if 
for every S in L(Q). If {Qq} is a set of sets of s. 1. t.’s and 2 the logical sum 
of the 2, then &(Q) is the intersection AL(Q_). Hence it follows directly 
from the definition that if each Q, is orthogonally completely reducible, then 


so is Q. 

Now suppose £(Q2) ~ ©’ for every irreducible © in this lattice and let 
Wl be arbitrary in L(Q). Suppose UG, irreducible in L(Q). Then 
WoS’, and OSGi) GU. If 
Ul, is not reducible we repeat this process and obtain U,—= ©. @ Uz. where 
So, U2eX(Q) and GS, is irreducible. Then Ue. Continu- 
ing in this way we obtain S2 Si irreducible in 

®°Cf. Jacobson, “ Pseudo-linear transformations,” Annals of Mathematics, vol. 38 


(1937), pp. 484-507 for the results of this paragraph. 
7 See for example van der Waerden’s Moderne Algebra I, \st ed., p. 143, or 2nd ed.. 


p. 155. 
® We are applying the rule that if ©, D ©, then 


(S, S;) = 6, +t (6,°G;)- 
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2(0). It follows that and hence is 


orthogonally completely reducible. If we apply this process to ® we obtain 
R—R, BR. where the are irreducible in L(Q).° Hence 
we obtain an orthogonal basis for ®t relative to which all the s.1.t.’s in 
have the form 


Ti ) 
where the system 7 is irreducible. 


3. If T is any single valued mapping of FR into itself, S an auto- 
morphism, we define an S-adjoint Ts of T as a transformation such that 


(1) (z, = (cTs, y) 


for all « and y. If Ts and Ts‘) are two such transformations then 
y) = (aT gs"), y) and hence (275) —2Ts°*),y) =0 and 
=2T;'*). Thus if Ty exists it is single valued and unique. Since 


((a, + 5, y) — (x, + Xe, yT yT (22, yT )s 
= (aT 's,y) + = + 227s, y), 


+ %)Ty = + Similarly we obtain = where «@ is 
the scalar multiplication aa and is the automorphism a— =a‘, 
Thus Tg is an s.1. t. with automorphism §. From (1) we obtain (x, yT's)* 
= (2T,y). Hence T is the 8 adjoint of Ty if Ty exists and a necessary 
condition that T's exist is therefore that T be a s.1.t. with automorphism 
S-— §, This condition is also sufficient. For let T's be the s.1.t. with 
matrix T* — A-1(7”)8AS (T the matrix of T and A that of the bilinear form 
relative to the basis 2, -,%n) and automorphism 8S. Then 


(Ts, y) = jqj) = 
= 


and («7Ts,y) = (x, since = ASTS. We call Ts the adjoint of T 


converse does not hold. There exist 2’s for which 
where the §{; are irreducible but 2 is not orthogonally completely reducible. 
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and denote it more simply as T*. The relation is a symmetric one: T** = T. 
If T, and T, are two s.1.t.’s with automorphisms S;* and S,, then 


(x, yT = (2T*,, yT,)% = (aT *,T*,, y), 
ie. (1:T.)* = T*,T*,. If 8, then 
(x,y) (Ti + Tz) = (x, + (x, yT2)8 = (a(T*, + T*2), y) 


or (T, + T.)* =T*, + T*.. We note finally that if M is the s. lt. rap 
then M* is the s.1.t. ap since yw) = (ap, 

Let © be a set of s.1. t.’s and Q* the set consisting of the adjoints of the 
transformations in Q. It is readily seen that if Ge 2(Q) then 
Hence 2(Q) and L(Q*) are anti-isomorphic. The condition that 2(Q2) be 
orthogonally completely reducible is that 2(Q) = 2(Q*) and hence we have 


the theorem: 


THEOREM 1. Jf Q is a set of semi-linear transformations containing the 
adjowt T* of every T in Q, then Q is orthogonally completely reducible. 


4. T isa normal s.1.t. if T*T = TT*. Evidently if T is normal so is 
T* and if T, and T, are normal and 7,T,—T.7T,, T,T*, —T*.T, then 
T,T, is normal. In particular the powers of a normal s.1.t. are normal. 
Special cases of normal s.1.t.’s are T self-adjoint where T* =T, T skew 
where T* = —T and T unitary where TT* = T*T — 1. 

Suppose T is normal and z is a vector such that z2T!—0. ‘Then 
(2T*,2T*) = (z, zT*T)S = (2, zTT*)S = 0 and hence zT* = 0. If Ge X(T), 
ST*«X(T) also. Suppose © is irreducible. Then either GT = ST* — 0 
or the mapping y— yT* is (1—1) from © to GT*. It follows that any 
invariant subspace of G7* has the form UT* where U is invariant in &(T). 
Hence UT* can not be proper. Thus in any case if © is irreducible either 
©T* — 0 or ST* is irreducible. If T* is linear (1.t.) CT* ~ 0 is similar 
to 


Let > be the join of all irreducible subspaces © of Q(T). MR, is invariant 
under T* and hence L(T). If Wo -~O, it contains 0 which is 
irreducible in 2(7). But this is impossible since Rp, I’,—0. Thus 
Wo = 0, ie, Mo. MR is a join of irreducible invariant subspaces and 
hence is a join of a finite number of such subspaces. We therefore have 


10 This discussion is valid for any non-degenerate hermitian or skew-hermitian form. 
No use has been made of the total-regularity of f. 
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THEOREM 2. Any normal s.1.t. is completely reducible. 


Remark. It is readily seen that the above proof holds also under the 
weaker assumption that TT* = T*Ty, » ~ 0 in S. 


5. In the remainder of the paper we discuss some special conditions that 
a normal s.1.t. be orthogonally completely reducible. If T* = + T then 
any subspace © invariant under T is invariant under T*. Hence ©’ « &(T), 
If T*T — TT* —1 then GT is an invariant subspace of © and since T is 
non-singular 6T S and = Thus G’eX(T) in this case 
also and we have the theorem: 


THEOREM 3. Any symmetric, skew or unitary semi-linear transformation 


1s orthogonally completely reducible. 


If T is any s.1.t. with automorphism S-' we define the ring %[t, S*] 
as the ring of polynomials in the indeterminate ¢ with coefficients in % such 
that af = taS" or ta = a@St. Then any irreducible invariant subspace S& of T 


is generated by a single vector x such that 
and = —- - -—8, is irreducible in S*].1' The con- 


dition that two such spaces be similar is that the corresponding polynomials 


be similar in the sense of Ore. 


6. Suppose now that % is a commutative real closed field '* and 4=a. 
If 2%, %2,° * *,&n is an orthogonal basis for ® then either (2;,2;) > 0 for all 
2 or (2,7) <0 (in the algebraic ordering of For if = B: >? 
and %) <0 then (z,z) =0 if z=2, + 2A, A= (— If 
we replace f by —f we do not change the definition of the adjoint. Hence 
we may suppose that f is positive definite: (2,71) =,Bi >0. By replacing 
x; by 4854 = u; we obtain a basis such that (wi, uj) =8i;. A basis of this 
type will be called Cartesian. It is clear from the computation of § 1 that 
the passage from one Cartesian basis to another is given by an orthogonal 
matrix M(MM’ = M’M =1). 

If T is an 1. t. with matrix 7’ relative to the Cartesian basis u,, w2,- °° , Uy 
T* has the matrix 7” relative to this basis. JT is normal if and only if 
TT’ =T’T and T is orthogonal (unitary), self-adjoint or skew according as 


11 Jacobson, loc. cit. in 6. 
12Tn the sense of Artin-Schreier. Cf. van der Waerden, Moderne Algebra I, p. 221, 


Ist ed., or p. 235, 2nd ed. 
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T is orthogonal, symmetric or skew. Let 9, be the join of all irreducible 
invariant subspaces similar to a given one and suppose 9,70. As above 
R, is also in 2(7T*) and hence in Q(L), where L=TT* —=T*T. We may 
decompose ft, as +- +--+ 6 where consists of all vectors y; such 
that yi = yiai, a > 02% T acting in S has the form B,O; where O; is 
orthogonal and Bj = a3. If SG," and ©," are irreducible elements of L(T) 
contained in G) and G') respectively and 7; and 7; the matrices of T 
relative to orthogonal bases in these spaces, Tj = BiO;, T; = BjO;, Oj and 
0; orthogonal. Since = 7;, = and since the roots of 
an orthogonal matrix have absolute value 1 this implies that Bj = Bj. Thus 
T acting in &, is a positive multiple of an orthogonal l.t. If ©, is any 
irreducible subspace in 2(T) either $,T = ©,T* = 0 or S, can be embedded 
ina space Rt,. It follows that S, is also invariant under T* and by the remarks 


of § 2 we have 


THEOREM 4. Jf T is a normal linear transformation in R over a real 
closed field %, T is orthogonally completely reducible. 


Now by Theorem 4 we may write S, @ S. where the 
S; are irreducible and invariant with respect to 7’ and hence are either 1 or 
2-dimensional since the irreducible polynomials in %[¢] have degree 1 or 2. 
If we choose Cartesian bases in the spaces S; we obtain such a basis for Rt 


and relative to this basis the matrix of T’ has the completely reduced form 


We therefore have the following theorem due to Murnaghan and Wintner: "4 


THEOREM 5. Jf T is a normal matrix with elements in a real closed 
field then there exists an orthogonal matrix M such that M“T'M = M’TM 
has the form (2) where the T; are one and two dimensional. 


Tf Z is a self-adjoint 1.t. a simple computation shows that its characteristic 
roots are real. If © is the set of vectors u such that uJ, = va the space orthogonal 
to © is also invariant under J, and hence if we continue this process we obtain the 
decomposition. If a(u.u) = (uJT*,u) = (uJ, uJ) 20 and hence a20. 

4“ A canonical form for real matrices under orthogonal transformations,” Pro- 
ceedings of the National Academy of Sciences, vol. 17 (1931), pp. 417-420. 
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By changing the sign of one of the vectors if necessary we may suppose 
that M is proper, i.e., det M = 1. 

As has been shown by Murnaghan and Wintner the condition that a two 
dimensional matrix be normal is that it be symmetric or have the form 


where 8 ~0. If T is symmetric it is well known that it can be transformed 
into diagonal form by an orthogonal matrix and conversely. Thus the 
matrices (3) constitute the set of irreducible 2-rowed normal matrices. Note 
that TT’ = ly, y=? + B?~0 and hence T is a positive multiple of an 
orthogonal matrix O as was shown in the proof of Theorem 4. 


THEOREM 6. T' is an irreducible normal matrix if and only tf it is 
1-rowed or a positive multiple of a 2-rowed orthogonal non-symmetric matriz 0. 


If T is symmetric, skew orthogonal then O is respectively symmetric skew 
or orthogonal and Theorems 5 and 6 give the well-known results on the 
orthogonal reduction of these matrices. 


Let = if where is real closed and = — 
for @=a@ + pe @y is algebraically closed. If f is a skew hermitian 
form, V—1f is hermitian. Hence as in §6 we may suppose that f is her- 
mitian and positive definite. Then has a unitary basis U2,° * * , Un, 
(ui, uj) = 8:;. The change to a second unitary basis is given by a unitary 
matrix M (M’M =MM’ =1). 

An 1.t. T is normal if and only if 7’77 =TT’ for the matrix T of T 
relative to a unitary basis. Since % is algebraically closed the irreducible 
invariant subspaces of T’ are one dimensional. Hence, as before, we obtain 
orthogonal complete reducibility and hence the following theorem of Toeplitz: * 


TueEorEM If T is a normal matrix with elements in § = af 
% real closed, then there exists a unitary matrix M such that M*TM = M’TM 


ws diagonal. 


If T is hermitian, skew hermitian or unitary, the diagonal elements of 
the normal form are respectively real, pure imaginary or of absolute value = 1. 
We consider next the anti-linear transformations (a.1.t.) in 9. These 
are the s.1.t.s T with automorphisms S such that «S—«@. Let 7 be the 
matrix of T relative to a unitary basis. The computation on p. 48 shows that 


16 Toeplitz, “ Das algebraische Analogon zu einen Satze von Fejér,” Mathematische 
Zeitschrift, Bd. 2 (1918), pp. 187-197. 
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T* has the matrix T’ and automorphism S (S? = £). We write T = (T, 8S) 
and T* = (7’,S). Then T*T and TT* are 1.t.’s with matrices 77’ and 
1’T respectively. The condition that T be normal is T7’ = 7T’T =T’T. T is 
self-adjoint, skew or unitary if and only if J is symmetric, skew or unitary. 

TT* is a self-adjoint 1.t. In an invariant subspace of this 1. t. we can 
choose a unitary basis of vectors u such that uwTT* —wua, Then a(u, w) 
= (uTT*,u) = (uT, uT) = (uT, uT) 20 and 

Now suppose that ©, is irreducible and invariant relative to T. If 
6,.T —0, 6,T* —0 also. Hence suppose 6,7 —G,. Then 6,T? 
and since T? is a normal 1. t. by the above, $,(T*)? = ©6,. Set L=TT* 
= T*T, L? — T*?(T*)? = (TT*)?. The space R, ©, + 6,T* — G, 
+-6,L is invariant relative to T and T*. If y, 0 is a vector in ©, such 
that y,L? = y,a, (« > 0), then since every vector in S, has the form y:p(T) 
and =p(T)L?, =p(T)a, we have y,L? = for every 


in©,. Then = y.% for every yz in S,T* and = for all x, in 
If 7,L=—2,8, 8B >0 and hence It follows that 7,L for all 
Then 6,T* =~ 6,L= We therefore have the following 


theorem: 


TuEoreM 8. Jf T is a normal anti-linear transformation im St over 
¥=Bo(V—1) and % real closed, then T 1s orthogonally completely 
reducible. 


If T is irreducible $ is 1- or 2-dimensional.'® Evidently any a.1.t. in 
1-dimensions is normal. If T 7 = Be where B=0 and Thus 
T is a non-negative multiple of a unitary a.l.t. Suppose next that 8 is 
2-dimensional. We have seen that a necessary condition for irreducibility is 
that TT* — 18 —T*T, B > 0 and hence T = yU, y = #3 and U is unitary. 
If T* —T, T? —8 and if « is any vector and y = #3, y=aT + cy then 
yf = yy. Thus either y or « is an invariant vector ~0, contrary to the 
irreducibility of T. Suppose conversely that T—yU and T is not self- 
adjoint. T is evidently normal. If T is reducible, then there is a unitary 
basis u,v such that uT =up, vT =vv. It follows readily that T is self- 


adjoint. We have therefore proved 


THEorREM 9. Jf T is an irreducible normal anti-linear transformation, KR 

is 1- or 2-dimensional. In the former case T is arbitrary and in the latter 

T is a positive multiple of a unitary a.l.t. and is not self-adjoint and 


conversely. 


Asano and Nakayama, “Uber halblineare Transformationen,’ Mathematische 


Annalen, Bd. 115 (1937), p. 110. 
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Note that U and y are uniquely determined by T if y>0. For if 
T y,U,, is unitary and hence y y,, U = 

If T is any normal a.1.t. and R= Re where the HR; 
are irreducible we may choose a unitary basis in each 9t;. The new matrix 
of T will be M*TM =—N’TN where M and N are unitary and N= M/. 
M-'T M will be completely reduced. Hence we have the following theorem: 

THEOREM 10. Jf T is a matrix with elements in = %(V—1), 
real closed and TT’ = T’T, then there exists a unitary matrix M such that 


(4) —NTN = , N= 


where T, is either 1-rowed or a positive multiple of a 2-rowed unitary matrix 
which is not symmetric. 

We may, of course, re-arrange the 7';’s in an arbitrary manner without 
destroying the validity of the result. 

Corotnary 1. If T is a symmetric matrix with elements in $o(V—1), 
there exists a unitary matrix M such that D=M“TM = N’TN is diagonal. 


If D has diagonal elements 6; = Biei, Bi = 0, c€i = 1, we may replace 
M by the unitary matrix MQ where Q is the diagonal matrix with elements 
«4. Then D is replaced by a diagonal matrix whose elements are all = 0. 

Corotiary 2. If T is a skew matric with elements in Fo(\V—1) there 
exists a unitary matrix such that MT M = N’TN has the form (4) where 
T'; = 0 or is 2-rowed and skew. 


As in the symmetric case we may suppose that the matrices T; 0 are 


—1 0 
CoroLuary 3. If T is a unitary matric with elements in %o(V—1), 
there exists a unitary matric M such that M-'T M = N’TN has the form (4) 
where the T; are unitary. 


positive multiples of the matrix ( 


In this case it is readily seen that we may normalize the 7; to have 
determinant = 1. 

Now suppose that 7 and F# are any two matrices such that TT’ = 7’T. 
RR =P’R and T—=M"RM where M is unitary. Then RR and TT 
= M-'RRM are similar. We proceed to prove the converse. It has been 
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shown by Nakayama and by Haantjes?" that if R and T are any two matrices 
with elements in 1) such that rank RR- =rank TT: PY 
and RR and TT are similar, then there exists a matrix A such that A“RA 
=T. Moreover in the present case it is clear from (4) that rankR 
=rank RR: =rankTT-- =rank T. Hence we may suppose 
that A*RA = T and also that R and T have the form (4). Thus R and T 
are matrices of the same normal a.1.t. T. The irreducible matrices R; and 7’; 
correspond to two decompositions of F# into irreducible invariant subspaces 
relative to 7. Hence by the Jordan-Holder theorem, we may suppose that 
A =T;, i=1,2,:--,1 It therefore suffices to prove the following 


Lemma. If Rand T satisfy RR’ = RR, TT’ =T’T and these matrices 
belong to the same irreducible normal a. 1. t., then there exists a unitary matrix 
M such that =T. 


We have seen that A'RA =T and T and FR have the form BU and yV 
where U and V are unitary and B,y=—0. The case B=y=0O is trivial. 
If B-A0 we obtain A*VVA = (By*)?UU. Since the roots of the unitary 
matrices UU and VV have absolute value 1, this implies B? = y? and B = y. 
Thus we may suppose that R and T are unitary. Then T = A’R(A’)-! and 
BR = RB if B= AA’, As the author has shown ** the matrices X satisfying 
the equation XY — RX form a division algebra over %o. On the other hand 
B is hermitian and positive definite and hence it satisfies a quadratic equation 
whose roots are real and positive in Hence B=61,5>0 and A= &M 
where M is unitary. Then T= MRM. 

THEOREM 11. A necessary and sufficient condition that two matrices R 
and T with elements in %o(V—1) such that RK =RR, TT =T’T be 
related by a unitary matrix M in the manner M?RM = N’RN =T(N = M) 
is that RR and TT be similar. 

8. We suppose in this section that 3 is Hamilton’s quaterion algebra 
over a real closed field 3%}. Besides the well-known i. a. a. 


== Oy + + + > — 14, — ja, — has 


we have the i. a. a.’s a" = where v= However if f = (z, y) 

‘7 Nakayama, “ Uber die Klassifikation halblinearer Transformationen,” Proc. Phys. 
Math. Soc. Japan, vol. 19 (1937); Haantjes, “ Halblineare transformationen,” Mathe- 
matische Annalen, Bd. 114 (1937), pp. 292-304. 


18 Loc. cit. in 6, p. 503. 
° There are the only i.a.a.’s in % leaving the elements of %, unaltered. See, for 


example, Albert, “ Involutorial simple algebras and real Riemann matrices,” Annals of 
Mathematics, vol. 36 (1935), p. 897. 
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is a bilinear form with the i.a.a. V, then the condition (za, y) =v av(z, y) 
implies that v(za,y) = av(x,y) and hence rf is a bilinear form with the 
usual i,a.a.%—>%. It is readily seen that f is hermitian or skew if and only 
if vf is respectively skew or hermitian. Since the adjoints of an 1. t. defined 
relative to f and vf are equal we shall consider only the i.a.a. a— @. 

We shall show next that if f is totally regular and dim & > 1 then f 
can not be skew. For suppose u and v are orthogonal and (u,w) =y, 
(v,v) =8 where y =—y, §=—8S. It can be shown that —y and 8 are 
cogredient in the sense that there is an « in % such that § = — a@ya.?° Then 
(wa + v,ua + v) =0 contrary to the total regularity. Thus f is hermitian 
and as in the complex case we may suppose that it is positive definite. 

It follows that ® has a unitary basis of vectors wu, U2,* * +, Un such that 
(ui, uj) = Any other unitary basis is obtained from the w’s by trans- 
formation with a unitary matrix. The l.t. T is normal if and only if its 
matrix 7’ relative to the w’s satisfies TT’ = T’T. 

If o(t) Slt], o*(¢) = H(t) So[t] the centrum of Evi- 
dently #*(¢) can be decomposed into linear factors in %[¢] and hence by the 
factorization theorem *? ¢(7¢) has linear factors. Thus the only irreducible 
polynomials in %[¢] are linear and hence the irreducible subspaces of an 1. t. 
are 1-dimensional. 

Suppose T is normal and © is irreducible in L(T). If wu 0 is in G, 
uT = uf and 


(up, u) = B(u,u) = (u,u)B = (u, = (u, ul) = (uT*, u) 
since (u,u) €%». Hence (u(8—T*),u) =0 and 


(u(B — T*),u(B —T*)) = (u(B—T*), uB) — (u(B—T*), uT*) 
= — (u(B —T*), uT*) 
= — (ul (8 —T*), u) 
= — B(u(B—T*),u) =0. 


Hence uT* = uf, i.e., S is invariant relative to T*. 


THroreM 12. If T is a normal 1. t. in R over § where § is a quaternion 
algebra over a real closed field, then T is orthogonally completely reducible. 


As before, we obtain 


2° Jacobson, “Simple Lie algebras of characteristic zero,” Duke Mathematical 


Journal, vol. 4 (1938), p. 546. 
21 Ore, “ Non-commutative polynomials.” Annals of Mathematics, vol. 34 (1933), 


p. 494. 
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THEOREM 13. If T is normal matric (TT’ = T’T) with elements in §, 
there exists a unitary matrix M such that M*TM = M’TM is diagonal.” 

In the special cases T* = T, T* = —T and TT* —1 the diagonal ele- 
ments 8; of satisfy the conditions Bi = %o, Bi =— Bi and 1 
respectively. 


9. The above results may be interpreted also in projective geometry. 
We define the projective space $$ of (n —1)-dimensions over % as the set of 
subspace of the n-dimensional vector space R over %. The points of ¥ 
are the rays xa, x40 and fixed and @ variable. The correspondence 7: 
S— 6’ = Gr determined by a totally regular hermitian or skew-hermitian 
form f is called an elliptic polarity.”* 

It is known that any (1—1) mapping 7 of the elements of (the subspaces 
of 9%) which preserves incidences is determined by a non-singular s.1.t. T.** 
will be called a semi-collination. Two s.1.t.’s T; and T, define the same 7 
if and only if T, = T.p, pA 0 in &. 7 is a collineation if the automorphism 
of T is inner; hence, if and only if T may be chosen as an Il. t. 

If + is a semi-collineation, then so is = arm = Since y) =0 
if and only if («(T*)-', yT) =0, we see that if © is a subspace and Gz its 
polar then ©(T*)-* is the polar of Gar. Hence 6(T*)- = Sarx. Thus 
the semi-collineation 7’ is determined by (T*)-*. We shall call 7 normal if 
rr’ =7'r. The condition on T is TT* = T*Ty, we}. Notable special cases 
are given by the condition 7’ =+ and 7’ =r". 

It is known that if 88 satisfies certain topological conditions, then % must 
be either the field of real numbers, the field of complex numbers or the quasi- 
field of real quaternions.?° We shall now discuss these cases separately. 


(1). Suppose % is the field of real numbers. The only automorphism 
or anti-automorphism of % is the identity. It follows as in § 6 that if m is 
an elliptic polarity, the corresponding f may be assumed positive definite. 
Every semi-collineation 7 is a collineation. 

Suppose 7 is normal. The condition r’r— rr’ is equivalent to T*T 


22 Of, Teichmiiller, “ Operatoren im Wachsschen Raum,” Crelle, Bd. 174 (19385), p. 111. 

23 Veblen and Young, Projective Geometry II, p. 218. Cf. also Cartan, La géometrie 
projective complexe, p. 139. Cartan calls the correspondences determined by forms 
whose anti-automorphisms are different from the identity anti-polarities. From the 
present point of view it does not seem worth while to make this distinction. 

24 Cf, Brauer, “ A characterization of null systems in projective space,” Bulletin of 
the American Mathematical Society, vol. 42 (1936), pp. 247-254. 

25 Veblen and Young, Projective Geometry II, chap. 1, and Kolmogoroff, “ Zur Be- 


grindung der projektiven Geometrie,” Annals of Mathematics, vol. 33 (1932), pp. 


175-176. 
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= TT*», »~0 in Hence T7’ T’T if T is the matrix of T relative 
to a suitable basis. If T <= (rij), tr 77’ = rij? 0 and since tr 
= tr 7’T, we obtain » = 1 and hence T is a normal 1. t. r’ = 7 if and only if 
T*T =1p,p>0. If we replace T by Tp, we see that T can be taken as a 
unitary (orthogonal) 1.t. On the other hand 7’ = +” if and only if T* = Ty 
and since T** = T, we obtain = 1 and T* = =+T. 

(2). % is the field of complex numbers. In this case we restrict our- 
selves to continuous polarities and semi-collineations. The corresponding 
anti-automorphism or automorphism will be continuous. Hence we have just 
two types, the identity and the mapping «—«. A bilinear form with the 
identity as its anti-automorphism can not be totally regular. It follows (§ 7) 
that any elliptic polarity is determined by a positive definite hermitian form. 

There are two types of continuous semi-collineations: the collineations 
and the semi-collineations with the automorphism «—>«@. The latter are called 
anti-collineations. If r is a normal collineation then TT* = T*Ty and con- 
versely. Hence TT’ = T’Ty and since tr TT’ = 3|74;|" 40 we obtain p = 1 
and hence T is normal. The condition r’ +r means that TT* = 1p and as 
before T may be taken unitary. +r’ 7 is equivalent to T* = Tp and hence 
T** — T*pp = Tpp =T, pp =1. If we replace T by To where p = «~'o we 
see that + is determined by a self-adjoint 1. t. 

If + is a normal anti-collineation, TT7* = T*Ty. The matrices of these 
l. t. are respectively TT’ and T’Ty. It follows again that » 1 and T is a 
normal a. 1. t. and conversely. +r’ = 7 if and only if T can be taken as a unitary 
a.l.t. and 7’ = 77 if and only if T is either self-adjoint or skew. 

(3). % is the field of real quaternions. Any anti-automorphism or 
automorphism of % maps the center {> into itself and since %p» is the field of 
real numbers, the elements of > are left invariant. It follows that the anti- 
morphisms of % are «—>% and «—>v'a, v==—v and the automorphisms 
are all inner. Hence as we saw in § 8, the elliptic polarities in $ are deter- 
mined by positive definite hermitian forms. The semi-collineations in $ are 
all collineations. 7 is normal if and only if the corresponding 1. t. is normal: 
7 =r if and only if J can be chosen unitary; r’ 7" if and only if T is 
self-adjoint or skew. 

The results of § 6-8 may be translated to the present situation. For 
example we have the following theorem : 

Let % be a continuous projective space in the above sense, r a continuous 
elliptic polarity and ra continuous normal collineation or anti-collineation in ¥. 
Then if S is a hyperplane invariant under +, its polar plane Gx is also invarian! 
under r. 
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FOUNDATIONS OF AN ABSTRACT THEORY OF ABELIAN 
FUNCTIONS.* 


By O. F. G. SCHILLING." 


It is a well-known fact that the classical theory of algebraic curves can be 
generalized to fields of algebraic functions of one variable over an arbitrary 
field of coefficients. T'wo topics are of particular interest from the viewpoint 
of modern algebra: The generalization of Riemann-Roch’s theorem and related 
questions and the application of the algebraico-arithmetic theory of function 
fields to the theory of higher congruences. Using the arithmetic theory of the 
Riemann surface as developed by Hensel and Landsberg it is relatively easy to 
prove the generalized theorem of Riemann-Roch. However, with respect to the 
applications to the theory of higher congruences—in particular the applica- 
tions to Artin’s formulation ** of the equivalent of Riemann’s hypothesis con- 
cerning the zeta function belonging to a field of algebraic functions of one 
variable over a finite Galois field—unforeseen difficulties arose. Hasse suc- 
ceeded to prove Artin’s conjecture for generalized elliptic fields.4 Typical for 
Hasse’s approach is the investigation of the relationship between the unrami- 
fied abelian extensions of the elliptic field and its isomorphic subfields. In 
order to find a proof of Artin’s conjecture for non-elliptic fields, it appears to 
be advisable that one should generalize the algebraic results of Hasse. As a 
consequence of Riemann-Roch’s theorem one surely cannot develop the analogue 
of Hasse’s algebraic theory in the given function field of genus p > 1 proper. 
However, we know from the classical theory of abelian functions of p variables 
that the natural generalization of the elliptic case is found in the field of 
abelian functions related to the given Riemann surface of genus p> 1. Since 
one cannot develop the topological theory of the Riemann surface for function 
fields over abstract fields of coefficients, the function theoretic aspects of the 
abelian functions, i. e. their 2p-fold periodicity, have to be discarded. Never- 


* Received September 19, 1938. 

1 Johnston scholar at the Johns Hopkins University for the year 1938-1939. 

Artin, “Quadratische Koérper im Gebiete der héheren Kongruenzen,” II, 
Mathematische Zeitschrift, vol. 19 (1924). 

7H. Hasse, “ Uber dic Kongruenzzetafunktionen,” Sitzungsber. der Preuss. Akad. 
der Wissenschaften, Phys.-Math, Klasse (1934). 

“H. Hasse, “Zur Theorie der abstrakten elliptischen Funktionenkérper,” I-IIT, 
Crelle, vol. 175 (1936). 
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theless, a careful study of Weierstrass’ solution of the inversion problem of 
abelian integrals leads to a natural way out of this dilemma. Moreover, G, 
Castelnuovo ° developed in a paper concerning complete linear series on a curve 
some essential facts concerning the fields of abelian functions belonging to a 
complex curve. Castelnuovo’s proofs are algebraico-geometric. We want to 
present in this paper an elaboration of all these ideas by means of modern 
algebra. We want to point out that v. d. Waerden’s notion of generic point 
on an algebraic variety proved to be a rather helpful tool.® It is then possible 
to define the abstract field of abelian functions as the p-fold symmetric product 
of the given function field of genus p. There will be no restrictions arising 
from the characteristic of the underlying field of coefficients. We shall show 
that the group of all birational transformations of the field of abelian func- 
tions contains the reflection and a subgroup which is isomorphic with the 
group of all divisor classes of degree 0. Moreover we shall develop the theory 
of natural multiplications. Finally, we indicate the connections with the 
classical theory, observing that our theory represents the straightforward 
generalization of the latter. 

We hope to be able to present in other papers an algebraic theory of the 
complex multiplications and related topics. 


1. The field of algebraic functions of one variable. Let K = {a} bea 
field of algebraic functions of one variable whose field of coefficients is an 
arbitrary algebraically closed field & of characteristic y. It is a well-known 
fact that K has a separable generation k(z,y) = K, i.e. y is a separable 
quantity over the field k(x). 

A primé divisor or valuation p of K is given by an ordering function », 
on K whose values are integers. Moreover, the function vp has the properties 


Up(ab) = vp(a) + tp 
Vp(a+ b) = min(tp(a), vp(d)), 
Up(c) = 0 if cek, and 

Vp(0) = 

To every valuation ) we can associate a prime ideal p of a suitably chosen 
integrally closed ring D, of K. Namely, take a non-constant function z«K 
such that vp(z) = 0 and consider the ring ©, of all integral functions of K 
over k[z]. Then 


{v (a) 20, ae K}. 


5G. Castelnuovo, Le correspondence univoche tra gruppi di p punti sopra una curve 
di genere p. Lomb. Ist. Rend., vol. 25, ser. 2 (1892). 
°B. L. van der Waerden, “ Zur algebraischen Geometrie XIII,” Vereinfachte Grund- 


lagen. Mathematische Annalen, vol. 115 (1938). 
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Conversely, the prime ideals } of an integrally closed ring 9 of K give rise to 
almost all prime divisors p of K, only a finite number of valuations being 
excluded. The given ring can be considered as the ring of all integral func- 
tions in K with respect to a ring of polynomials k[z] where ze. Thus, we 
can speak of the valuations p corresponding to the prime ideals p of © as the 
finite valuations with respect to z The prime divisors which cannot be de- 
termined relative to © are the prime divisors of K which are poles of the 
function z. They correspond to prime ideals of the ring 9,7 over k[z™*]. 

The field K can be considered as the field of all rational functions on a 
curve C without singularities which is imbedded in the 3-dimensional pro- 
jective space P,(k) = k[Xo, Xi, X2, X3] over the algebraically closed field k.’ 
The points ) = (do, a, d2, a3) of C are then in one to one correspondence with 
the prime divisors of K. The curve C is then a projective normal variety. 

The residues 2, of X,X 91, X2Xo', modulo the defining 
prime ideal m(C) = (f:(Xo, X1, X3),° 5 fim(Xo, X1, X2, X3)) determine 
an integrally closed ring D = k[2, 2%2,2,| of K. The ring © resp. the base 
4, U2, 23, gives rise to a normal affine curve C(D). The substratum of func- 
tions (2%, 22,3) = [zx] is called a generic point of C(). All special points 
on C resp. on C'() are obtained by specializing the respective generic points. 
For example, (Xo, X1, X2,X3) —> (Go, di, 42, (0, 0,0,0) where a; and 
fv(@o, G2, 23) == 0, v==1,- >, m. 

For later considerations it will be convenient to consider the generic 
point [x] of C(D) as a point of a suitably chosen curve. Suppose that 
[z] = [21, Z, Z;] is a set of elements which satisfies the relations between 
U2, such that the field K = k(Z,, is abstractly isomorphic with KX, 
Kak =k. Next extend the field of coefficients k of K to the field K, i.e. 
consider the ring 

KK == K (%,, £2, Zs). 


This ring is a function field of one variable over K as field of coefficients. 
Let L be the algebraically closed field of K. Then also KL is a field. This 
follows from a general theorem concerning the decomposition of the defining 
prime ideal of relations of K when the original algebraically closed field of 
coefficients is extended to an arbitrarily relatively transcendental field. 
Obviously the ring OL L[Z,, is also integrally closed in KL. 


Since generate the ring it follows that (%,,—2, 


7H. T. Muhly and O. Zariski, “ The resolution of the singularities of an algebraic 
curve” to appear in the American Journal of Mathematics, and a paper of O. Zariski 
on algebraic varieties. 
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&,—a;) is a prime ideal P of OL. Let P be the corresponding prime divisor 
of KL. Then 
a, (mod P), (i = 1, 2,3). 


We shall say that we have represented the general point [xz] of C(©) by a 
point of the curve C(DL). 
Each divisor a = ][ py*, a; integers, determines uniquely a class of di- 
4=1 
visors 2{ = a(a) where (a) runs over the totality of all divisors belonging to 


8 
elements a of K. The common degree deg a = > a of all divisors a in a class 


i=l 
is called the degree deg of the class 
If the degree of a class % is greater than 0 then Mf contains integral 


8 
divisors a== [| p;*, a; > 0. All integral divisors a of such a class form a 
4=1 


finite k-module. The rank dim %& of this module is called the dimension of 
the class. The explicit determination of dim % is given by the theorem of 


Riemann-Roch 
dim dim UR-* + deg p+ 1. 


The class & is the so-called canonical class of K whose integral divisors are the 
differentials of first kind. We have 


deg R = 2p — 2, = p=0 


where p is the genus of the field K.* 

The divisor classes 2{ of positive degree correspond to the complete linear 
series of the classical theory. It can be proved that the integral divisors a of 
% correspond to the hypersurfaces of a suitable projective space which cut out 
the individual groups of the linear series. In particular, we can interpret the 
coordinates of a curve in projective space as the divisors of a basic set for the 
k-module of integral divisors of a well-defined divisor class of K. 

We shall pay special attention to two types of classes. Firstly, the classes 
of degree p which we shall denote by YM». It can be proved as a consequence 
of the theorem of Riemann-Roch that there exist infinitely many classes Y%, 
for which dim %,—1. Moreover, infinitely many such classes Y%, contain 
exactly one integral divisor r,- - - rp where the r; are distinct prime divisors of 
K.° We write r,° tp = Rp. 


SF, K. Schmidt, “ Zur arithmetischen Theorie der algebraischen Funktionen,” |, 
Mathematische Zeitschrift, vol. 41 (1936). 

°E. Witt and H. Hasse, “ Zyklische unverzweigte Erweiterungskérper vom Prim- 
zahlgrade p tiber einem algebraischen Funktionenkérper der Characteristik p,” Monats- 
_hefte fiir Mathematik und Physik, vol. 43 (1936). 
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Secondly, the group of all divisor classes contains the subgroup D which 
consists of all classes © of degree 0. Since the degree of a class is an additive 
function of the arguments it follows that each class © determines uniquely a 
class 2p with respect to fixed reference class ftp. Namely, 


or 
C = 


A class &{» whose dimension is greater than 1 shall be called an exceptional 


class. 


2. The field of abelian functions. Let K =/:(x,,%2,273) be a field of 
algebraic functions of one variable such that 2,,2,,2; span up an integrally 
closed ring = k[ 2%, %2, 73]. Suppose now that 


K 9) ro", K [ (4) 


are p fields which are abstractly isomorphic with K and which are algebraically 
independent over k. Then k(a2,"’,: - -,2z,")) is a field of rational functions 
of p variables over /. Consequently, the join of the fields K™,---,K™ in 
the algebraically closed field of k(a,,---,a,”) is a field A,(K) = 
K® «+++ K') of degree of transcendency p with respect to /. It is called 
the p-fold direct product of A by itself. The field A,(4) contains the order 


Since A,(©) is spanned up by the functions 
== a?) ] we see that [z,---, 2] is the generic 


point P’ of a p-dimensional algebraic variety V’(). The variety V’() is 
imbedded in the 3p-dimensional affine space over k. Each point ?’y of V’(D) 
is obtained by admissible specializations of P’. 

This affine variety V’(©) can be obtained from the direct product A,(C) 
of a projective model C of K without singularities in the 3-dimensional space. 
The variety A,(C’) is imbedded in the p-fold direct product of the projective 
3-space over k. Hach point P’, of A,(C) is obtained from a suitable generic 
point P’ of A,(C) by an admissible specialization. Obviously a generic point 
?’ of A,(C) is given as 

mod m(C®),- -,X™ mod m(C®?) ] 
where X(#) X,] denote the projective codrdinates of 
the projective 3-space in which the curve C‘) =C*J™ with the defining 


relations m(C‘*)) is imbedded. 
The points of A,(C) are related to the p-tuples Pp of prime 


\ 
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divisors of K. Let s be an arbitrary substitution ) of the symmetric 
1 p 


group S, of p objects. Suppose moreover that there are given p prime di- 
visors ),,° of K which can be represented by prime ideals - - , p, of 
©. Then let correspond to ); the prime ideal p; * 7% of the normal variety 


C(D) * 1% where - are obtained from the given - J‘) 


by applying the permutation s. The greatest common divisor 


is then a 0-dimensional prime ideal P’o,s()1,- + -, Pp) of Ap(D), i.e. a point 
of A,p(C()). In order to obtain the points of A,(C) we only have to change 
©. Thus, each p-tuple of prime divisors p,,---,), of K gives rise to p! 
points Pp) on A,(C). 

Conversely, each point P’, on A,(C) determines a p-tuple of prime 
divisors of K. Namely, the quantities 2) = XY; mod m(C) assume 
definite constant values a;‘/) = 2;‘/) mod P’, at the point P’, since P’, is 
defined by a specialization of the generic point P’ of A,(C). Now each 
set of values - 7==1,---+,p, determines uniquely a point 
(29) of C. Hence a prime divisor of 
The inverse mappings I‘/)-* for which K‘) * [)-! = Kk determine p prime 
divisors pj of K. We let correspond to ®’, the p-tuple p,,- - -,)p». Thus the 
integral divisors of degree p are in (1, p!) correspondence with the points on 
A,(C). 

It was already pointed out that a generic point (2, 21, 22, 23) of the curve 
C can be considered as given by a prime divisor P of the extended function 
field KZ. Similarly the generic point +, ++, 
of 4,(C) can be considered as an ordered p-tuple of prime divisors of a suita- 
bly chosen function field of one variable. Let K be an isomorphic map of K 
such that K and K are algebraically independent over /-. Consider the ex- 
tension KA,(K) of K. To each component K“ of A,(K) there corresponds 
then a uniquely determined prime divisor ?; of KA,(K). Using an affine 
model ('(D) of K we find that the prime divisors P‘) are given by prime 
ideals P; of OA,(K). Namely, 


+, (‘—1,- ; +, p)- 


Thus the generic point P’ of V’(D) can be represented by a p-tuple of prime 
divisors of KA,(K). This construction is unique for we had to observe the 
fixed isomorphisms J‘), This construction obviously generalizes to the repre- 
sentation of Ap(K) by the variety A,(C). In order to indicate this descrip- 
tion of A,(K) we shall write 
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Later on it will be convenient to denote J‘) by I(P;). 

The field A,(K) admits the symmetric group Sp as group of auto- 
morphisms. Namely, the structure of A,(K) does not depend on the order 
of the fields K"),- --,K. We shall define the automorphism which is 


The Galois theory implies then that all functions of A,(K) which are left 
invariant by the p! automorphisms constitute a subfield A = 3,(K) of A,(K). 

We shall call A the field of abelian functions belonging to K, briefly the 
field of abelian functions. 

The field of abelian functions has degree of transcendency p relative to k. 
It contains the p-fold symmetric product %)(0) = Ap,(©) © A of the integrally 
closed ring © of K. The ring of integral functions %,(9) gives rise to an 
algebraic variety Vp(). This variety is according to construction a rational 
transform of V’,(D). Similarly we obtain a symmetric product %,(C) which 
isa rational transform of A,(C). To all the p! points P’o. on A,(C) there 
corresponds one and the same point Py on 3,(C). The associated prime ideal 
of ®, (with regard to a suitably chosen integrally closed ring ©) is the con- 
tracted ideal of the prime ideals corresponding to the p! points P’o,.. This 
process of contraction annihilates the p! different arrangements of the prime 
divisors which can be associated to all Hence the points 
?, of 3,(C’) are in one to one correspondence with the unordered p-tuples of 
prime divisors in K. Thus we can associate to each point ?, an integral 
divisor a of degree p in K. 

This relation extends immediately to the generic point P of 3,(C). We 
thus can represent the generic point P of %,(C) by the product P,-- -?, 
of the prime divisors ?; which are defined in KA,(K). We express the field 
A symbolically as P,- -- Py». This notation refers to the construction of A 
the symmetric product of p general prime divisors of K, i.e. any set of 
generating functions of K. Since each point Py on %,(C) is obtained by 
specializing the generic point we see that P, is given by specializing the generic 
divisor P,---P, of K to i.e. we perform a homomorphism of 
KL upon R. 

Now let 2, be an arbitrary divisor class of degree p, then dim Up = 8( Mp) 
21. The integral divisors a of 9%, can be considered as the points of a pro- 
jective space over k whose dimension is equal to 8(%,) —1. Consequently 
the totality of all integral divisors a in %, gives rise to an algebraic irreducib!e 


5 


related to s = ) as the permutation 
Ip 
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subvariety M(%,,C) on %,(C). The variety M(%),C) has dimension 
—1. If 8(%,) then M(,,C) is a point Po on which is 
associated to the integral divisor a of Mp». We denote the totality M(,, () 
for variable classes % by W(K). 


3. Birational transformations of A. Let r,- - rp be an arbitrary di- 
visor of degree p. We denote the divisor class which is uniquely determined 
by by Rp. Then dim = 2p-+ 1 according to the theorem of 
Riemann-Roch. Consequently there exist 2p + 1 linearly independent func. 


tions of K such that every function K which has at most 
2p 
the denominator - rp)* can be expressed as >) cid; where € k. 
i=0 
Now let 


== [2] = [2] *1(P,) 


2), 25%) = [x] *I(P>) 
(2, a, ) — ] [a] * 


x2”), = [x] *1(Qp) 


be the generating functions of 2p fields K * 1(P,),- - -,K * I(?,), 
K *1I(2,),---,K*I(Q2,) which are isomorphic with K and algebraically 
independent over k. Then their join J is a field of algebraic functions of 2p 
variables over k. 

Let W be the algebraically closed field of J. 

Next consider the function field KN which arises from K by extending 
the field of coefficients k to N. The field KN has again genus p for it is 
generated by the elements («, 2,23) over N. Moreover, the dimension of 


every class 2, of KN which contains a divisor a,,° « - , @p such that the residues 
of the 2; moda; (t—1,---,3; lie in is equal to the d- 
mension of the class %, of K which is determined by a,-- -ap. Thus, a set 


of linearly independent integral divisors of Mp constitutes also a base for the 
class 

The fields K K give 
rise to prime divisors P,,- - -, Pp», 2:,- --,2,o0f KN. These prime divisors 
are of degree 1 relative to J. 

Denote the divisor classes of KN which are generated by P,- - - Py and 
2,---2, by Bp and Dp, respectively. Since %, and OQ, can be thought of as 
generic classes of degree p of K we have dim %, = dim QO, = 1. 
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We propose to give an expression for the divisors 3,,: - -, 3, of KN for 
*) ) (SpRp ) ~ 


Since all divisor classes of degree 0 in KN form an abelian group, the 
class SpJtp* is uniquely determined by our equation. It has to be proved that 


S,—=3d,- - - dy where the 3; are mutually distinct prime divisors of degree 1 
relative to J. 
To determine 3,,° - -.d, it suffices to find a function 6 of KN which 
has the divisor (r,°- -tp)* as denominator and the divisor 2; as 
i=1 4=1 


numerator.’° According to the theorem of Riemann-Roch and the preceding 
remarks, this function ® must have the form 

= > 6%; 

i=0 

where the coefficients ¢ are taken from N. This representation takes care of 
the assigned poles. Let & * Pj, °°, p— 
be the residues of the functions ; at the prime divisors Pj, ®;. The elements 
6,*P;, d;* 2; lie in N. Namely, according to construction, a function 9; 
has none of the prime divisors P; or Q; as pole. 

Moreover, the residues ®; * P;, ©; * 2; are different from 0 since ; are 
functions of K. As such they are uniquely (to within multiplicative factors 
in k) determined by their divisor decomposition in K. Thus, the prime 
divisors P;, 2; are not zeros of the 4;. To be precise, the residues &; * P;, 
6; * 9; lie already in J for Pj, 2; are supposed to be prime divisors of degree 


| with respect to J. 


- Dp 
Next, the condition that @ have the numerator [J ?; [[ 2; can be ex- 


i=1 
pressed by means of a determinant. We get 
| Bo ®, | 
| 
*P, D2, * P, | 
* 2, $,, * 2, | 


*K. W. S. Hensel and G. Landberg, Theorie der algebraischen Funktionen eimer 
Variabeln und ihre Anwendung auf algebraische Kurven und Abelsche Integrale, 
p. 681 (1902). 
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It follows immediately that ® is a rational function of [2], 


Now we have to determine the remaining zeros of ©. Without loss of 
generality we can suppose that K is a separable extension of k(x.) = k(z). 
Let N denote the norm taken from K to k(x). Then N(®) is a polynomial 
in z. We know already 2p roots of N(®) = 0, namely * P;, * 2; where 
Consequently, 


is a polynomial of degree p. The coefficients ¥, of Gz(®) are rational func- 
tions of [x] = [2] *1(Q,) =[2*Q,]. The equa- 
tion Gz(@) = 0 is a separable equation since the ¥, do not vanish identically. 
Let 9:,°°*,Yp be its roots. They determine uniquely prime divisors 3,,---, d, 
of KN by means of the prime ideals (x — 9;) of N[x]. Namely, the elements 
¥: of N are all distinct. The condition that exactly the p remaining zeros of 
® have to be determined implies that each 3; is uniquely determined by one 
of the prime ideals of the integrally closed ring N[2;, %2,x;] whose inter- 
sections with N[z] are equal to (x — 

Another implication of this determination of the prime divisors 3, is the 
fact that [x * 3,] are algebraic functions of [x * P,],- --,[a*Q,]. More- 
over, dim 3d, 1. 

In order to prove that the [a * 3;] are rational functions of the [z * ?,], 
+ +, [a * we apply the principle of specialization. Namely, there always 
exist specializations of the prime divisors P;, 2; to prime divisors p;, q; of K 
such that the determinant relation for & does not become singular. From this 
fact one concludes that the respective solutions of G.(#) = 0 give rise to dis- 
tinct prime divisors 8,,- - -,%» of K which are specializations of 3,,- - -, dp. 
Moreover, 8p determine a class of dimension 1. Consequently the 
functions [x * 3;] are rational functions of [x * Pi], [x * Q;] for otherwise 
we would obtain a contradiction to the existence of an infinity of unique solu- 
tions for the specialized prime divisors. 

It is important to remark that $,,- - -,8» are still uniquely determined 
when ?;,---,P, are generic and Q,,---,Q2p, specialized arbitrarily to 
415° ° *,Qp- In particular, it follows that 3, does not depend on the particular 
divisor q,° - -qp which we chose to represent the class Dy. 


al 
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Applying the process of determining S, from (BpIp*) (QpRp*) (SpRp*) 
= 1 twice it follows that the divisor P(—1),- - -P(—1), which satisfies 


= 1 


is uniquely determined. Using again the argument of specialization we find 
that the functions [#* P(—1);] lie in J and that they generate p fields 
K(—1)i =K which are algebraically independent over k. 

Finally, the construction of 3,- and P(—1),- -P(—1), im- 
mediately implies that 


(i) depend symmetrically on P,,---, Pp and Q,,:--,Qp, 


and 
(ii) P(—1)1,- - -, P(—1)p depend symmetrically on P,,- - -, Pp. 


We wish to recall at this place the geometric description of the funda- 
mental divisor relation = 1. 

Let 2%, be an arbitrary class of degree 3p, its dimension dim Wgp is equal 
to 2p + 1 according to the theorem of Riemann-Roch. By means of the given 
class 3) the function field K can be represented by curve Czy of the 2p- 
dimensional projective space P2,(k/) over the underlying field &. The curve 
Czy is of order 3p since K is an extension of degree 3p over any rational field 
k(z) whose transcendental element z is the quotient of two inequivalent rela- 
tively prime integral divisors of %3>. The hyperplanes Hz, of Po»(k) cut out 
on C's the groups of 3p points which space up the complete linear series Usp. 

Let now P,,- --,P, and Q,,- - -,Q, be two generic p-tuples of points 
on C'sy. Since the imbedding space has dimension 2p there exists exactly one 
hyperplane Hop(Pi,: -,Pp; 21,: passing through the 2p points. 
The remaining intersections of Hop(P1,° Pp; +, Qp) with are 
then a p-tuple 3,,- - -, 3, such that Asp». Obviously, -, dp 
depend upon the class %3) which we have chosen for the construction. Since 
any other class 2’, can be obtained from %;, by multiplication with a suitable 
class © of degree 0 we see that the geometric construction is consistent with 
the results obtained by making use of the multiplicative relation 


*) *) = 1. 


Since Sp, %(—1), depend symmetrically on Pp and Qp,, respectively, 
we can apply our results to the field of abelian functions A = P,- - «Pp. 

Let Rt, an arbitrary but fixed class of degree p. We can suppose that 
dim = 1 and is determined by r,- rp where the r; are mutually dis- 
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tinct prime divisors of K. Let © be an arbitrary divisor class of degree 0, then 
€ = Y%,R,* with a uniquely determined class 2, of K. Consider the relation 


C = (WpRy™*) 
=~ (P(C).° - 


where is an arbitrary integral divisor of The preceding remarks 
imply that 
dim (P(€),- - -P(C)p) —1, and 
P(C): A P(C); if 147. 


Hence the field P(C),--- P(C), = A o € is contained in A. Since all classes 
of degree 0 in KA(P,,- - -, Pp), where Pj = K *1(P;), form a group it fol- 
lows that 

hence AoG=A. 


In other words, the field of abelian functions A admits a group of bira- 
tional transformations which is isomorphic with the class group D of K. 

This group of birational transformations does not depend on the choice of 
the reference divisor a,- - - ap for the uniquely determined class %,€ is equal 
to the class generated by P(C€),---P(C)y. We shall call this group of 
birational transformations T the group of translations. 

Let %p(C) a model of the field A and let r be an arbitrary but fixed trans- 
lation. Then 7 has certain fundamental points and fundamental varieties on 
>)(C). The map M(,,C)r of a variety M(%M,,C) is defined as the set of 
all points on %,(C) which satisfy the defining relations of +. Obviously 
M (%,, C)r = M(%,7, C) consists of all integral divisors in Mp7 = M,C where 
r is given by the class C. Consequently, T is a group of translations on the 
set W( kK). We derive from W(K) an additive group W(K;%,) relative to 
a fixed reference divisor class tp. The relations 


can be used to define an addition @ on W(X’) relative to Rp. We define 


Xn Yo = Bp, and 


Rt, as the zero element, 


The additive group arising in such a fashion from W(K) shall be denoted by 
W(K;R,). The addition of the varieties M(X,), M(Qp) is given by 
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M (Xp) M M (8p) 
when 


Xp ® Yo = Bo. 


Obviously, W(K; 8p) is isomorphic with D. The group T can be considered 
as operator group on W(K; 8). It will be transitive on W(K;R,). Namely, 
any two elements M(X,) and M(Q),) determine as translation + such that 
M(Xp)t = M(,). The class C which determines 7 is given as 


Remark. Using the general formulae for the multiplication (B,Itp*)C 
or the general theory of correspondences, it follows that the points on 3)(C) 
which are fundamental for the translation + form an algebraic variety of di- 
mension << p—1on%,(C). 

The relation (8,9tp-') (B(—1),%#p') = 1 gives rise to a new birational 
transformation p of the field of abelian functions A. Since the equation 
relating $8, and $8(—1), is symmetric it follows that p has period 2: 
$(—1)(—1),—,. The previous remarks concerning the class 1), 
imply that the field ($8 (— 1) p) symmetric product of K * 7(P (—1),),°--, 
K*I(P(—1),) coincides with A. Thus, p gives rise to a birational trans- 
formation of A. We call this transformation the reflection. 

The reflection p gives rise to another transformation on the set W(K). 


We obviously have to define 


M (Ap) p 
where 


= 1. 
In order to prove that p is not contained in T we observe that would imply 


with a fixed class © for all classes Mp. Hence € = %,?(Rp?)-* for all classes 
Wf. Or, all classes of degree 0 have period 2: (2,8 )')* = 1 where Bp denotes 
an arbitrary class of degree p. As a consequence of the theorem of Riemann- 
toch it can be proved that there exist infinitely many classes 8, of dimension 
1. Consequently D is an infinite group. Thus our assumption would imply 
that there exist infinitely many classes of degree 0 which have period 2. But 
that is impossible as we shall prove later. 

4. The abelian functions of the classical theory. Let 9 be an arbi- 


trary algebraic Riemann surface and K =—k(2x,y) the associated field of 


rational functions on S. Thus, we may suppose that S is spread out over the 
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complex z-plane. The places of S are in one to one correspondence with the 

prime divisors of the function field K. Let 1,,- - -,tp be a fixed p-tuple of 

places on S and p,- - - pp an arbitrary p-tuple of places varying in a com- 

plete linear series of degree p. Then the abelian sums > du where 
i=1e7 

du = (du,.° - -,du,) denotes a complex base for the differentials of first kind 

on S are the same modulo the 2p periods || oi; || = of S for different repre- 

sentatives pp of the given complete linear series, according to Abel’s 

theorem. Thus, any divisor class $$, determines uniquely a vector w modQ: 


du= > "du = Q), 
4=1 


when ‘Pp and p’,- -p’, determine the same class Conversely, a 
general vector w determines a p-tuple of points p.,---,pp) of S (Jacobi’s 
inversion theorem). The explicit relationship between the vectors w and the 
groups ),,° ° °,p, is given by the abelian functions of the classical theory. 
An abelian function of the classical theory is defined as a symmetric function 
of p places p;,° - -,)p which is a univalent meromorphic function of the p 
integrals of first kind w,: - -, up. In order to prove that the field of classical 
2p-fold periodic abelian functions B coincides with the field of abelian func- 
tions A which we defined before, we refer to Weierstrass’ solution of the in- 
version problem.’? Weierstrass proves that B is generated by the symmetric 


function of the 2p functions 


La = 2* Py Up) 
Ya = ¥ * Pa = Up) 


given by integrating the following system of differential equations 


Dp 
du; = > H (2a; Ya) i (s—=1,---,p) 
a=1 
where 
f (2a, Ya) = 0, 
and 
tq 
=y* tq. 
Thus for generic values of the argument u= (u,°°*,Up) the functions 


Pg = La, Va = Yq determine a generic point P of the p-fold symmetric product 


11K. Weierstrass, Collected Papers, vol. 1V. H. F. Baker’s Abel’s Theorem and the 
Allied Theory. Including the Theory of Theta Functions (1897). 
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3)(S) of the Riemann surface S. Thus, B= Since can 
he considered as representing the p-fold symmetric product of the projective 
model C', we have according to the definition of the generic point that 


B= A. 


The singular arguments (u,°,: +, Up°) of the abelian functions of Wa 
which form a variety whose complex dimension is at most equal to p—1, 
correspond to the classes Ap whose dimension is greater than 1. The field B 
consists of all rational functions in the parallelotop of periods Q—the Jacobian 
variety—which when represented in a 2p-dimensional real space is the closed 
group manifold of the group of translations T. 

The manifolds M(%,) of W(K) are thus in (1-1) correspondence with 
the vectors W mod Q. The previously defined addition @ on W(K) corre- 
sponds to addition of vectors med Q for Abel’s theorem yields 


> du+> Pp) + w(qi,° f du(mod Q). 
{=1 =1 


vi JS 
Let Bp, Qp, Sp, Ftp be the divisor classes which are associated to ),- - - Pp, 


= 


The relation between Q and %,(S) can be expressed as follows: there 

exists a birational transformation between Q and 3,(S) whose fundamental 

points on Q are the points lying on the singular manifold of the field of 


abelian functions B. 


5. The natural multiplications of the field of abelian functions. Let 
D be the group of all divisor classes of degree 0 which belongs to the field 
K=k(x,y). We want to prove that the number w(k;n) of classes in D 
whose order is a (proper or improper) divisor of n, is finite. First we reduce 
the problem to a question related to a fixed class of degree 0. Let © = X,OQ," 
be an arbitrary class of degree 0 and r,- - «rp, an arbitrary non-special divisor 
of degree p. Let wo(k;n;€) be the number of classes ¥),3tp* for which 
1. Obviously, wo(k;n;C) is equal to the number of 
classes ©; satisfying the equation ©," ~ Suppose now that ©* 
is another class of degree 0. Let o(k;n;€*) be the number of solutions of 
(X*,Q*,') 1. If denote two different solutions of 


p 


~ €-—provided they exist—then (€,€.1)" 1. Hence 
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= = 1, ie. 
o(k;n;€) So(k;n; 


In the same fashion it follows that o(k:n;€*) So(k;n1;€), consequently 
wo(k3n;C€) =o(k;n; C*) =o(k;n). 

Thus, it suffices to show that o(k;n;€) is finite for a special class (. 
For this purpose we formulate the problem as a problem concerning the ad- 
joint curves y of a model C(az,y) of A =k(az,y) which is given by an 
irreducible separable equation f(x,y) =0. The curve ((a2,y) has only a 
finite number of singularities; it has order m if [K: k(2)] =m. An adjoint 
curve y of order v is a curve of the (2, y)-plane which passes through the 
singular points of C(z,y) with the right multiplicities.'? 

Suppose now that we already found an adjoint curve y of order v which 
has the following properties: '* 


i) it passes through the multiple points of f(z, y) = 0, 
ii) it passes through the points qi,° qq, be of C(a,y) and 
iii) has n-fold contacts with C(2z,y) in p points tp. 


We want to determine another adjoint curve ¢ of the same order v which 
satisfies the following conditions: 


iv) it passes through 6,,- - -, be, 
v) it passes through g other points on C(a,y) and 


vi) it has n-fold contacts with C(2z,y) in p points -, 


Fix for this purpose an arbitrary point (a,8) in the (z,y)-plane and con- 
sider the pencil L(a,8;A) =0 of lines with the center («, 8). Draw the 
lines issuing from the center and passing through the vm intersections. The 
parameter A; describing these vm lines satisfy an equation Fym(A) = 0 of 


degree vm which is obtained by eliminating a from 
@¢=0, f=0, L(a,B;A) =0. 


12%, Severi, Trattato di geometria algebraica (1926). 
18 A. Clebsch and P. Gordan, Theorie der Abelschen Funktionen, p- 231 (1866). 
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The factors (A— of F'ym(A) = 0 which correspond to the points classified 
under (i) and (ii) are known. Hence 


Pym (A) [ (A — Aj) = Pap (A) = 0 


determines the lines drawn to the remaining intersections (iii). The sub- 
scripts (i), (ii) in the product that we formed, indicate the product over all 
\—A,; which correspond to the points enumerated in (i) and (ii). As long 
as n is relatively prime to the characteristic x of & there is no difficulty in 
counting the multiplicities according to theory of resultants. Consequently, 
condition (iii) implies that F'np(A) has p roots each of which is counted with 
the multiplicity n. Hence 
Frup(A) = Fp(A)*. 


Thus F(A) = 0 furnishes the p points of contact. 
Now let $0, ¢1,° *,n-1)p be the (n—1)p-+ 1 linearly independent 


curves of order v passing through the points mentioned under (ii) and (iii). 
(n-1)p 


The curve ¢ must then have the equation ¢=¢({c}) = LY cipi, ek. 


i-0 


Therefore 
Pinv(A) = Pmv(A; ) 


or precisely 
Fmv(A) => Finv(A; Cn-1)pCo)> 


Fmv(A) involving the ratios in a rational 
fashion. Thus 
Finv(A3 {c}) = F*(A) (a; {c}) 


where the factor F*(A) corresponds to the intersections (i), (ii), i.e. it does 
not depend on {c}. 
We require Fnp(A; {c}) = F(A; {c})”". Thus we obtain relations for. the 


(n—1)p ratios cjco*. Now change qq and take care of 
the conditions (iv) and (vi). Under these circumstances Fnp(A; {¢}) involves 
the ratios and the codrdinates of the points in a rational 


fashion. The required relation Fny(A; {c}) = Fp(A; {c})” implies (n —1)p 
relations for the coefficients cj¢y'. For F’p(A; {c}) contains p + 1 coefficients. 
comparing coefficients on both sides of the postulated equation yields np + | 
equations to hold between the p+ 1 coefficients of F’,(A; {c}) and the quanti- 
ties cyey?. Eliminating the p+ 1 coefficients, we obtain (m —1)p relations 
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for the ratios cjco*. Next we eliminate from these equations the ratios 

* * C(n-1ypCo* and thus obtain an equation for = t. The roots 

of this equation determine in general the curves ¢ satisfying the desired 

properties iv), v) and vi). However, for certain positions of the center («, g) 

it may happen that the line belonging to a particular solution ¢; does not 

determine a point of n-fold contact. Namely, the line may intersect C(z, y) 

in more than one point. E.G. the particular line is counted twice but does 

not furnish a 2-fold contact since the points of 

(X, 2) intersection are different. Such centers are ex- 

ceptional, in order to obtain adjoint curves ¢ which 

satisfy the required conditions we form the greatest 

common divisor (Ga, g,(¢),° = H(t) for all 

positions (%, By) of the center. The roots of 

H(t)=0 determine then exactly the adjoint curves 

Cix,y) which have n-fold contacts and are restrained by 

the conditions iv), v) and vi). We can obtain 

H(t) 0 also by considering a generic point 

(a, 8) of the (z,y)-plane and consider the roots 

of Gg2(t) =0 which do not depend on the parameters of (%, 8); i.e. we 

consider the algebraically closed field of the field of parameters h(a) as under- 
lving ground field. Thus o(k; 7) is the degree of H(t) = 0. 

A simple consequence of the preceding considerations is the following. 

Let L* be an arbitrary algebraically closed transcendental extension of k which 

is algebraically independent of K. Consider the field KL* and its group D* 

of divisor classes of degree 0. By the same considerations as before it can be 

shown that o(L*,n) is finite. Assuming that n is relatively prime to the 

characteristic xy of the underlying field of coefficients k it follows at once by 

going over the previous proof of the finiteness of w(k;n) that w(L*,n) 

=w(k;n). In particular, let f(z, y) = 0 be a defining equation of the field 

K relative to k and let k) be the algebraically closed extension of the prime 

field which is contained in k. Then f(x,y) = Saija‘yi may involve a certain 

number of quantities a;; which are transcendental over ko. Adjoining to ky 

these elements and form the algebraic closure k, = k(ai;) in k. Then f(z, 4) 

= 0 defines a function field K, = k,(z,y) over k, which has the same genus 

pas K;K,k—K. Applying the formula o(n; L*) = o(k; 17) to this special 

case we see that o(k,;n) =w(k;n); i.e. the number of classes of degree 0 

which have the same order n—(n, x) = 1—depends only on the smallest alge- 

braically closed field determined by the defining equation f(z, y) =0 of K. Of 

course, the fields k, depend on the selection of the defining equation f(z, y) = 9. 
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FOUNDATIONS OF AN ABSTRACT THEORY OF ABELIAN FUNCTIONS. 


If nm is equal to a power x“ of the characteristic x then is also finite, as has 
been shown by H. Hasse and KE. Witt.** 


vemark. In particular, o(k;2) is finite. Thus, as we pointed out before, 
the reflection p is not contained in the group of translations T. 

Let D, be the finite abelian group of order w(k;n) which consists of all 
divisor classes of degree whose order is equal to n. The elements of D, include 
translations 7, of finite order n on the abelian function field A. Thus, A 
admits for each integer n a finite group of automorphisms T, given by 


where ©, denotes the divisor class of order n which induces the particular 
transformation tn. All functions of A which are left invariant by the trans- 
lations of T, constitute according to the Galois theory a subfield Ay of A. 
The Galois group of A with respect to An is abelian and isomorphic with T,. 

The field A is an unramified extension of An provided that we measure 
ramifications with respect to the set W(K). Using a fixed reference class Wt, 
we showed before that W(K) considered as an additive group is isomorphic 
with D. Since each class © of D has exactly w(k;n) conjugate elements 
Crn = CC, it follows that each element of W(K) has w(k;n) =[A: An] 
conjugates; i.e. A is an unramified extension of A,. Hach group Dy, deter- 
mines an algebraic involution of order o(k;n) on A. If n= y* then D, 
can be equal to unity. 

Next, consider the generic class P,- - - P,t,* of D interpreted as a class 
of degree 0 belonging to the extended function field KL. Raise P,---P,Rp™ 
to the n-th power, then 


The resulting transformation A = is 
a rational transformation of the field of abelian functions upon a subfield A‘. 
The rationality of the transformation foliows from the fact that for suitable 
specializations P;—> the corresponding prime divisors p(n);,° 
are uniquely determined. Hence [x* P(n);] are rational functions of 
A,(K) CL. Moreover P(n);], +, p, generate p algebraically 
independent function fields which are isomorphic to K. Thus A“ has the 
degree of transcendency p with respect to k. Obviously A‘ = A according 


“ H. Hasse and E. Witt, “ Zyklische unverzweigte Erweiterungskérper vom Prim- 
zahlgrade p iiber einem algebraischen Funktionenkérper der Charakteristik p,” Monats- 
hefte fiir Mathematik und Physik, vol. 43 (1936). 
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to construction. This isomorphism implies that A is a finite algebraic extension 
of A™. The field A‘ is called the field obtained from A by natural multi- 
plication with n. 

Since D, is contained in the class group D* which belongs to KL, it fol- 
lows D, D*,. Consequently (P(n),- P(n)p) tr = 
for 

Thus 
A, = A, 


If n = y* then one can exhibit examples of fields K such that A, > A™ 
and even A = Ay». 

We formulate our result again: 

The field A™ = A, obtained from A by multiplication with n is iso- 
morphic with A. The field A is an abelian unramified extension of A» whose 
Galois group is isomorphic with the group of translations T, of finite order n. 


6. The natural multiplications in the classical theory of abelian func- 
tions. Suppose now that the underlying field of constants & is the field of all 
complex numbers. The associated field A of abelian functions shall be given by 
p+ 1 linearly independent 2p-fold periodic functions A,(w,° - 
* Up; Q) of the p integrals of first kind on K. The classes of D, 
form in this case an abelian group of order n?? possessing 2p generators 7(1) ji 
of exact order n. These generators +(m)j., correspond to the divisor classes 


representing the solutions of > ( ‘du = n0;,(mod 1) where 0 = | oj: |, 
4=1 
j)=1,2; l=1,:--+,p represent a generating system of periods of the in- 


tegrals of first kind. The field A, consists then of all abelian functions which 
are left invariant by the automorphisms induced by 7(n)j:. We define r(n) ji 
on A by the mappings 


{Ai(th, Up; Apsr (th, , Up; Q)} 


Hence according to the Galois theory A is an abelian extension of degree n”*” 
over An, the Galois group is isomorphic with the direct product of 2p cyclic 
groups of order n. According to the construction the functions A, are 2p-fold 


periodic functions whose periods are given by Qn = || wj:n ||. The field 


(n) 


FOUNDATIONS OF AN ABSTRACT THEORY OF ABELIAN FUNCTIONS. v9 
A, coincides therefore with the field A‘ consisting of all rational functions of 
{Ai NUp3Q),°* +, Apia (MU, +, NUp;O)} i.e. the abelian functions 
obtained by multiplying the arguments by the integer n. Namely Ai(w,,° °°, W 
+ has the property 


Obviously, A‘ = A,, 

Suppose now that K, = k, (2, y) is a field of algebraic functions of genus 
p over an arbitrary algebraically closed field k of characteristic 0. We want to 
prove that the number o(k;7) is equal to n?’. Let @ be the field of all 
algebraic numbers, then k, contains a subfield a which is isomorphic with 4. 
Assume that K, is defined by an irreducible equation f(z, y) = Stijatyi = 0, 
tijek,. Denote by k, the least algebraically closed field containing a({tj;}), 
hp ky. Since kz is a field of algebraic functions of a finite number of variables 
ti, + +,t, (A=O) over the field a we may suppose that the transcendental 
base ¢,,- - -, ¢, consists of certain elements ¢;; appearing in f(z, y) = 0. Next 
choose a set of complex numbers /,,- - , which are algebraically independent 
over @. The algebraically closed field ko of G(é,- - -,#,) in the field of all 
complex numbers is isomorphic with The equation f(x, y) = 
becomes f(z, 7) where are the elements of &, which correspond 
to the elements ¢;; by means of the fixed isomorphism between ko and k.. The 
field K—k.(Z,9) is then isomorphic with K,—k,(x,y). Consequently, 
w(ke;n) =w(k2;n) and the respective groups of classes of order n are iso- 
morphic. The defining equation f(z, 7) — 0 remains irreducible in the field Ie 
of all complex numbers. Hence K = k(z,9) = K.k. We noticed before that 
w(k3n) =o(ke;n). Hence w(k2;n) =n. We translate this result back 
to and obtain w(k,;n) Now we apply the argument concerning the 
transcendental extensions of the ground field to the field k2(z, y) = Kz. Thus 
K, =k, (a, y) = K.k,; K, and Kz have the same defining equation hence their 
genera coincide. Moreover, w(k,;n) = o(k2;n) =1n??, Thus we find that 
the group D, of all classes of order n belonging to a function field K, =k, (az, y) 
of genus p over an arbitrary algebraically closed field &, of characteristic 0 is 
isomorphic with the direct product of 2p cyclic groups of order n. 

The number w(/;n) can be interpreted as an intersection number. Sup- 
pose that the field K is given by a model ( without singularities in the pro- 
jective 3-space over k. From the np-fold symmetric product of the curve C, 
it is a np-dimensional variety Vnp which is represented in the direct np-fold 
product of the projective 3-space. The variety Vnp obviously represents the 
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np-tuples of points on (, i.e. the np-tuples qi,° - -,Qnp of prime divisors q, 
of K. Let =, be an arbitrary divisor of degree p. Then has 
the dimension (n—1)p-+1. The integral divisors of St,” form a variety 
V «n-1)p Of dimension (n—1)p which lies on Vp. Consider next the variety 
V, of dimension p which spanned up by all divisors (p,- - - pp)” where the p, 
are arbitrary prime divisors of K. Then the divisors (p,- - - Pp¥tp*)” which 
are divisors of functions in K correspond to the points of the intersection 
Namely, if Be Vp V then 


i) Pe V, i.e. is given as pp)” and 


ii) Pe Ven-syp i.e. B is given by an integral divisor of Rp". 


Hence 1. If the class r,- - rp is sufficiently general it 
follows that the intersection Vp V (n-1)p has dimension 0. Consequently, the 
different points of intersection correspond to the classes $8, which are de- 
termined by - pp for which Moreover, w(k;n) = deg V’, 
x deg V’ (n-1)p provided that Vp and V(n-1)p are represented by suitably chosen 
birationally equivalent varieties V’, and V’(n-1)p respectively, in a linear space. 
We remark that this interpretation of the problem yields a normalization of 
the unramified multiplicative functions of order n on the associated Riemann 
surface S. 
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SIMULTANEOUS REDUCTION OF A SQUARE MATRIX AND AN 
HERMITIAN MATRIX TO CANONICAL FORM.* 


By JoHN WILLIAMSON. 


It is well known that, if A is a square matrix with elements in the com- 
plex number field, there exists a unitary matrix U satisfying 


(1) UAU* =T, 


where 7’ is a triangular matrix, i.e. a matrix all of whose elements lying to 
the left of the leading diagonal are zero.t Similarly, if the elements of A are 
real numbers, there exists a real orthogonal matrix O, such that 


(2) OAO’ 


The matrix 7, while not a triangular matrix, is a matrix of the following 


form. It may be written as a matrix of matrices, 
(3) = (1,7 == 1,2,---,m), 


where ¢;; is a matrix of e; rows and e; columns. If & is the number of real 
characteristic roots of A and r the number of pairs of complex conjugate roots, 
exactly & of the e; have the value one and exactly r the value two. Further 
tij = 0, when > j. 

The above two results may be stated in a slightly different form. If H 
is a definite non-singular hermitian matrix, there exists a non-singular matrix 
P such that 
(4) PHP* = eH, 


where # is the unit matrix ande= +1. Then, if B is any square matrix and 


PBP- == A, 
it follows from (1) that 
= T, 
or since U is unitary that, 
UPB(UP)"* =T. 


* Received May 17, 1938. 
? Aurel Wintner, Spektraltheorie der unendlichen Matrizen (1929), p. 29. 
?F. D. Murnaghan and Aurel Wintner, Proceedings of the National Academy of 
Science, vol. 17 (1931), pp. 417-420. 
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In addition, as a consequence of (4), 
UPH(UP)* 


Hence we have the result I: If B is a square matrix with elements in the 
complex number field and H is a non-singular definite hermitian matriz, there 


exists a non-sinqular matria C, such that 
> 


CBC*=T and CHC* 


where T is a triangular matrix and «= + 1. 

Similarly, if B is a matrix over the field of all real numbers and H is a 
non-singular definite real symmetric matrix, there exists a real non-singular 
matrix C, such that 

CBC=T, and CHC’—c#, 


where 7, is the matrix of equation (3). 

The simplicity of these two results depends essentially, as we shall see, 
on the definite-ness of the matrix H. It is our purpose here to consider the 
corresponding problem when // is not definite, and in fact when H is a general 
hermitian or anti-hermitian matrix with elements that lie in an arbitrary field. 


1. Let K be a field, of characteristic y, over which is defined an auto- 
morphism of period one or two. If under this automorphism an element a of 
K corresponds to an element a of K, i=a. If A= (aij) is a matrix with 
elements in K, by A* we shall mean the matrix (a*;;), where a*;; = jj. In 
particular, if the automorphism over K is of period one, A* = A’ the trans- 
posed of A. A matrix H is said to be hermitian, if H* =H, and anti- 
hermitian if H* —H. Accordingly, when the automorphism over K is of 
period one, an hermitian matrix is symmetric, while an anti-hermitian is anti- 
symmetric (or skew-symmetric) .° 

Let 
(5) C = (Ci;), (t,j = 1,2,---,71), 


be a matrix of matrices, where Cj; is a matrix over K with e; rows and ¢; 
columns. If 
D = (Dj;), (14,7 = 1, 2,- 


is a second such matrix, where Dj; is also a matrix of e; rows and e; columns, 


3 If x = 2 there is no distinction between an hermitian and an anti-hermitian matrix. 
For a more refined definition see A. A. Albert, “ Symmetric and alternate matrices in 
an arbitrary field,’ Transactions of the American Mathematical Society, vol. 43 (May, 
1938), no. 3, pp. 386-436. 
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we shall say that C and D are similarly partitioned. The matrix C in (5) 
is a quast-triangular matrix if 


(i) Cij = 0, when 1 > 7, and 


(ii) the characteristic equation of Cj; is an irreducible polynomial of 


When D is a second quasi-triangular matrix and Dj; is of the same order 
as Ci; for all values of 1, we shall say that C and D are of the same type. 


We first prove 


Lemma J. If T 1s a non-singular triangular matrix and C a quasi- 
triangular matrix of the same order as T, then the matriz D, where D = 
is a quasi-triangular matria of the same type as C. 


Let 
C= (Ci), T= T= (Vii), D= (Dii), (j= 


be similar partitions of the four matrices, C', 7, 7-' and D. Since T is a 
triangular matrix, if «> 7, Tij = Qij = 0, and since D=TCT, Di; = 0. 
Further, since Djj = and Qi = ‘ 


= TuiCuT 


Hence Dj; is similar to Ci; and the characteristic equation of Di is the same as 
that of Cj; and so is irreducible. Therefore D is a quasi-triangular matrix 
of the same type as C. 

Let A be a matrix over K and let the elementary factors of A — 2H be 
(pi(z) )4, where p;(x) is an irreducible polynomial of K[x]. If p; is the 
companion matrix of p;(z), there exists a non-singular matrix B such that 


(6) — (Crs), (7, 1, t), 


where C isa quasi-triangular matrix and each C,, is a matrix pj. The matrix 
(in (6) is of course a quasi-triangular matrix of a special form, since Cys is 
zero when s —r = 2, but this fact is of no importance at present. 

We are now in a position to give a more exact statement of the problem, 
in which we are interested. Let A be any square matrix over K and I a 
matrix over K, of the same order as A, which satisfies the equation 


‘J. H. M. Wedderburn, “ Lectures on matrices,” Colloquium Publications (1934), 
p. 29 and “ The canonical form of a matrix,” Annals of Mathematics, vol. 39 (1938), 
pp. 178-180. 
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(7) H* = e= +1. 
Let P be a non-singular matrix over K and let 
(8) PAP*=A, and PHP* = H,. 


We shall determine canonical forms for the matrices A, and H, in (8) 


analogous to the matrices 7’ and ef of result J. In particular we shall show 
that A, is a quasi-triangular matrix and that H, is of a comparatively simple 


nature. 


2. We proceed by considering a matrix 


(9) S (s;), (1, = 1, 2,- 
which satisfies 
(10) S* = 


Two distinct cases arise, (1) Smm= 740 and (ii) Smm=0. In (i), since 


Smm ~~ 0, the matrix 
(11) 


where £ is the unit matrix of order m and X is the matrix all of whose 


columns are zero except the last, which has the value 


Sm-1,m8mm; 0} exists and is non-singular. A simple calculation shows that 
(12) WSW* — F = (fu), (i, j= 1,2, m), 


where fim = fms = 0, 154 m and = Smm. 

In case (ii), if smi 0, t==1,2,---,m, S is of the form F in (12) 
with fmm = 0. We now suppose that Smm == Sm-1,m =* * * Sr+1zm = 0, Srm 0. 
Since, by (10), Smr = €8rm, Smr £0. We replace the matrix XY in (11) by 


(13) X = (24j), = 1,8,---,m), 
where 
= 0, Jr, jem, (4 == 1,2,---,m); 
Lir = , (t= 1,2,---,r—1); 
= 0, (t=r,r+1,---,m); 
Lim = (SirSrm — SimSrr) 871 , (t= 1,2,---,r—1); 
Lim = 


== Irm = 0, x = 2. 
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In place of (12) we now have 
(14) WSW* =< G = (9:;), (i, 7 =1,2,---,m), 
where, when x ~ 2, 


Yrm = Srm 0; = Smr 0; Gry == = 0, Ms Jim = Imi = 0, 


If y= 2%, grr need not be zero. To prove (14), when x ~2, we re-arrange 
the rows and columns of the matrices S and W in the order 1, 2,:--,r—1, 
r+1,:--,7,m to obtain matrices Q and V respectively. The matrix Q has 


the form 
Q= where Qs. = 
Qe2 Smr 0 


and V the form 


—Q12Q3 1 — 


Since S* = «S, Q* eQ) and therefore 


En-2 0 0 


so that finally 

On 1293} Qe 0) 0 Srm 

(15) ( 0 Ros where Re» 


9 


By arranging the rows and the columns of the matrices in (15) in their 
original order we have (14). If y= 2, the same proof applies when the 
element — $%,rs-1_ of Vu» is replaced by zero. 

Let 
(16) R= (rij), (4,7 I, B+ +, wy, 


he a matrix which satisfies 
R* = eh. 


and be of the following form. If and /: is any integer mC hk =n, 
there is at most one element different from zero in the k-th row and at most 
one element different from zero in the k-th column. Further if riz 40 and 
1<k every other element in the i-th row of FR is zero and every element in 
the i-th column is zero except 7;i. If x = 2, R is of the same form except that 
when ri, 54 0 and i < k, ry; need not be zero. We may write 


) 
W 
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as 
1 — 12 
(17) R= 


where #,,; = S and S is given by (9). If 8mm 40 and x = 2, it may happen 
that rm: 0 for some integer k > m. In this case R is a matrix of the form 
(16) in which m is replaced by m—1. Otherwise, if sm 40 the last row 


of R,. is zero. If 
W 0 


WSW* 
Roo 


where W is given by (11), 
YRY* = ( 


Since the last row of Ry. is zero, XRy.=—O0 and WR,. = Ky. Since R,,W* 
= (WR,.)* = R*,., = R,,. Therefore 


Fo Ry» 
(18) YRY* = WN, 
where F is given by (12). It may happen that, as a consequence of the nature 
of #, the j-th row of 8 is zero. If this is so, the j-th row of X is also zero, 
so that the j-th row of WS and therefore the j-th row of / = WSW* are both 
zero. Since F* =F, the j-th column of F is zero. Hence the matrix N in 
(18) is of the same form as F# in (16) except that m is replaced by m —1. 


If Smm == Sm-1,m Sr41,m 0, Srm 0. we replace the matrix in 
W by the matrix XY of (13) and have 
(19) 
Res} 


where G is given by (14). As in the previous case, if the j-th row of S is zero 
so is the j-th row of G. Moreover, if y= 2, and the j-th row of 8S is zero 
except for the element s;;, the j-th row of G is zero except for the element 
gi; = ;;. Hence the matrix N in (19) is of the same form as the matrix I 
in (16) except that m is replaced by m—2. If sim i=1,2,-- m, 
R is already of the form (16) with m replaced by m—1. Since W is a non- 
singular triangular matrix, so is Y. Since the product of two triangle matrices 
is a triangular matrix, by the process of induction we have 


Lemma 2. If R= ch*, there exists a non-singular triangular matriz 1 


such that 
(20) LRL* = M = (mi;), = 


n 
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where, if x2, in any one row of M there is at most one element mrs dif- 
ferent from zero. If x =2 and mrs <8, need not be zero. 


Let mrs AO andr <s. If D is the matrix obtained from the unit matrix 

by multiplying the r-th row by m=", since (m)* = em=, the matrix DM D* is 
obtained from M by replacing m;s by 1, msr bye and mry by emy,/m im), Hence 


we have the two lemmas 


LemMA 3. The matrix M in (20) may be so determined that, if rs 


and Mrs 0, Mrs = 1 and mMsr = €. 


LEMMA 4. The matrix M in (20) may be obtained by a permutation of 
the rows and the same permutation of the columns from the diagonal block 
matria 


(21) +, Mt, Ni, - No] 


where n; is an element of K and 


and = 0, tf x2. 
Let H be an arbitrary matrix satisfying (7) and A any square matrix. 
Let B and C be the matrices defined by (6) and let 


BHB* = 
Then by (20) 
LBHB*L* = M. 


Further, since C in (6) is quasi-triangular and JZ is triangular, by lemma 1, 


the matrix 
(22) T = LCL, 


is quasi-triangular of the same type as C. 
By (22) and (6), 
T = LBAB"L, 
so that, if LB = P, 
(23) PAP'*=T and PHP*=M. 


Hence we have 


THEorEM I. Jf H* =eH and A is any square matria there exists a non- 


singular matrix P such that (23) is true where M is gwen by (20) and T is a 
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quasi-triangular mairiz. The type of T is determined by the elementary fac. 
tors of A—zE. 


We have as a consequence of Lemma 3, the 


CoroLuary. The matrix M of Theorem I may be obtained by a permuta- 
tion of the rows and the same permutation of the columns from the diagonal 
block matrix (21). 


While it is possible, except when x = 2, to reduce the matrices Nj to 
diagonal form, this reduction would in general destroy the quasi-triangular 


property of the matrix 7. 


3. Special cases. If the field K is algebraically closed then the matrix 
T is a triangular matrix. In particular, if A is the complex field and H is an 
hermitian matrix, each n; may obviously be reduced to + 1. Since the matrix 
N; is not definite, if H is definite no matrices of the form Nj; can occur in 
(21) while each ny has the same value + 1 or —1. Accordingly we have 
result J and in a similar manner, if K is the real field, we obtain the corre- 
sponding result about a definite real symmetric matrix /H. 

If the automorphism over K is of period one and «= —1, so that H is 
skew symmetric, in (21) each nj; is zero when x2. In particular if // 1s 
non-singular and therefore of even order 2m, the matrix in (21) is obtained 


0 FE 
from the matrix ( RK _ by a permutation of the rows and columns. In 
£4m 


case K is algebraically closed the same permutation applied to T yields a matrix 
N where, when i j, = 0. We have therefore the following corollary: 
IfG= z. 0 and A is any square matrix of order 2m over K where 

K is algebraically closed and x ~ 2, there exists a non-singular matrix P such 
that PGP’ = G and PAP = NX = (aij), where xj2;; =0 for all values of 
1, J, UF]. 

tesults of a similar nature to the above may be deduced in other cases 


hut are as a rule considerably more complicated. 
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GENERALIZED STIRLING TRANSFORMS OF SEQUENCES.* 
By E. T. BELL. 


1. What are here (§5) called the Stirling transforms of a sequence 


arose as follows. If 
On, Bn =T™ (ao, (n == 0, 1,- 


are sequences of integers, or of functions which take integer values for integer 
values of their variables, what are possible choices for the functions 7'™ so 
that, from congruence properties of the a, congruence properties can be in- 
ferred for the Bn? As congruence properties of sequences are referred ulti- 
mately to Fermat’s theorem, which in turn follows from Lagrange’s identical 
congruence 

(1.1) =t—tmod p, 


p prime, the question may be sharpened by requiring the inference from the 
a, to the B, to be through (1.1). This leads directly to the generalized 
Stirling numbers (proved to be integers) defined in § 2, and to the trans- 
forms by means of them of any sequence as discussed in §5, There are 
already generalizations of the Stirling numbers in use, but none is appropriate 
for the purpose described, and we devise another. Incidentally, this generaliza- 
tion unifies the ordinary Stirling numbers of both kinds, exhibiting them as 


the special cases n,s = 0,1,- of one triply infinite set of 


integers r= 0, +1,+2,---. 

Applications of the general considerations developed here are immediate 
and so numerous that we reserve detailed examples to specific sequences for 
another occasion. The generalized Bernoulli and Euler functions of Lucas, 
Cesaro, Nérlund, and others, alone provide an inexhaustible store of results 
for the corresponding generalized numbers of Bernoulli, Euler, Genocchi, and 
Lucas, when to them are applied the very general results of § 6. 

It is to be noted that although infinite processes with convergence essen- 
tial have occasionally been used heuristically, their use is not necessary, and 
in all cases strictly finite proofs of the final results concerning Stirling trans- 
forms have either been given in full or sufficiently outlined. However, where 
suitable convergence conditions are satisfied, the heuristic formulas are both 
interesting and useful in applications. 


* Received May 9, 1938. 
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Frequent use will be made of the following lemma, whose proof is obvious 
and may be omitted. 


(1.2) If one of three functions f(t), f(e*—1), f(log(1 + ¢)) has an abso- 
lutely convergent MacLaurin expansion for some | ¢ | > 0, then all three have, 


It will be convenient to use the symbolic method, in which @ is the umbra 
of the sequence m= 0,1,- - -, or of the vector (a, %,,- - -), and a" 
Umbral equality, « = 8, signifies a = Bn, n =0,1,:- -, and if f(t) has the 


absolutely convergent expansion > a,t"/n!, we write 
0 


(1. 3) e* = exp at. 
It follows that if 
f(t) e*, g(t) = eFt,- - -, h(t) 
then 
f(t)g(t): = e%, 


where y, that is, 
in which a8’: - - y”, after formal expansion of the right by the multinomial 
theorem, is replaced by av: - ‘yu. Note that exponents 0,1, as in 2°, a’, 
are treated precisely as any others = 0, # = @, a = a,; also, 
(a+ B+- y)° = &Bo° "Yo. 

Throughout the paper, the symbol 8,8 1s a Kronecker delta, 8,7 =|, 
rs. 

2 In (1.2) take f(t) =#", n an integer >0. Denote by 7, =7’, the 
operator which transforms ¢” into (e#— 1)", and by 7! the inverse of 7: 


(2.1) ri™—(et—1)", flog(1+t)]", 


Powers of + are defined recursively, giving the iterations r¥/", 7-¥i", wu an 
integer = 0: 


If r,s are any integers, 7” —7* signifies 77/” = 7*t". The iteration is com- 
mutative and associative. Hence 7 generates an abelian group, T, in which 
the composition (or “ multiplication”) is defined by postulating the equiva- 
lence of the statements 


The identity in T is 7°, and 7", 7’ are inverses. 


| 

it 
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By (1.2), the functions 


(2. 4) == f(r) n,r integers, n> 0, r= 0, 


have absolutely convergent MacLaurin series for some common | t| > 0 and 
all finite n,7. Hence, by (1.3), we may write 


oO 
(2. 5) fimr) (4) =n! =n! 

thus defining the ¢,(""), s=0,1,-- -, for integers » > 0 and arbitrary in- 
tegers r. If now we write =68,°, (2.5) holds also for n= 0. 


‘ => 
If n,r are integers, n= 0, r = 0, we shall call s == 0,1,---, the 


generalized Stirling numbers of degree n, rank r. The £,(%-)), £,%2) are the 
ordinary Stirling numbers S,'"), ©," of the first, second kind respectively, 
(2.6) [log(1 + =n! exp[S™#], = ; 


(2. 7) —1)"=n! == £, 


Equivalent definitions of 8‘, ©‘ by means of factorial coefficients and 


differences of zero are 
n 


(2.8) (t) as n> 0; 


(2.9) = As0", = (t)s, n>0,; 
s=1 
(2.10) == a1; = ©, (9) = 0, s>n, 0. 
The last is a special case of 
(2. 11) 0, a> s, 626. 
3. From the definitions we have 
(3.1) = [fF (1) ]", 
(3.2) (1) exp[ ()]—1. 


To these we apply the elementary processes of the umbral calculus to find 
pply 


recurrences, etc., for the £,{%". If a, B, y are umbrae, and 
A(t) = B(t) = et, C(t) = 


the equation A(¢t)B(t) = C(t) implies and is implied by 2 + 8B = y, and the 
last is equivalent to either of 
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(4+ B)"=y", 3(*) On-sBs = Yn, (n=—=0,1,-- +), 


Also, if D; is the operator d/dt, 


8=0 


As a special caution in operating with umbrae, note again that zero exponents 
must be treated precisely as any others. Thus, for example, the first term in 
the expansion of (1 + «)” is @°, == a, and not 1, unless a =1. Reduction of 


Def) (t) De[exp{f-r (t)} —1]* 
by (3.2) gives 


(t) — (t)[1 (1), 


and hence, by (2.5), on equating coefficients of t, 


The right of (3.3) may be written 


u=0 


v=0 


We verify (3.3) for r= 0, this case giving a recurrence for 6) which 
is readily obtainable directly. Since £.{%°) == 8,1, (3.3) for 70 becomes 


“how =f, (n-1,1) + [go y1) + 


The first term in the expansion of the umbral binomial is £)'1)£,("-+»), which 
vanishes, by (2.11). Since =1, wu>0, we get 


[1 + -1, 1) 

g+1 
and hence, by (2.7), the recurrence in question, 
(3. 4) Sim) — [14 


From (3.1), (3.2) we have 


fom (t) — [log + fr 


whence, proceeding as before, we find the inversion (3.5) of (3.3), valid for 
n>O0O: 


~~» 


] 

{ 

|. 
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(3. 5) (mr) + {(mr) + ]s + 


8+1 


When the left of (3.5) is expanded there is but one term ¢(™7), since 


gimre,(r+2), contributed by the binomial, vanishes. For r= — 1, (3. 5) gives 
the known recurrence 
(3. 6) +. == §,("-») 


for the Stirling numbers of the first kind. 
The equivalent (3.7) of (2.3) is the addition theorem for the £“™") with 


respect to the rank r, 


u-0 


This result is of particular importance later. 
The addition theorem with respect to the degree follows at once from 


fimr) (t) fi (t) (t), 


for m, n non-negative integers, and is 


(3. 8) (m +n)! min! 4. qe, 
From (3.7), (3.8) we get 


It follows from (3.7%) by mathematical induction that the {)'"7) are 
integers, on using the known results that the S,‘, ©." are integers, and 
(2.6), (2.7). Thus, taking r—s—1 in (3.7), we see that ¢,'?) is an 
integer; r= 2, then gives £,'"*) an integer. Similarly for 
r>0. Since S,', nu, is an integer >0, the induction shows that 
> 0 if n= u,r>0. To determine the sign of £,'""), r > 0, write 

(— r> 0, 
for the moment. It follows from (2.6), (2.8), (2.10) that B™» > 0, 
n= u; and by (3.7), 


By == By (w-8), r>0,s>0. 


u=0 


Hence, by mathematical induction, 
> 0, v=0,r>0, nSv. 


Summarizing the results in this paragraph and (2.5), (2.11), we have 


ats 
in 
of 
~ 
u=0 
h 
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> 
(3.10) For all integers n = 0, r=0, 8 = 0 the {,'"") are integers, and 


—=0,n>s; £,(07) == §,°, £,(%9) §,"; 
> 0, n s, > 0; 
(— 1) > 0, n = 0. 


Some immediate consequences of (3.7) are important for the arithmetic 
of the transforms mentioned in §1. For r+ s=—0 we get 


v 


(3. 11) DY U7) == 


u-0 


which, for r = 1, is a well known property of the ordinary Stirling numbers, 


In (3.7) replace r by r+ 1, and take s=—1. Then 
u-0 


The last leads to a useful transformation. If a is any umbra, we define 
the symbolic factorial (a), by 


in which (as always in the umbral calculus) a is to be replaced by ay after 
the symbolic product is multiplied out. By (2.6), (2.8), (3.12) it follows 
that 

(3. 14) 80”, £, (1) 0. 


This is the meaning of the symbolic formalism in the following transformation. 
If ¢ be replaced by log(1-+ ¢) in 


fir (t) | 
the left becomes f‘™")(¢), and we get 
(3. 15) eth (mr) (1 + 


from which (3.14) follows on equating coefficients of ¢*. Note that 
1—>log(1-+¢) transforms e* into where @ is any umbra, and (2) is 
the umbra of (@)n, n=0,1,---. 

Obviously (3.14) is suitable for the application of Lagrange’s (1.1); 
(3.14) is the fundamental relation for the congruence properties of the 
¢‘"r) and the Stirling transforms defined in § 5. 


4. Before considering Stirling transforms we note two functional equa- 
tions suggested by what precedes, and some of the simpler congruence proper- 
ties of the generalized Stirling numbers immediately deducible from § 3. 
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(4.1) The only analytic solution of each of the equations 


f(e'—1)=—f(t),  f(log(1 + t) = f(t) 


is f(t) = an arbitrary constant. 
It will suffice, by (1.2), to prove this for the first equation, as the second 
is obtained from the first by t->7rt. If f(t) =e is a solution, 


u-0 U! n=0 n! n=0 u-0 U: 
n=0 


These equations give % =, %—0, uw>0. Hence f(t) is the arbitrary 
constant 

In the following congruences p is prime. We use the congruences for 
binomial coefficients, 


(?) mo, O< p; (7) = (2) mod 


For v = p, (3.8) becomes 
(m 4 n) ,(mtnr) =m!n! [Lol (mr) + (mr) | mod Dp. 


lf mn > 0, == 0; and if (m+n) < p, (m+n)! is prime 
top. Hence, after an obvious change in notation, 


(4. 2) =0mod p, l<n< p. 
For r= —1, (4.2) is equivalent to the corresponding information given 
by (1.1). 


Taking s = p in (3.5) we find 


pri 


which it is convenient to separate into the casesn > 1, n=1: 


(4.3) a= £, mod p; 
(4, 4) + = mod p. 


From (4.2), (4.3), 
(4. 5) == (0), mod p, 


For n not in the indicated range, it is necessary to have the congruence proper- 
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ties of the £,"”). These have been fully discussed elsewhere,’ so we pass on 
to (3.14). 

In the paper cited the extension (4.6) of (1.1) is proved, (¢)n denoting 
the factorial function (¢)>=—1, 


(4. 6) (t) mpsu = — t)™(t)a mod p. 


As a further extension it is also proved that if 


m= > 


j=0 


is the expression of m in the scale of p, 


u-1 
(4.7) (t) m = (t)m, ? — mod p. 
j=0 


It is shown also that if A is the symbol of finite differences (the increment of 
the variable being 1), and if the numbers f(0), A*f(0)/s!, s > 1, are integers, 
then, if r is an integer => 0, 


(4.8) = (0) + mod p, 


the summation continuing until all subsequent differences vanish. Thus if 
f(t) is a polynomial in ¢ the sum is finite. 

Hence if there are symbolic factorial relations, of the same general kind 
as (3.14), for a given sequence, the congruence properties of the sequence can 
be investigated by means of (4.6)—(4.8). The £,(*) and the Stirling trans- 
forms defined in § 5 exhibit such relations, and it will be seen (§ 5) that these 
are the only families of sequences %.'") (n,s =0,1,: - -) such that consecu- 
live sequences 3, of the set are related factorially, = (3"*').. 
The identical congruences (4. 6)—(4.8) are readily deducible from Lagrange’s 
(1.1); in proving (4.7), (4.8), Fermat’s theorem, a consequence of (1. 1), 
is used. Thus the problem stated in § 1 is solved here through the group T 
of § 2, which generates the required factorial relations. 

A few examples for the £‘"”) will suffice. From (3. 14), (4.6) we get 


(4. 9) (mr) = [ )p — (Pret) ) mod Ds 


mpru 
in which, as always, all indicated rational operations are to be completed before 
exponents are lowered. For m=—u=1, (4.9) gives 


(n,r+1) ( mer) —— (n,r+1) 
Con lo mod 


*In a paper on iterated exponential integers, to appear in the Annals of Mathematics. 
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asimple difference congruence of the type considered in the paper cited, whose 
solution (4.10) is obtained in an obvious way, 


(4. 10) + mod p, r> 0, 
For r = — 1 in the second, r = 1 in the first, these give 
(4.11) Sim — 8"; 1, Sl mod p, m > 2. 


If n > 2 in (4.10) the sums vanish: 


(4. 112) (ur) mod p, n> 2. 


pt 
For m = 2, u=0, (4.9) gives 
hence, by (4. 112) 
(4. 12) = + mod p, n> 2. 


For r= — 1, 1 the last gives 


== + 28%, modp, n>2. 


(4. 18) Sim) == — 28", 
For m=1, u=0, (4.9) gives 

(4.14) == 8," mod p, n>1; 

and using this with the result of m = p, u=0 in (4.9), we get 

(4. 15) == + mod p, 


with special cases for the ordinary Stirling numbers as before. Continuing 
thus, and using the other general congruences in this section, a detailed 
analysis of the congruence properties of the ordinary Stirling numbers for a 
prime modulus p (and for some forms of a composite modulus) may be given, 
precisely as was done in the paper cited for the iterated exponential integers. 
Similarly for the generalized Stirling numbers. 


5. If r is a positive, zero, or negative integer, we define the generalized 


Stirling transform of rank r of any given sequence v= 0,1,- - -, to be 
the sequence «,'"), v =0,1,- - -, where 


v4 
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(5. 1) ay”) = Ly 
n-0 
The range v =0,1,- - - need not be indicated hereafter. 


It follows from (3.7) that if 7,s are any integers, 


v v 


u=-0 u=0 
Taking s = — 1 and replacing r by r+ 1 in (5.2), we get, by (2.8), 
(5. 3) (a 


Hence if @,°°) is a sequence of integers, the congruences (4.6)—(4.8) are 


applicable. 
The unique part of generalized Stirling transforms in the solution of the 
problem of § 1 is seen from (5.3) and 


(5.4) The general solution of the umbral equation é= (6), that is, of 
= (0)., v=0,1,- -, is where r is an arbitrary in- 


teger and a) the umbra of an arbitrary sequence. 


To prove (5.4) we have: 
a) e integer r and the umbra y are given, the umbral equation 
5.5) If the integ 1 tl bra y gi th bral equati 
has the unique solution 


dy) = Ly) 
n= 


That this is indeed a solution follows from (3.11), (5.1). For, from 
the definition (5.1) of the Stirling transform of rank r of any given sequence, 
and y = ¢‘"), we have 


v 


n=0 
and therefore, on substituting for 
gon, — > 


from the assumed solution, 


n 
= fy (mr) > Ln 


n=U 8-0 


the right of which, by (3.11), is o'* ys, = 8s"ye, = yr. Reversing the steps 
of this verification, we thus prove that the stated ¢ is a solution of the given 
equation. The unicity is immediate by a simple contradiction from 


anc 


and 
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(5.6) The only solution of ¢ = r 0, or of =, rs, is 
an arbitrary constant, = 0, n > 0. 


This is proved as in (4.1). We now prove (5.4) by assuming, without 
loss of generality, by (5.5), that =a". By (5.3), a value of @ is then 
§=a'r), and by an application of (5.6) and the obvious (5.7), the proof 


is complete : 


(5.7) If is a given umbra, the unique solution of the umbral equation 
(y) = (e), that is, of (¢)v = (€)r, v= +, is p=e. 


Defining the two statements 
Ay Gy (tts), a(n) (8) am (rts) 


to be equivalent, we see by (5.2), (5.6) that with respect to the composition 
X the set a, n—=0,+1, + 2,- - - is an abelian group, in which 2°) is the 
identity and a”) are inverses. 

If a is such that exp(«t) is absolutely convergent for some | ¢ | > 0, 
(1.2),.(2.4), (3.1) may be applied: 


(5.8) expla fr) (t)] 


6. The results in this section are of a very general nature, and are ap- 
plicable to any of the numerous families of Appell polynomials in the literature 
as special cases. 

Let B,- -,p,0 be any umbrae such that , and 
hence 


on= (4+ * pr, n> 0, 


where M is a multinomial coefficient. Assume (for a moment only) that 


- - and hence also have a common domain |t|>0 of 
absolute convergence. Let (a) denote the umbra of the sequence (@)x, 
n=(,1,- - - of symbolic factorials, 
r 
== %, = r>sd, 
8=0 u=1 


and similarly for (8),---,(0). we have 
== ett ght. got, 
and hence, by log(1 + 
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that is, 


and therefore 


Hence (6.1), (6.2) are equivalent, 
(6.1) 
(6. 2) (o)n—=[(%) + (8B) +: (p)]”. 


Expanding the right of (6.2) by the (symbolic) multinomial theorem, and 
the left by (2.8), we have 


(6.3) (7)o= *(p)o, Fo = %oBo* * pos 


n 
> = = M 


u=l 


Finally then, (6.1), (6.3) are equivalent. 

The convergence restrictions necessary to validate the foregoing proof are 
irrelevant to the conclusion, which holds for any whatever umbrae «@,- - -,«. 
For, the equivalence of (6.1), (6.3) can be established directly by finite 
processes, as follows. Write B+---+ py, so that c—a-+y; it is to 
be shown that (o)n—[(a) + (y)]”. But this follows on comparing, first. 
coefficients of a; in the assumed (finite) equality, and then, in the result, 
coefficients of y;. A known identity in ordinary Stirling numbers follows. 
The steps are reversible. Hence the proof is complete for o a sum of two 
umbrae. By mathematical induction the general result follows immediately. 
(6.3) If a, B,--+,p,o0 are any umbrae such that (6.1) holds, then (6.2) 
holds, and conversely. 

Write - and as before denote the Stirling tran:- 
forms of rank v of by a ,-- respectively. Then, ob- 
viously, the first of (6.4) implies the second, 


(6. 4) == + Bo +: p), a) Bp + pl, 


By (6.3), + may be replaced by - -, respectivels 
in (6.2). Hence (6.5), (6.6) are equivalent: 
(6. 5) o (9) == po + 
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It follows by (2.8), (5.3) that (6.5) and (6.7), also (6.5) and (6.8), are 
equivalent : 


n 

8= 


for v,n as in (6.6). 
In the umbral calculus, umbral derivation, Dg, is defined as follows. If 
é is any umbra, 

Deén = nén-1, (n = 0, 1,° ‘); 
where €., is defined to be identically zero. If € is a particular one of 
4,B,° Ps 


It follows from (6.6) that if € is a particular one of @,- - -, p{), 


(6. 10) Dew (o)), = n(o)) ns, 
in which we recognize a generalization of the characteristic property of Appell 
polynomials. 

A further consequence of (6.3) is immediate, for we may replace 
p by their Stirling transforms of any ranks u,v,---,w. 
Thus (6.11) implies, but is not equivalent to, (6. 12): 

(6. 11) o = + +: + 
(6.12) (o)n—= [(a™) + (0) 


Hence (6.11) implies 


and if € denotes a particular one of a), B™,- - -, p(™, 
(6. 14) De(o)n = n-1- 


The results for ordinary Appell polynomials (z+ «)", z an ordinary 
variable, @ an umbra, are included in the foregoing, when z is interpreted as 
the umbra of the sequence 2°,2',2?,--- of the non-negative powers 2” 
(n==0,1,---) of the ordinary variable z. 

In arithmetical applications of this section, the congruence properties of 
multinomial coefficients and the extensions of (1.1) in § 4 are used. 
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AN ENUMERATION OF THE GROUPS OF ORDER pgqrs.* 


By D. T. SIeLey. 


1, Introduction. The number of abstract groups;of an order which is 
the product of less than four distinct prime factors has been determined and 
enumerated, wholly or in part, by many writers including Cayley,’ Netto,’ 
Cole and Glover,* Burnside,* Hoélder,® and Miller.“7 A more complete his- 
tory of the problem may be obtained from two papers by Miller ® under the 
titles “ Report on the recent progress in the theory of groups of finite order” 
and “ Historical note on the determination of abstract groups of a given 
order.” The structure of the groups whose order is the product of distinct 
prime numbers is known.° The number of distinct abstract groups of al 
order which is the product of distinct prime numbers and which involves fewer 
than four unity congruences has been enumerated.’ Thé object of this paper 
is to enumerate the distinct abstract groups of an order, pqrs, which is the 
product of four distinct prime factors. The number of unity congruences‘ 
involved in the order has been used as a basis for the classification of the cases 


which arise in this determination. 


2. Unity congruence relations on four prime factors. Let G represent 
any finite abstract group of order g = pqrs, where p, q:| r, and s are distinct 
prime numbers in order of decreasing magnitude. We shall determine the 
number of distinct abstract groups of order g. The number of abstract groups 
of order g is a function of the number of unity congruences involved in 4. 
The maximum number of unity congruences on the or prime factors of 9 
is six. If we represent the unity congruence relation p= 1, mod q, by p(q); 


* Received February 24, 1938. 

1 Cayley, Philosophical Magazine, vol. 13 (1854). } 

* Netto, Substitutionentheorie, 1892, pp. 133-137. 

*Cole and Glover, American Journal of Mathematics, vol. {15 (1893), pp. 193- 194. 

* Burnside, Theory of Groups, 1896, pp. 26, 100. 

° Hélder, Mathematische Annalen, vol. 43 (1893), and Mathematische Annalen, 
vol. 46 (1895). | 

® Miller, Proceedings of the National Academy of Sciencgs, vol. 18 (1932), two 
papers. | 

7 Miller, American Journal of Mathematics, vol. 55 (1933), pp. 22-28. 

® Miller, Bulletin of the American Mathematical Society, vol. 5 (1899), pp. 227-249; 
or Collected Works, vol. 1 (1935), pp. 326-344; Miller, Collected Works, pp. 91-98. 
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then the possible unity congruences involved in g are: p(q), p(r), p(s), 
g(r). g(s), and r(s). The number of groups of order g for which g involves 
less than four unity congruences is known. Hence, in order to complete the 
enumeration, it is necessary to consider only those cases in which g involves 
four, five, or six unity congruences. Combinations of four unity congruences 
may be selected from six unity congruences in fifteen ways, which give rise to 
fifteen distinct cases to consider. Correspondingly, there are six cases to con- 
sider when the number of unity congruences involved in g is five, and a single 
case to consider when this number is six. 

From Number Theory it follows that there exists a number of the form 
prs, Which involves any given one of the 64 possible combinations of unity 


congruences on the primes p, q, 7", and s. 


3. General method of enumeration. The groups of order pqrs, which 
involves any given set of unity congruences, may be enumerated by classifying 
them according to the order of the central. The central must necessarily be 
of an order of the form g, pq, p, or 1. If we let Nop,po,...p, represent the 
number of distinct abstract groups of an order pipop;: pr, where the p’s 
are distinct prime numbers, in which the central is the identity, then the 


number N of groups of order g may be written as 


(1) N =1-+ Noq + Nor + Nos + Nor + Nos + Nex + Noar 
+ Nogs + Nors + Nars + Noars- 


Thus we see that the enumeration of the groups of an order which is the 
product of distinct prime factors may be made to depend upon the enumeration 
of the groups of this order, and similar orders with fewer prime factors, in 
which the central is the identity. 

The values of all of the symbols in the right member of (1), except the 
last, are known. Thus, Nyg—1, or 0 according as p(q), or not. Also, 
Nogr = 1, r—1, 1, or 0, according as the three primes p, q, and r satisfy the 
unity congruence relations p(q), p(), and q(r); p(r), and g(r); p(q). and 


p(r); or any other possible combination. 


4. The enumeration of the groups of order g in which the central is 
the identity. To find the numerical value of Npgrs, that is, to find the number 
of distinct abstract groups of order g in which the central is the identity, we 
classify these groups according to the order of the commutator subgroup in 
each group. This commutator subgroup may be of order p, pq, pr, or pqr. 
We shall now state three theorems which will be sufficient for the enumeration 


of the groups of order g for each of these cases. 
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THEOREM 1. The number of distinct abstract groups of order g = II m, 
i=1 


where pi, 1=1,2,3,---+,k, are distinct prime numbers in the order of 
decreasing magnitude, which have a central of order 1; and a commutator 
subgroup of prime order is one or zero according as pi(pi), for every 


2,3,° --,k, or not. | 


The theorem follows -easily from known results. 
| 


k 
THEOREM 2. The number of distinct abstract groups of order g = J pi, 
i=1 


where the p’s are distinct primes in the order of decreasthg magnitude, whose 
generators Pj, 1=1,2,---,k, fulfil the abstract definihg relations 


P, = 1, (i=1, ‘,k), 
PP = Pi, > -,4—1), 
| 


and a; 1,mod pi, is (px—1)*?. 


This theorem may be proved as follows. Let H represent the invariant 
subgroup of G generated by Pi, P2,- ++, Pes. H is a cyclic group since a prime 
factor of the order h of H is congruent to unity with i to another such 
prime factor. The operator P;, can transform the subgroup H into itself in 
(%%—1)** ways in which the central of @ is the identity, because of the 
relations | 

P,P, Py = Py, 1=1,2,°- -,k—1, a; 1, mod pi. 

= = Py, 

whence 
== 1, mod pi, 


| 
which is satisfied by »,—1 distinct values of a; less than pi. The choice of 
Py and a, t==1,2,--+,k—1, uniquely determines |G. Therefore, the 
number of groups of order g is (pe—1)*'. But not all of these groups are 
distinct since they fall into sets of simply isomorphic groups, each set con- 
taining the p,-——1 groups which are obtained when the pr — 1 co-sets of a 
particular group G with respect to H are permuted cyclically. Hence, the 
number of distinct abstract groups whose generators fulfil the abstract defining 


relations of the theorem is (px —1)*". 


TuEorEM 3. The number of distinct abstract groups G of an order 
g = pqrs, whose generators fulfil the abstract defining relations 
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pr Q1 = Rr §* = 1, 
R“PR—=P%, P%, 
R“QR = S708 = 


where p, q, r, and s are distinct prime numbers and, where the as are not 
congruent to unity, mod p, and the 8s are not congruent to unity, mod q, is 
(r—1)(s—1). 


Let H and K represent the invariant subgroups of indices rs, and s, 
respectively, in G. K may be obtained by adjoining to the cyclic subgroup H 
an operator of order r which transforms H into itself, and such that the cen- 
tral of K is the identity. By theorem 2, there are (r—1) distinct abstract 
groups, K. G may be generated by adjoining to K an operator S, of order s, 
which transforms K into itself by transforming F# into itself, and transforming 
the subgroup H into itself by transforming each of its generators into a power 
of itself different from the first power. These isomorphisms may be established 
in (s—1)* ways. Hence, the total number of groups is (r—1)(s—1)?, 
which fall into sets of simply isomorphic groups, each set containing s—1 
groups. The s—1 simply isomorphic groups in each set are those which 
may be obtained from a given @ by permuting the co-sets of G with respect to 
K, cyclically. Hence the number of distinct abstract groups whose generators 


fulfil the given generating conditions is (s —1)(r—1). 


5. Results of the enumeration. The groups of order pqrs have been 
enumerated by the method outlined in section 3, above, and by the applications 
of the theorems in section 4, for all of the possible cases which arise due to the 
various combinations of unity congruences which may exist in this order. The 
results are given in the following table. The groups are of odd order in all 
cases, except those in which p(s), g(s), and r(s). In these latter cases, the 
groups will be of even order if s = 2, and of odd order if s is an odd prime 


number. 
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NUMBER OF GROUPS OF ORDER pqrs. 
Congruence relations Number of groups of 


in pqrs. order pqrs. 


No unity congruence ] 
One unity congruence 2 
Two unity congruences (of the form) 
P(q) p(r) 4 
p(q) 4a(r) 3 
P(q) r(s) 4 
p(r) q(r) r+2 
Three Unity congruences (three factors) 
p(q) pl(r) g(r) (typical) r+4 
(four factors) 
p(q) pl(r) p(s) 8 
P(q) pl(r) q(s) or r(s) 6 
P(q) g(r) q(s) or r(s) 5 
p(q) a(r) r(s) r+3 
p(s) q(s) r(s) 2. 
con- central g DiP; Py 1 
gruences comm. p pr por 
subgr. 
q(s)r(s) 1 4 r+2 1 r 0 0 2r+8 
q(r)r(s) Lee ] 8 0 0 2+8 
p(r)q(s) 1 4 s+2 ] 0 8 0 2%+8 
p(s)r(s) 1 4 r+1 0 r 0 0 2r+6 
p(s)q(s) 0 0 1 0 r+6 
p(s)q(r) 0 1 1 0 s+7 
p(r)r(s) 1 4 s+] 0 s 0 0 2s + 6 
p(r)q(s) 0 ] 8 0 2s + 6 
p(r) p(s) ae 0 0 1 0 s+6 
p(q)r(s) ] 4 r+s8 0 rs+r+s—l1 0 0 rs + 2r+2s+4 
p(q)p(s) l 4 r+s—l1 0 0 0 24r+s+4 
p(q)q(s) 
p(q)p(r) 
p(q)q(r) ] 4 3s—2 0 0 1)? s?+2s8+4 
p(r)q(r) 
r(s) 5 r+s+2 1 rs4+r+s—1 0 O rs + 2r+ 2545 
q(s) 5 r+s+1 1 8 0 2r+ 2s+ 8 
q(r) ] 5 3s ] 8 s (s 1)? s?+38+4+8 
p(s) 1 5 r+s8 0 1 
p(r) l 5 0 8 (s—1)? s?+38+6 
p(q) 1 5 88+r—26 rs+r+s—1 0 (s—1)?2 78 4 2r 427! 
] 6 38s+r rs+r+s—l1 s (s—1)*? 82+ 78+ 2r4+ 357° 


KANSAS STATE COLLEGE. 


° All of the unity congruences p(q), p(1), p(s), g(r), g(s), and r(s) are present 
in the order pgrs except those listed in this column. 


THE RESOLUTION OF SINGULARITIES OF AN ALGEBRAIC 
CURVE.* 


By H. T. Muuty and O. Zartskt. 


Introduction. The object of this note is to give new and brief proofs of 
the following well known theorems concerning the resolution of the singu- 
larities of an algebraic curve: 


1, very algebraic curve is birationally equivalent to an hyperspace curve 
which is free from singularities, both at finite distance and at infinity. 


2. Any curve free from singularities in an hyperspace can be projected 
into a curve in the projective 3-space which is also free from singularities. 


3. Every algebratc curve can be birationally transformed into a curve in 
the projective plane whose only singularities are ordinary double points. 


We assume that the underlying field of constants, K, is algebraically 
closed. From the classical theory of algebraic functions of one variable (be it 
function-theoretic or arithmetic) we use the notion of the Riemann surface of 
a field of such functions, the existence of a uniformizing parameter at a point 
of the Riemann surface, and the notion of the order of a function at a point 
(place) .* 

1. Let & be a field of algebraic functions of one variable. Any set of 
elements ;, 2,° * *,m in the field having the property that any element in & 
can be expressed as a rational function of them, defines a curve C in the pro- 
jective m-dimensional space, Sm; (o:, *,@m) is the generic point of C. 
Clearly, & is the field of rational functions on C. We shall denote the curve (' 
by the symbol w2,° wm}. 

A point P(a,, d2,° * *,dm) of a curve C will be called a simple point of C 
if (a) P corresponds to only one point (place) of the Riemann surface &, and 
if (b) at least one of the elements o; — 4; vainshes to the order one at P (i. e., 
at the corresponding place). If P is at infinity, and if, for instance, the ratios 
03/01,° are finite and equal to ¢3,° ¢m respectively at 
P (in which case », is necessarily infinite at P’), then instead of (b) we 


require that one of the elements 1/,, o;/o2— ¢; vanish to the order one at I. 


* Received September 19, 1938. 

1R. Dedekind and H. Weber, “Theorie der algebraischen Funktionen einer Ver- 
anderlichen,” Journal fiir reine und angewandte Mathematik, vol. 92 (1882). 
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It is evident that this definition of a simple point is invariant with respect to 
projective transformations in Sm. 

If © is the integral closure of the ring K[;, w2,° - -,m] then an equiva- 
lent definition of a simple point at finite distance may be formulated as fol- 
lows: P is a simple point of C if and only if the ideal B = D- (o; — a1, 02 —a,, 

*,@m—Qm) is prime. Namely, if there existed two places P,, P. on the 


Riemann surface of at which o; = 1=1,2,- - -,m, then there would 
exist in © two prime ideals $2 such that o; =a;(Pi) and oj; = ai (Pz), in 
contradiction with the hypothesis that D- (#;—4,- + +,omn—4m) is prime, 


Moreover, for at least one of the elements o; — aj, say for o, —4,, we must 
have w; — a, #0($8*), and hence »,— a, vanishes to the order one at the 
corresponding place. 

By a theorem of F. K. Schmidt ? an independent variable x may be chosen 
in such a manner that & is a separable extension of K(a#). Let © be the ring 
of integral functions of x in &, and let o;, 2,: - -,on be an integral base over 
K[a] of the ring ©, where n is the relative degree [X:k(x)]. The curve 
T= 01,02,° on} im is free from singularities at finite distances. 
In view of the above ideal theoretic definition of a simple point, our assertion 
follows from the fact that since ;,2,° - -,on is an integral base of ©, the 
ring coincides with and hence is integrally closed. 

We may assume that x becomes infinite to the order one at n distinct 
points of the Riemann surface of %. (Otherwise we use a’ —1/(x—c) as 
the independent variable, where c is a constant such that x—c vanishes to 
the order one at » distinct points of the Riemann surface). Let P:, Po,--+, Pn 
be the points of the Riemann surface where x becomes infinite, and let p; be a 
function in = which becomes infinite to the order one at P;, and is finite at Pj, 
ji. Every element in & can be put in the form é/h(2), where €C © and 
h(x) is a polynomial in x Hence we can find a polynomial b(2) such that 


bp; is an integral function of z, i1=1,2,---,n. We consider the functions 
7m Aefined as follows: 
nj = 2b (x) pj (j = 1, 2,- 


where A is an integer which is taken so large that each ; becomes infinite at 
every point P to an order higher than that of any of the functions o;. By 
construction, the function 7; is infinite to the order say m at P;, 7 1, and is 
infinite to the order m+ 1 at P; (m independent of 71). Since ; is an 
integral function of 2, it is finite elsewhere. 


2F. K. Schmidt, “Analytische Zahlentheorie in Kérpern der Charakteristik p,” 
Mathematische Zeitschrift, vol. 33 (1931). 
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The curve = mn} in Sony ts free from singu- 
larities both at finite distance and at wfinity. Since the curve I was free from 
singularities at finite distance, the curve I” necessarily shares this property 
with T. The points at infinity on I” correspond to the points P,, P2,- - +, Pn 
of the Riemann surface. At P; the quotients 1/n:, £/yi, and y1/i, 
are all zero. Thus P; gives rise to the point at infinity on the axis yi. More- 
over, at Pj ;/ni vanishes to the order one if 74%. Thus we have proved 


Theorem 1. 


2. Let C = {o1, o2,° om} be a curve in the projective space 


Sm(Yos Ym). On C we will have 

or introducing a factor of proportionality, 


where =; C &. We shall also use the symbol {Xo,A1,° *,Am}. to 
denote C. 


™m™ 
Let wo’; = Dd uijoj;, i= 1, 2, where the are indeterminates. The ele- 
j=l 
ments w’; and w’, are connected by an irreducible equation 


Uij) == (), 
By formal partial differentiation, we obtain the relations 


wy + 0, 


oj Pus; 0, (j ) 


from which we conclude that if either F’,., or F’w, is different from zero, then 
any element of S can be expressed as a rational function of w’, and w’». The 
functions F’,,, F’.,, cannot both be zero, for if they were then also F’y,, = F’u,, 


=0,7=1,: --,n, and therefore we would have 


where p is the characteristic of K.? Moreover, if the w’s are selected so that 
say F’., then the polynomial F'(w’,, 02; wij) is not a polynomial in 
so that % is a separable extension of K(w’;). 

Let A,, As,: - -, Ax be the points of the Riemann surface at which not all 
m are finite. If 


*See for example B. L. van der Waerden, Moderne Algebra, vol. I, Chapter V. 
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Coo + + Comm 


then by a sufficiently general choice of the constants c we may be certain that 
each &; is finite at all of the points Aj. Moreover, if we choose Coo so that the 
function Coo + Com: +° * *-+ Comom vanishes to the order one at say v dis- 
tinct points of the Riemann surface, and ci, so that Cio + Ciior + + + + Cimon 
is different from zero at these points, it follows that the functions &; all become 
infinite to the order one at the same points of the Riemann surface. 
In Sm we make the codrdinate transformation T'(c¢i;) : 


m 


, . 
= (i=0, * *,m). 
j=9 
The curve C is represented in the y’ coérdinate system by 


where 


m 
Ni = 

j=0 

and = C3. 
Obviously, the constants cj; may be chosen so that é is a primitive element 

of over K(€,). Thus we can always obtain a representation {€,, , &m} 
of a given curve (' satisfying the three conditions: (1) 3% ts a separable ex- 
tension of K(é),’ (2) & is a primitive element of %/K(é,), (3) all of the & 
become infinite to the order one at the same v points of the Riemann surface, 
and are finite elsewhere, v being the relative degree [%: K(&,) ]. 


3. Let l= {é,- - -,&m} be any curve in S,, free from singularities. We 
assume that é,:--,é&m satisfy conditions (1), (2), (3) of the preceding 
section. A point P of the Riemann surface of & will be called a branch point for 
the function é, if when = a at P, —a vanishes to an order larger than one; 
or if é has a pole of order greater than one at P. Let the set 9 =(A,, As,--:, Ay) 
be the set of the common branch points for €, and é. A branch point for & 
gives rise to a zero of A(é,) the field discriminant of 3/K(é,). Since & is a 
separable extension of K(é,), A(é,) has only a finite number of zeros, so that 
the set 2 contains only a finite number of points. 

Let the set of points 8 = (B,, B.,- --,By) be defined as follows: A 
point P of the Riemann surface of & is in B if and only if there exists a second 
point P’ 4 P such that both €, and é, have the same finite values at P’ as 
at P. Since é is a primitive element of 3, the equation 


‘A somewhat stronger result than condition (1) has recently been proved by B. L. 
van der Waerden, “Zur algebraischen Geometrie,” Mathematische Annalen, vol. 115 
(1938). 
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f(é, 0, 


of degree v, connecting é, and é is irreducible, so that its discriminant D(é,) 
is not identically zero. Any point of 8 gives rise to a zero of D(é,), and hence 
8 can contain only a finite number of points. 

Let = (C,, +, Cv) be the set of points on the Riemann surface 
of S$ at which €, becomes infinite. 

Since a point A; corresponds to a simple point on T it follows that if 7; 


is a uniformizing parameter on A, and if 
djiti 


is the expansion of £; at Aj, then for a given 7 not all of the constants dj; 
are zero. Since by hypothesis, d,; = d.; = 0, it follows that the linear form 


Wi(u) = djiuj (1 = 1, 
4=3 
is not identically zero. 
Similarly, if /;; is the value of €; at Bj, and if By, and Ba are a pair of 
points in 8 such that €, = a, & = dz at both B, and Bg’, then the linear form 


baa’ (U) = (hia — Uj 
is not identically zero. 7 
Since all £; are infinite to the order one at Cj, 1/& is a uniformizing 
parameter at Cj, and the ratios &;/é, are all finite at Cj. Let &/& = li; at Cj, 
and let 


6ap(u) = (lia — Uj. 


Then if C, and Cg are a pair of points in € at which log = /2g the corresponding 
%4g(u) is not identically zero, since Cg and Cg correspond to distinct points 

Choose a set of constants, ¢3, Gm such that yi(c)~ 90, (c)A 0 
and 0 when log = 12g. Let 

> 
j=3 

We assert that the curve L = {&,, £2, €} in S, is free from singularities both 
at finite distance and at infinity. All points of L which do not correspond to 
points of the sets 2, B, € are necessarily simple points. Moreover, if § = dj 
at A,, then ¢—d; vanishes to the order one at A; since yi(c) #0. The 
function ¢ assumes distinct values at Bz and Bg’ since ¢aa’(¢) #9. At any 


m 
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pair of points Ca, Cg at which the values of é,/é, are the same, the values o/ 
é/é, are distinct since 04g(c) ~ 0. 
Finally, at any point Ca the quotients 1/&, &/é, €/é, are finite and 1/é 


vanishes to the order one. Thus the points of Z which correspond to the points 


in M2, B and © are also simple points. This establishes Theorem 2. 


4. Let the curve C = {X,A1,° Ar} be free from singularities in thy 


projective space S;: By placing a4; = 1, = 0,1, 


we refer the hyperquadrics of S, to the hyperplanes of a new space Sy in whic 


the (2’;;) are homogeneous codrdinates. On placing = AjAj we have de- 


fined in Sy a curve C’ = {X’i;}.. Between C and C’ there is a 1:1 birational 


a 


correspondence. A straightforward application of our definition of a simple 


point shows that C”’ is also free from singularities. 


If P’;, 1=1, 2,3, are any three points of C’ and Py, P., Ps; the corre- 


sponding points of C, it is possible to find a hyperquadric in S, passing throug) 
P, and P, but not through P;, so that the corresponding hyperplane in §\ 


passes through P’, and P’, but not through P’;. Thus no three points of (’ 


are collinear. Similarly, any tangent line of C’ has only its point of contact 
in common with C’. 


We repeat this process, applying it on the hyperquadrics of Sy and the 


curve C’. We obtain thereby a curve C” in 1: 1 birational correspondence with 
C’ and hence also with C. Since no three points of C’ are collinear, there exists 
a hyperquadric through any three given points of C’ which does not pas: 
through a given fourth point. Hence no four points of C” are coplanar. In 
the same way we conclude from the above-mentioned property of the tangents 
to C’ that through any two points of C” there passes a hyperplane which is 
tangent to C” at one of them but not at the other. 

Let be a set of elements in which define the curve (”. 
(We have M = 4(N + 2)(N + 1) —1, the dimension of the space of hyper- 
quadrics over Sy. Likewise, VN =4$(r+2)(r+1)—1.) We assume that 


the elements ,,---, €y satisfy the conditions (1), (2) and (3) of Paragraph 2. 
M 
Let Us,* Uw be indeterminates and let y= uié;.. The function 


y is connected with é, by an irreducible equation 7 
f(&,y3u) =0 
of degree v, where v is the degree of & over K(é&). If D(é,u) is the dis- 
criminant of f, then 
D(é,uU) = P?(&, uA 


where P is a polynomial in é, and u, and A is the field discriminant of %, * 


that A is independent of wu. Assume for the moment that the w’s have special 


| 
| 
| 
§ 
i 
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li 


of 


THE RESOLUTION OF SINGULARITIES OF AN ALGEBRAIC CURVE. 113 


values u° and let y® = P°(&) = P(é,u°). Let be a root of 


p°(é,).. By known properties of the discriminant of f,° it follows that (1) 
either there must exist at least two distinct points of the Riemann surface of 


¥ at which €; = c and at which also the values of y° are equal to each other ; 
or (2) y° =d at one of the points, say at P, at which €,—c, and y°—d 
yanishes at P to an order larger than one. Since C” is free from singularities, 
it is true that given any constant ¢, a linear combination of the &;’s can be 
found such that neither (1) nor (2) take place. For the corresponding values 
u° of the ui, ¢ will not be a root of P(é,,u,). It follows that P(é,, wv) as a 
polynomial in £,, does not have roots independent of the w’s. 

For general values of the u;, P has no multiple roots in é,. Assuming the 
contrary, let P(é,,u) have the factor Q(é,, u) all of whose roots are multiple. 
Then if a is any constant, a sufficient condition that a be a multiple root of P 
is that the w’s satisfy the equation Q(a, wu) = 0. Hence our assertion will follow 
if we prove that two independent conditions (in fact linear conditions) are 
imposed on the indeterminates wu by requiring that é; =a be a multiple root 
of P. 

If —a) =, - is the prime decomposition of the ideal 
(g,—a) in the ring of integral functions of €, in 3, (we may assume A(a) 4 0 
so that each factor occurs only to the first power), then one of the following 
three conditions is necessary in order that €; =a be a multiple root of P: 

a) For some three of the ideals Bj, say 8,, B., Bs, there exists a constant 
b such that 

b) y— b’=0 y— =0 for some constants b’ and 
b” and some four of the ideals $j. 

c) y—b—c(é, —a) = 0 for some constants, b and ¢ and 


some two of the ideals $j. 


If = ai; then the matrix 


ZL 1 


11 — 13, — Me3,° * — 


is of rank two since otherwise the three points (d,i, *,4ui), 1, 2, 8, 
. . . 
on C” would be collinear. Similarly, the matrix 


O13 — G14, -— *, 


5 See Dedekind-Weber, “Theorie der algebraischen Funktionen einer Veriinder- 
’ 5 
lichen,” loc. cit. 
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is of rank two since the four points (@1i, dei, ami), 1, 2,3, 4 cannot 
be coplanar.® 

Since A(a) ~0, (€,—a) is a uniformizing parameter on each of the 
ideals $j. Let = b;; at The matrix 

bi — bu: — baz 

is of rank two. In the contrary case, any hyperplane through the points 
Pi: (si, * mi), t= 1, 2 and tangent to C” at P; would also be tan- 
gent to C” at P». 

In order that condition (a) be fulfilled, the quantities w must satisfy the 


equations 
(aj: — aji) uj = 0 (i = 2,3). 
j=l 


Jondition (b) requires that the equations 
M M 
— aja) uj = 0 
j=l j=l 
be satisfied. Finally, the equations 
M M 
(aj, — aj2)uj = 0, — bj2)uj = 0 


must be satisfied in order that (c) occur. Thus a, b, and ¢ each impose two 
independent conditions on the indeterminates u. Hence P(é,,u) has no 
multiple roots for general values of w. 


If P,, P2,- - -, Py are the points of the Riemann surface where €, becomes 
infinite, and if &/€, = Aij at P;, then (as in Theorem 2), 
M 
Gap(u) = > (lia — lig) wi 
4=1 


is not identically zero if af. Thus there exists a set of constants 
C1, Co," * *, mu such that P(é,,c) has only simple roots, none of which coin- 
cides with a root of A(é,) and such that Ogg(c) #0. If 


y= C1€1 + Cuém, 
then the curve {é,, y} has no singularities at infinity (since Oag(c) 0) and 
has ordinary double points at finite distance corresponding to the roots of 
P(&,¢) =0. This proves Theorem 3. 


THE JOHNS HOPKINS UNIVERSITY. 


* Actually the condition imposed by us that no four points be coplanar is stronger 
than the one we actually use now concerning the ranks of the matrices A, and A, 
Since we are projecting our curve in S,, from a particular S,,_, at infinity we need only 
require that if four points on our curve are coplanar then lines joining pairs of them 
do not meet on this 8), ,. 
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PROPERTIES OF THE CUBIC SURFACE DERIVED FROM A NEW 
NORMAL FORM.* 


By ArNoLpD Emcu. 


1. Introduction. In a paper which appeared in the American Journal 
of Mathematics, vol, 53 (1931), pp. 902-910, I discussed a new normal form 


of the cubic surface 
(1) a3 + + 248 — 3 (A, + + + = 0 


and its relation to the configuration A, of the flexes formed by the syzygetic 
pencils of cubics cut out by the surface on the codrdinate-planes. It is shown 
that the general cubic surface can be represented in this form in a finite 
number of ways only. The question whether there is only one way or several 
ways in which this can be done is not answered in that paper. In what follows 
[ shall prove that there is more than one solution to this problem and inci- 
dentally prove some properties of the cubic surface which hitherto have been 
derived by sythetic methods only. 


2. Further properties of the A,, configuration. Let F denote the 
cubic (1) and i, 7, &, 1 the indices 1, 2, 3, 4 in any order; 0F'/dr; = F;; then 


(2) Fy = 3[ a4? — + + lajre). 

For 2,0, we have the syzygetic pencil of plane cubics 

(3) + + — = 0. 

The flexes on the join = 0,7, = 0) are 
(1,—1,0,0); (1,—o,0,0); (1,—o?, 0,0) 

and the tangent planes to F at these points are 


Ly + + + = 0, 
(3) + + AsoLs 4,004, = 0, 
+ + + = 0. 


These intersect in the point P(0,0,a3,— 4s), which lies on the join 
= 0, 7, = 0) and also on the Hessian of 


* Received April 18, 1938. 
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(4) H= 


— 2x, 
4X3, 
+- 4, 


+ 


ARNOLD EMCH. 


+ 


— 222, 


+ M421, 
+ 


+- 
+ A421, 
223, 


+ 


Art; + 
+ 
+ 
— 244 


Hence the polar quadric of P must be a cone, which in fact becomes 


(5) — — — + = 0. 


The vertex of this cone is at Q(a:,—d2,0,0) which lies on the join: 


A,A2(%; =0,2%,—=0). In a similar manner it is found that the triples of 
tangent planes to F at the remaining flexes of A,g on the joins A2As3, A,A,; 
A;A;, A2A,4 meet in the points 


R(a, 0, 0,— 4,4), S(0, d2, — as, 0), T (0, ao, 0,— ds), U (a, 0, — as, 0) 


respectively. and S as well as T and U are also conjugate points on H. 
Ti. ‘hree couples (P,Q); (R,S); (7, U) lie on the plane 


(6) = gh + + Ay + = 0 


and are obviously the six vertices of the quadrilateral cut out on (6) by the 
coordinate-planes. The polar plane (2 polar) of a generic point (y) with 
respect to F is 


(7) — + = 0. 
The diagonal points of the quadrilateral on « are D,(a:,— de, — ds, a4) ; 


U3, — 44); Ds (di, G2, — a3, — As). 


By (7) it is verified immediately that D,, D2, D;.all have the same polar-plane 
(8) B = 3(a,? + ajayai) = 0. 


The polar plane of A; is obviously = 0, i= 1; 2, 3,4. The D’s are not o 


F nor on H. These results may be summed up in 


THEOREM 1. The tangent-planes to the cubic surface at the flexes of 
the four syzygetic pencils of plane cubics meet by threes, corresponding (0 
each edge of A,A2AzAq4, in six points of the plane a, which are the vertices 
of the quadrilateral cut out on « by the four faces of the codrdinate tetr- 
hedron. The sia points are on the Hessian of the cubic surface and form 
three couples of conjugate points, one on each pair of opposite edges of the 
tetrahedron. The diagonal points of the quadrilateral have the same polar 


plane. 
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3. Character of plane sections of Hessian. Polar quartics of lines. 
Polar class cubics of planes. 
1. The line 
QS = (a1, — a2, 0,0) (0, a2, — az, 0), 


or 
{Ad1, d2(1 — 2A), — as, 0} 


cuts H in a point W,, outside of Y, S, U, whose céordinates are obtained as 


W,{a,? (a.* — — 


Similarly the remaining three lines of the quadrilateral intersect H in 


(4° — — 0, a4? — (a4? — aides) }, 
— a4*) (41? — 
0, a3" — (Ag? — ay? — (@4? — aideds) }, 
W,{0, do? — a4°) (do? — 
(42 — — O42 -— 13°) (a4? — }. 


By using the parametric representation of, say W,W, it is not difficult to 
show that W, and Ws, lie on the join of W, and W,, i.e., the four W’s are 
collinear on a line w. Denoting the lines of the quadrilateral on « by 
1) Yo, Yas Ya We thus see that these lines together with w form a pentalateral 
whose 10 points of intersection P, Q, R, S, T, U, Wi, W2, Ws. Was lie on the 
Hessian. From this follows that the intersection Ha of H with x is a Liiroth- 
quartic. 

This follows, of course, also from the more general result that a generic 


plane section of // is such a curve. 


2. The polar plane of a point (A) on the join d; of P(0,0, a, — as) 
and Q(a,,— a2, 0,0), i. e., (Ad;, — Ade, — 44), according to (7), Is 


(9) + + + dr? 


and passes through the diagonal points D, and D.. From (9) is seen that 
the polar planes of the points of d, all pass through the line of intersection 
d’, of the planes represented by the parentheses of (9). Moreover it is clear 
that d’, lies on the plane = 3 + +. The polar quadrics 
of the points of d’; all pass through d, and form a pencil on a base-quartic. 
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But since the latter contains d,, this quartic has a residual cubic. 'The four 
quadric cones of the pencil coincide by twos, so that the vertices P, and P, 
of these double cones lie on d; and also on H. The conjugates P’, and P’, 


of P, and Pz lie on d’; and must be counted doubly on this line. Thus (' 


is a double tangent of the Hessian. The same is true of d’; and d’2, similarly 


attached to d, and d., the joins of R, 8S, and T, U. Hence the known 


THEOREM 2. The axes d’;, d's, d’; of the pencils of polar planes corre- 
sponding to the points of the diagonals d;, do, ds of the quadrilateral qiqzqsq; 


in the plane « are double tangents of the Hessian. 


3. The polar planes of g; = QU (a,A, ds, 0) envelope the 


conic 
+ + + dr? 
— | 4- — + Ay + 


If we write this AA? + BA+ C = 0, the vertex V4 of this cone is obtaine( 
0, 


as the intersection of A = B => C = 


pl, == — (37 — A, A204) 
plz = Ay — — 0304) 


(10) V, 


This is the conjugate of W, on the Hessian. In a similar manner the points 
V;, Vo, V; as the conjugates of W,, W., W, are obtained. From the analyti 
expressions of the V’s, as in (10), it is easily verified that the six edges ol 
the tetrahedron V,V2V;V,4 pass through the 6 vertices of the quadrilateral 
91929291. For the sake of brevity this arduous computation is omitted. 

Now the polar planes of the points of « envelope a surface Sq of class 
and order 3, as is well known. It is a Cayley cubic with V,, Vo, V2, Vs a 
nodes, which touches the Hessian along a sextic Cg which is the conjugate 0! 
the plane sextic Ha. If M and N are conjugate points on H, then the pola 
planes of M and N touch H at N and M respectively. From this follows that 
C', passes through the 6 vertices of It is of genus 3 ané 
a so-called Wirtinger sextic. Its trisecants form a ruled octic surface /. 
To prove that H, is a residual intersection of R, with a, let ¢ be any trisecall 
cutting Cy in R,, R., R;. The polar cones of these determine a pencil of 
quadrics on the 8 associated points of the net of polar quadrics of points of 4 
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Among these is a fourth conic whose vertex V is on Cg and whose conjugate 
V’ lies on # and also on ¢. Hence ¢ cuts « in a point of Ha. We may therefore 


state 


THEOREM 3. The polar cubic surface of the plane « touches F along «a 
Wirtinger sextic Cy. The ruled octic surface of trisecants of Cg cuts a in 
9:9292q1 and the residual Hg. The Cy passes through the 10 nodes of the 
Hessian. The polar cones of V,iV2V3V4 touch « along qiqoqsqs. The joins 
ViV, touch H at their inttersection with a. 


The last three parts of this theorem are known but are added for the sake 


of completeness. 
4. The summit plane z. 


1. Looking at the form of (1) and the couples of conjugate points, like 
P(0,0, a3, —@s) ; ete. in the plane it is clear that by 
multiplying the second part of (1) by a parameter c, the points P,Q,-°: - 
remain the same. Hence the quadrilateral qiqeqsqs ts common to a whole 
pencil of cubics, and in the same capacity, « is common to every cubic of the 
pencil, 

P and Q may always be chosen in such a way that they form the vertices 
of two conjugate Steineran trihedrals. There are 120 such couples. Each 


gives rise to representation of the cubic in the form 
(11) UVW—cU’V’W’ = 0, 


which reveals at once 9 of the 27 lines of the cubic, such that each of the 
planes (7: --, U’- + + is a tritangent plane containing 3 of the 9 lines. 

I shall now investigate the possibility of representing (1) in the form 
(11), with P=(U’=V’=W’=0), 0). Such a 


cubic may be written in the form 


(12) F* = (a,a, + + + + + + pes) 
K (doa, + + + pts) — + + + 3%) 
(8201 + + + (831 + + + = 0, 


which clearly has P and Q as vertices of a couple of conjugate trihedrals on 
the Hessian of (1). Expanding and denoting the coefficients of aitear by 
4%1, we have first the condition that all terms containing a square of a variable, 


like 22a; vanish. Thus 
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1. Ay12 = — €( 818273 + 82837, + 836172) = 0 
= Me? (Ay + Ao +Az) — (8182 + 8.8, + = 0 
3. = (my + ple + ps) — €03 (8182 + 828; + =0 
4, = 380172 — (717283 + T7381 + 737182) = 0 
= (Ay + As + — Chg (TyT. + + 7371) =0 
Ay? (pry + pro + prs) — + Tots + 7371) = 0 
= (AyAs + + — ca4?(6, + 8 + =0 
8. = A, (AyAz + AvAg + AsAr) — (71 + 72 +73) 
9. == pideAg + = 0 
10. = Ge (pipe + pops + — + 8 + 83) = 0 
V1. = (paper + pops + — + t2 +73) = 0 
12. = + + Aopsy1 — = 0. 


(13) 


The A, », 6, 7 must be determined such that these 12 equations are satisfied. 
First we show that this system can be reduced to eight equations. From 2, 


and 3., as well as 5. and 6., follows 


(13) + Az + As) — As + + = 0. 
Likewise from 7. and 8., and 10. and 11., 
(14) + 82 + 83) + + 73) = 0. 


Hence 2. and 3. may be replaced by 2. and 13., 5. and 6. by 5. and 13., which 
reduces 2., 3., 5., 6. to 2., 5.,.13. Similarly, 7., 8., 10., 11., may be reduced 
to 7., 10., 14. Moreover 7., 9., 10., 12. may be replaced by 


Q2 (Papa + pops + Mopar) 
+ c(8, + 8 + 83) 
c(8, + 82 + 83) 


Aipopes + + Aspipe = ArAcps + + AsAipo = 360304", 


(15) 


i.e., 12. and 9. In a similar manner 1., 2., 4., 5., may be reduced to three. 
Hence the entire system (13) may be replaced by 8 equations. 
Next write down the coefficients ajx: of IAT AKA I. 


A123 = ———_—- — 8: (72 + 73) + 82(73 + 71) +83 (41 + t2)]; 


— c[8,(T2 + 73) + +71) + 83(7; + 
8, +82 


1 


(16) 
(M2 + + + + As (Mr + pe) — Cds 


= Ay + ps) + Ae (ps + ) + As (py + po) — 


4 
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Qn account of 13.: and 14., iss = Hence = 
= 034 = A234, When 4124 = diss. This adds one to eight conditions. Lastly, 
we have the three conditions for the coefficients of 24° 


(17) — 08825; = — Cri T2T3 = 


The entire system thus is reduced to 12 equations with the 12 unknowns 
Mi, Pi, 81, T1 = 1, 2, 3. Solving for these and then dividing the entire equa- 
tion (12) by the common value of (17), the parameter c can then be chosen 
such that in the reduced equation of (12) to the form (1) the parameter of 
the parenthesis of Sa;rja,a1 becomes — 3. The form (12) can therefore be 
reduced to the form (1). The same process may be repeated on the couples 
of conjugate points of H; R, S and T, U. From this follows that the normal 
form (1) may be represented in three different ways by Salmon’s normal form 
(11), and that these represent three couples of associated Steinerian trihe- 
drals, whose vertices (P,Q); (R,S); (T,U) lie in the plane a defined by 
A, L. Dixon* and others as a summit-plane. The three couples contain all 
ithe 27 lines of the cubic. This fact was already discovered by Steiner,? who 
failed to realize that the three couples of vertices are coplanar. 


We 


of conjugate trihedrals, and that these arrange themselves in 40 triples of 
conjugate pairs, each of which contains all 27 lines. From Dixon’s (and 
others) investigations follows that with every general cubic surface are 
associated 40 sumit-planes with the Steiner property. 

It now remains to show the connection between these summit-planes and 


2. Steiner, in the paper referred to, stated that there are 120 couples 


the possibilities of representing the cubic in the normal form 


(14) a,? a, +. 


In the first place we can form 1° pentalaterals in projective space Ss, like 
= = =X, = or &, Considering the plane @ in 
the preceding discussion, we can choose quadrilaterals qiqoqsqs in 
Through each of these we can pass 0% tetralaterals a,4,%,%,. Then form the 


cubic (14). The coefficients b,, be, b3, bs can be chosen such that 


1 Proceedings of the London Mathematical Society, 2nd ser., vol. 37 (1934). 
* Journal fiir reine und angewandte Mathematik, vol. 53 (1856), pp. 133-141; 


Werke, vol. 2, pp. 652-659. 
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= 4, 4, = 0 pass respectively through q2, qs. qs. Hence through 
every quadrilateral in a plane @ there are «* tetrahedrals 4,42%3%4 which 
together with « form the basis for a normal representation (1). Hence all 
of the «7 general cubics may be put in the form (1) as was proved before, 

The representation of the cubic in the form (11) with P and Q as given 
vertices of a couple of conjugate Steinerian trihedrals is unique. Assuming 
another representation of the same cubic with the same vertices P and Q, say 
U,V,W,—c,U’,V’,W’;, the intersection of U =0 and U’, =0 would have 
six points in common with the surface which is not possible. The same is true 
of any other couple like W=—0 and V’;=0. From this follows that the 
representation of (1) in the form (12) is unique, although the solution oj 
the system of equations (13), etc. would indicate a finite number of solutions 
greater than 1. The algebraic proof for a unique compatible solution from 
those equations seems to be an arduous task and shall not be attempted here. 


3. Now let a, + =2,3,---,40 be any of the other 39 summit- 
planes outside of a, and qi92qsq4 again the quadrilateral containing the triple 
of associated couples of conjugate vertices. There are %* cubics of the form 
(14) on this quadrilateral. Among these is the given cubic. From this follows 


THEOREM 4. The general cubic surface may be represented in 40 dif- 


ferent ways in the normal form 
+ + + — 3 + + = 0, 


one associated with each of the 40 summit planes. 
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THE EQUATION OF MOTION OF EQUAL MAPS.* 4 


By J. R. 


1. If we wish to move an object from one position on a plane to another 
position on the same plane, we may apply the theory of rotation. This theory 
is well known, and its equation * of motion is 


y=tr+b. 


It is the purpose of this paper to discuss a type of motion which will send an 
object into three or more positions consecutively on the same plane. Or if 
we prefer, we may think of three or more equal objects lying on a plane and 
ask for the equation of motion which will pick up all of them. For con- 
venience, we shall call these equal objects maps. 


2. A map JM, lies on some reference plane, both with their own reference 
frames. We shall let 7, be the name in the reference plane of the overlying 
point y in the map M,. Then 2 and y are connected by the relation 


(2.1) = Y,+ 4), | a, | == 1. 


If a second map M2, equal to M;, lies on the reference plane, we shall let «x, 
be the name in the reference plane of the overlying point y in the map M)». 
Thus we have 

(2. 2) Solo = Y + Ao, | @ | == 1. 


Now 2, and 2, are corresponding points in the reference plane. They coincide 
at the fixed point 


(2. 3) 


For three equal maps we would have three fixed points .r.;, #7, and #,. lying 
on the circle C123, whose equation is 


* Received March 9, 1938. 

*The writer is indebted for suggestions to the late Professor Morley, who discussed 
a mechanical device for generating the motion for the case » =4 before the Inter- 
national Congress at Oslo. 

*Circular codrdinates are used, i.e. y, 2, b are complex numbers, ¢ is a turn, 
|t}=1. See F. Morley, “On an equation of planar motion.” American Journal of 
Mathematics, vol. 47 (1925), pp. 98-100. 
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a,(%,—T) 
(a; ) (a, — Gs) 


(2. 4) 
The center, co, of this circle is given by 


3 
Co == 
~ — a) (%,— 


and its radius is the absolute value of c,, where 


ay 
(@, — as) 


3 
If c, vanishes we have 
a, 


and hence 223 = £3; == For four equal maps the circles Cy23, Cosa, Con 
and C4,2 are included in 


4 a,(%,—T) (a, —t) 


Krom the form of this equation we see that the circles are all osculants ®* of 
the limagon 
4 2 
a, (a, —T 
> ( ) 


— (a, — Gs ) (a, — Co — 20,1 + 


i. e., they touch the curve at the points with parameter a; and are on the node. 
The four centers of the four circles lie on the circle 


(a, — G2) — 3) (a — 


4 

(2. 8) 
with its center 
, Aya," 

— G2) (% — — %%) 


This argument can be repeated indefinitely. Hence we can state the theorem 
thal for n equal maps there is a covariant circle, which is independent of the 
reference plane, such that for n—1 out of the n maps the n circles meet at 
a point and the n centers of these circles lie on a circle. We call this covariant 


circle the centric circle. 


8. For three maps, when c, does not vanish, we have three fixed points 


* For the theory of osculants, see F. Morley and F. V. Morley, Inversive Geometry 
(1933), p. 261. This book will be referred to later as M. 
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L235 Vs1 and 242 lying on the circle Cin whose equation is given in (2. 4), Tf 
we use this circle as the base circle, the fixed points are now named respectively 
% and and 

— As 


= 4¢@,, ete. 
? 


so that 
K Gods. 


We choose our constant so that 


(3. 1) Ay = + as). 
Substituting this value of a, in (2.1) we have 
(3. 2) = + + as). 
Similarly 


Hence two corresponding points z, and 2 are related by 


(3. 3) — = — G2) 
or 
(3. 4) — — Gz) (Xe —: — —= — say. 


That is, corresponding points are given in terms of an arbitrary @ by 
(3. 5) Ly + == + a. 


Thus the three maps can be considered as the reflexions* of a fourth map M 
in the joins of the fixed points a, % and a. Three corresponding points 
and can lie on a line z is on the circumcircle of %,%.%,. In this 
case the line is the line of images of the point z and is on the orthocenter * of 
namely a, If corresponding lines meet at a point, 
they must be the reflexions in the sides of «02%, of some line on s,; i. e., the 
corresponding lines are on the points — — %3%/@%2, re- 
spectively, and their point of concurrence is on the circumcircle of %42%s. 
To construct this point one need only note that its Simson line is parallel to 


the given line on s;. 


4, Let us now consider the equation (3.1) which when combined with 


*F. Morley, “On reflexive geometry,” Transactions of the American Mathematical 
Society, vol. 8 (1907), pp. 14-24, also M, p. 187. 

5F. Morley, “ Orthocentric properties of the plane n-line,” Transactions of the 
American Mathematical Society, vol. 4 (1902), pp. 1-12; also M, p. 187. 
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(2.1) gives the relation between the point z, in the reference plane and the 
overlying point y in the map M,. It is 


or 


If we change the origin by writing x for z,—s,, we have the equation of 
motion of the map over the reference plane to be of the form 


(4.1) y=Tre+T?, |Tl—1. 


This is the equation of the motion of a map which takes three positions, where 
x is the point in the reference plane and y is the name of the point in the 
moving map which overlies z Also, c= 0 is the orthocenter of the three 
fixed points. If, for instance, y is Washington, then the trace of Washington 
in the reference plane is 


T? 
or 
(4. 2) x= w/T —T 
which is an ellipse. Since 

wl —1/T 
(4. 3) wre + (ww —1)/T. 


Hence if ww —1=0, i.¢., if w is a point on the circumcircle of the fixed 


points then 
wr + 


and the trace of x is no longer an ellipse, but a segment, and the three posi- 
tions of Washington in the reference plane are on a line, and this line 1s on 
the orthocenter r= 0, of the three fixed points. The equation of motion 
(4.1) is ada Vinci motion (M, p. 181). 

Since any three points are connected by the relation 


(4. 4) T* — s,T? + s.T —s,;=—0 
or 
(4. 5) T? = 8,T —s.+ 83/T 


we have, upon substituting (4.5) in (4.1) 
j= Tx+s3,T —s.+ 8;/T, 


which by change of origin can be written in the form 
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(4. 6) y = —T. 


In comparing (4.6) with (4.2) we see that the réle of the points x and y are 
interchanged. Consequently we can state that if y moves over a line on the 
orthocenter in the moving map, « in the reference plane is on the circumcircle 
of the fixed points and thus the three lines traced out in the reference plane 
are concurrent. 

The important idea for the reader is to observe that a da Vinci motion 
(4.1) is the natural and proper motion for three positions of an object, just 
as a rotation applies to two positions of an object. A da Vinci motion, of 
course, applies in many ways also to two positions of an object. 


5. For four maps we saw that the four circles Cy03, Coss, Coa. and C12 
are osculants of the limagon (2.7). By suitable choice of the reference frame 


we can take the limacon as 


(5.1) — t?, (» real). 

The node of the limagon is at « = 1, the focus at «= p*. The osculant circle 
at = is 

(5. 2) Coss? — ta. 


Two such circles C.,, and C34; meet at 


The six points of intersection of these four circles are the fixed points. They 
are the images of the node in the joins of the four points na; which lie on the 
centric circle. 

It is clear that four corresponding points can lie on a line—the line that 
joins the orthocenters of say %o32'g1%%2 ANA 2y4%42%23. Thus the line is on all 
four orthocenters. Analytically the orthocenter of 234%42%23 18 


x= +2) — az (z= + a, + %). 


It is then 
4 


po; — + a + a), o, = > 4%. 
Since 


the equation of the line is 


(5. 4) + = p(o1 + 03) — or. 
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It is also clear that four corresponding lines can meet in a point. The 
point must be on all the circumcircles, hence it is the node of the limagon. 


6. The relation between corresponding points 2, and 22 of the maps J, 
and M, is from (3.3) and (5. 3) 


or 
— p( + + ay) + + gay + 


That is, corresponding points are given in terms of an arbitrary Z by 


This is a reflexion when » —1; i.e., when the limacon becomes a cardioid. 
In this case the maps are the reflexions of a map in four lines. The fixed 
points are the joins of the four lines. In general when » maps are the r- 
flexions of a map in n lines, the theory becomes the theory of the n lines, and 
the Clifford chain * then enters. 

Another special case is when » = 0. The fixed points are then 7,2 = — 2,4,; 
i.e., they lie on a circle, and the three chords 22 — 34. %13 — Vo4, T14 — 2 
are parallel. Corresponding points are now given by 


or 


Hence they lie on a limagon 


r=2/t+a,/t. 
All such limagons have the same center, and their nodes lie on the base circle. 


7. To determine the equation of motion which picks up the four maps 
we write (6.1) as 


or setting 7, = 2, a, = t, we have the equation of motion in the form 


o,/t. 


= tx — p(o2 — to, + t?) +03 


Since any four points are connected by 


*F. Morley, “ Extensions of Clifford’s chain-theorem,” American Journal of Mathe- 
matics, vol. 51 (1929), pp. 465-472; also M, p. 268. 
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t* — o,t® — Og = 0 
we have 
03 —o,/t — t? oot. 


Hence (7.1) can be written 


= — por + + po: + 02) +a) +h 
which, with a change of origin, is of the form 


ytb=te+a?+e 

or 
(7. 2) x= (y+ b)/t—at— 
Since (7.2) for x is precisely of the form (7.1) for y, we see that, as in the 
case for three maps, the rdles of the point x in the reference plane and of the 
point y, which overlies it, in the moving plane, are interchangeable. 

We have shown that the natural and proper equations of motion for two, 
three, and four equal maps are of the form 


y = tx 
y=tt+?? 
y=tr-+at’?+ 


The theory as developed above can be extended to include n equal maps. 


8. To treat the theory of corresponding lines, we write the equation of 
a line in any map as 


This line in M, overlies in the reference plane the line 


Three corresponding lines have an incenter. It is unique for the lines are 


directed. For the incenter x we have 


whence multiplying by an a etc., summing and setting b/d 
equal to B 


9 


| 
(| 
b a) b 
b b V bb 
| 
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Gy 


(8.1) (a + far) 


Here only the direction of the line appears. For naturally the incenter of 


three directed lines is still the incenter when they are moved through equal 
distances each to its left, or to its right. When the lines meet at a point, the 
incenter is that point; thus the incenter is a point on the circle C123 on the 
fixed points. 

For four corresponding lines the four incenters lie on the circle 


a,(a,—T) 
(8. 2) z= > (a, + Ba) f’ (a1) 
where 
f(x) = a) — (4 — — G4). 
If we let 
whence 


Consequently the equation of the circle (8.2) can be written as 
(8. 3) Cy — (B/o4) (C.— GT). 


For varying 8 we obtain all the circles. As soon as we recognize that the 
theory of corresponding lines is that of directed lines, we can apply the latter. 
We know’ that the incenters of 3/4 lines are on a circle, that the circles for 
4/5 lines are the osculants of a cardioid, and so on. Thus the above circles 
are osculants of a cardioid, and the analysis just indicated is of use only to 
connect the constants of this line theory with those of the point theory. In 
the present case the cusp of the cardioid is where four corresponding lines 
meet at a point—the node of the limagon. 

In the case c, = 0, the circles all become points; four corresponding lines 
touch a circle. This happens in general only for the direction given by 
¢,o, = B¢,. If it should happen for two directions, then c,; = 0 and it always 


happens. 


WESTERN RESERVE UNIVERSITY. 


7F. H. Loud, Transactions of the American Mathematical Society, vol. 1 (1900), 
p. 323. 
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QUADRIC FIELDS IN THE GEOMETRY OF THE WHIRL- 
MOTION GROUP G,.* * 


By Epwarp KASNER AND JOHN DE CIcco. 


This paper is a continuation of the paper by the authors entitled “The 
Geometry of the Whirl-Motion Group G,, Elementary Invariants,” Bulletin 
of the American Mathematical Society, vol. 44 (1938), pp. 399-403. Our 
main object is to pass from flat fields to quadric fields or differential equations. 
We develop new aspects of the geometry of differential equations. The present 
paper can be read without referring to the earlier work. 

We begin by considering certain simple transformations on the oriented 
lineal elements,of the plane. A turn Tq converts each element into one having 
the same point and a direction making a fixed angle « with the original direc- 
tion. By a slide S; the line of the element remains the same and the point 
moves along the line a fixed distance k. These transformations together 
generate a continuous group of three parameters, which we call the group of 
whirl transformations W;. The group of whirls W; is isomorphic to the group 
of rigid motions M, and these two groups are commutative and generate a new 
group of six parameters, which we call the whirl-motion group Gz. In the 
preceding paper, we began a study of the geometry of this group; and in this 
paper, it is our purpose to continue that study. 

A turbine consists of the c+ elements whose points lie on a circle (linear 
or non-linear) and whose directions make a constant angle « with the tangent 
directions of that circle. A flat field consists of the «0? elements which are 
co-circular with a fixed central element; or, as a special case, of the 0? ele- 
ments on the «+ straight lines which are parallel and possess the same crien- 
tation. Under G,, turbines and flat fields are transformed into turbines and 
flat fields. 

It is to be observed that there is a larger group G; which converts turbines 
into turbines (and hence flat fields into flat fields). This group was considered 
by Kasner in 1911, “The Group of Turns and Slides, and the Geometry of 
Turbines,” American Journal of Mathematics, vol. 33. The group G1; (which 
includes Lie’s ten-parameter circle group) is most readily handled by means 
of a certain representation R between the oriented lineal lements of the plane 


* Received February 21, 1938. 
* Presented to the American Mathematical Society, February 1937. 
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and the points of a projective three-space, in which the turbines and the flat 
fields of the plane correspond to the straight lines and the planes of the three. 
space. The fields which by the representation R correspond to the quadric 
surfaces of the three-space we call the quadric fields. It then follows that 
under the turbine group G5, quadric fields become quadric fields. 

It is the purpose of this paper to study the geometry of the quadric fields 
relative to the whirl-motion group G., which of course is a subgroup of the 
turbine group G5. We find that under the whirl-motion group Ge, the quadric 
fields are classified into nine distinct types. We also find the complete 
set of invariants of each one of the nine types; the number of invariants may 
be 0, 1, 2, or 3. The most general type has three invariants. 

In this paper we do not attempt to find the integral curves of the nine 
types of quadric fields, but we will, however, indicate certain interesting special 


quadric fields whose integral curves are circles: 


(1) Quadric fields defined by o' concentric circles. 

(2) Quadric fields defined by the o' circles tangent to two fixed lines 
which are not simultaneously parallel and of the same orientation. 

(3) Quadric fields defined by the ' circles tangent to two concentric 
circles of opposite orientation. 

(4) Quadric fields defined by the oo’ circles tangent to two distinct 
circles which are simultaneously congruent and of the same orientation. 

(5) Quadric fields defined by the o' circles tangent to a fixed line and 
a fixed non-linear circle (proper or null) which are not tangent to each other. 

(6) Quadric fields defined by the «' circles tangent to two non-linear 
circles (proper or null) which are neither concentric nor tangent to each other 


nor simultaneously congruent and of the same orientation. 


These six examples of special quadric fields appear under distinct classes 
or types. The integration of the nine types of differential equations would be 
interesting ; but will be reserved for a later paper. 

For the analytic representation, it will be convenient to define an element 
by the codrdinates (wu, v, w) where v is the length of the perpendicular from 
the origin, wu is the angle between the perpendicular and the initial line, and 
w is the distance between the foot of the perpendicular and the point of 
the element. In our theory we find three coérdinate systems useful: (1) the 
cartesian coordinate system (2,y,y’), (2) the hessian codrdinate system 
(u, v, v’), which we have just defined above, and finally (3) the homogeneous 
coordinate system (2, 22, Which is derived from the representation 


and is defined by formulas (6) in section 3. 
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1, The whirl-motion group G,. <A turn Tq converts each element of 
the plane into one having the same point and a direction making a fixed angle 
a with the original direction. By a slide S;, the line of the element remains 
the same and the point moves along the line a fixed distance /. These trans- 
formations together generate a continuous group of three parameters which 
we call the group of whirl transformations W;. The group of whirls W; is 
isomorphic to the group of rigid motions M;. These two groups are com- 
mutative and together generate a continuous ‘group of six parameters which 
we call the whirl-motion group G¢. 


The equations of any whirl-motion transformation are 


(1) v =vcos%+wsina-+ pcos (u+a) + vsin (u+ a) +d, 
w=—vsin a + wcosa—psin (u+ a) (u+a) +h. 


2. The turbine and the flat field. A ¢urbine consists of the «' elements 
whose points are on a circle (linear or non-linear) and whose directions make 
a constant angle « with the directions of that circle. The turbine is called 
non-linear or linear according as the base circle is non-linear or linear. 

The equations of a non-linear turbine are 


(2) v=acosu+bsinu+r, w=—asinu+beosu+s; 
and the equations of a linear turbine are 
(3) veosa+ wsin a= vp. 


A non-linear flat field consists of the «* elements which are co-circular 
with a fixed central element. A linear flat field consists of the oo” elements 
on the «* straight lines which are parallel and have the same orientation. 

The equation of a non-linear flat field is 


( ) 2 


(4) (v — b) cos 


and the equation of a linear flat field is 
(5) u = a. 


3. The fundamental representation in space, R.* The group Gi; con- 


*See the discussion given by Kasner in the paper, “ The group of turns and slides, 
and the geometry of turbines,” published in the American Journal of Mathematics, 
vol. 33, no. 2 (1911), where the relation to Lie’s representation is indicated, Lie- 
Scheffers, Beriithrungtransformationen, p. 247. Our representation has the advantage 


of being one-to-one and of applying to all turbines instead of merely to circles. 
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verting turbines into turbines is most readily handled by means of a certain 
new set of coordinates for oriented elements, namely 


= cos u/2 —wsinu/2, pr, —vsinu/2 + w cos u/2, 
pl; =C0su/2, p&s—sinu/2. 


(6) (2) 


The inverse of the transformation (6) is given by the equations 


u= 2 arc tan 74/23, 


By the equations (6) and (6’) we see that if we exclude the points of the 
straight line 7, = 0, x, = 0 of the three-space, the correspondence between the 
oriented elements of the plane and the points of the three-space is a continuous 


one-to-one transformation. 
The equations of the non-linear turbine (2) then become 


(7) a=—(a+r)a,+ (b—s)a, (—at+r)ay; 


and the equations of the linear turbine (3) become 


Uo + & Uo + 
cin 
rd V4 
0 Uo . Uo 
2 2 
The equation of the non-linear flat field (4) becomes 
(9) COS + sin a/2 — x;(b cos a/2 — sin a/2) 


sin a/2 + cos a/2) =0; 
and the equation of the linear flat field (5) becomes 


cos a/2 sin 


(10) 


Thus it is seen that in the new set of codrdinates (2, a2, 73, 24), which we 
term the homogeneous codrdinates of an element, a flat field is given by a linea? 
equation, and a turbine is given by two linear equations. 

We may regard (6) and (6’) as establishing a correspondence betwee 
the elements (u, v, w) of the plane and the points whose homogeneous 
codrdinates are (21,2, 3,74) of a projective three-dimensional space. In this 
representation, which we designate by R, the «* turbines of the plane are 
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pictured by the co* straight lines of space; and the «* flat fields of the plane 
are pictured by the «* planes of space. 

It follows that element transformations converting turbines into turbines 
correspond to collineations in space, and hence constitute a continuous group 
@,;. Then it is obvious that, under G,;, flat fields become flat fields. 


4. The quadric fields and the whirl-motion group G,. The fields which 
by the representation F correspond to the quadric surfaces of space we call 
the quadric fields. 

By equations (6), it is seen that the equation of any quadric field is 


v?(A cosu+ Bsinu+C) + w?(—Acosu— Bsinu+ C) 
(11) + 2uw(—Asinu-+ Bcosu) + 2v0(Deosu + Hsinu+ F) 
+ 2w(—Dsinu+ Feosu+ @)+ Kesu+ Lsinu+M—0. 


Under the turbine group Gi;, the quadric fields are converted into quadric 
fields; and hence, under the whirl-motion group Go, which ts a subgroup of 
(5, the quadric fields are converted into quadric fields. 


By applying the equations (1) to the equation (11), we find that the 
equations of the group of the transformations between the quadric fields of 
the plane, (which is induced by the whirl-motion group G,), are 


pA =A cos (—a+ A) + Bsin (—a+A), 
pB =—A sin (—a+d) + Boos (—a+ A), 
pC C, 
pD =A (dcosA—k sind) + B(dsindA + k cos X) 
+yC+ Deosr1+ sind, 
pi = A(—dsina—k + B(dcosA — k sin A) 
+ —DsinvA+ F cosa, 
pF =A{peos (—a-+A) —vsin (—a+A)} 
+ B{ysin (—a +a) + vcos (—a+A)} 
+ 6(dcosa—ksin a) + cos a— Gsina, 
pG = A{—ypsin (—a +A) —vcos (—a+A)} 
+ B{pcos (—a +A) —vsin (—a#+A)} 
+ 6(dsina+kcosa) +Fsina+ G cos @, 
pK = A[ —v*) cos (— + A) — 2pvsin +A) 
+ (d* —k?) cos (a2 +A) —2dk sin (a +A) ] 
+ Bl — +) sin (— a+ A) + 2pv cos (—a +d) 
(12) + (d?—k?) sin (a +A) + 2dk cos (a + A)] 
+ O[2d(pcos a+ yvsin a) + 2h(—psin + vcos @) 
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+ 2D[d cos (2 +A) —ksin (2 + dA)] 

+ sin (a +A) +k cos (a + A)] + + vsin a) 

+ 2G(— psina + vcosa) + K cos (a2 +A) + Lsin (a+ 4), 
pL =A[(p? —v*) sin (—a +A) + 2uv cos (—a +A) 

— (d? — k?) sin (« +A) — 2dk cos (a + A) ] 

+ Bl[—(p? —v?) cos (—a@ +A) + sin (—a@ +A) 

+ (d? —k?) cos A) — 2dk sin (@ + A) ] 

+ C[2d(— « + vcos a) + 2k(— cos a — vsin @) | 

+ 2D[—dsin +A) —kcos (a+ A) ] 

+ 2E[d cos (2 +A) —ksin («+ A)] 

+ 2F(—ysin a + vcos a) + 24(—p cos a — vsin a) 

— Ksin («+ A) + Lcos (a+), 
pM = A[2d(p»cos A — vsin A) + 2k(—psin A— vcos Ad) 

+ B[2d(psin A + vcosa) + 2k(pcosA— vsin A) ] 

+ d+ k?) + 2D(p cos A — vsin A) 

+ 26 + vcosad) + + 2Gk + M. 

5. The nine classes of quadric fields. From (12) we find that under 
the whirl-motion group Ge, the quadric fields can be classified into nine 
distinct classes. These nine classes will be denoted by the Greek letters 
a, B, y, 8, €, £, 7, 8, r. The discussion is very complicated and will not be given 


here in detail. The results are merely stated. 
The a-quadric field. Any quadric field whose equation is of the form 
(13) Keosu+Lsinu+ M=0, 


where K? + L*? ~0 is called an a-quadric field. 
It is found that, under Ge, any a-quadric field becomes an a-quadric field. 
and it has the unique invariant 


M? 


Any a-quadric field consists of two linear flat fields, that is, it is composed 
of the «* elements on two parallel sets of oriented lines. 


The canonical form of an «-quadric field is 
(13’) cos u M 
The B-quadric field. Any quadric field whose equation is of the form 


(15) + 2Gw+ Keosu+ Lsnu+ M—0, 


C0! 
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where F? + G* 0 is called a B-quadric field. 

It is found that, under Ge, any B-quadric field becomes a B-quadric field, 
and that it has no invariants. 

The canonical form of a B-quadric field is 


(15’) v=0. 


The B-qadric field (15’) consists of the «©? elements on the «' straight lines 
through the origin. 


In the class of B-quadric fields are included the fields whose integral 
curves consist of c+ concentric circles; or of the ~«* straight lines tangent to 
a fixed circle (proper or null). 


The y-quadric field. Any quadric field whose equation is of the form 


(16) 20(Deosu+ Hsinu-+ F) + 2w(— Dsinu+ EF cosu+ G) 
+Kcsu+Zsinu+ M=0, 


where D? + H? — F? + G*? 0 is called a y-quadric field. 
It is found that, under Ge, any y-quadric field becomes a y-quadric field 
and tt hus the unique invariant 


= GL) + E(GK + LF) =) 


P+ @ 
P+ 


(17) 


The canonical form of a y-quadric field is 
(16’) 2v(1 + cos u) — 2wsinu+ M=—0. 


It is seen that if the invariant (17) is zero, then the y-quadric field 
consists of a linear flat field and a non-linear flat field. 


Thus in the class of y-quadric fields are included the fields whose integral 
curves consist of the «* circles which contain a fixed central element and also 


%* parallel straight lines. 
The 5-quadric field. Any quadric field whose equation is of the form 


(18) 2v0(Deosu+ Esinu+ F) + 2w(—Dsinu+ Ecosu+ G) 
+ Kesu+ Lsinu+ 


where F? + G? ~ D? + FE? £0 is called a 8-quadric field. 


138 EDWARD KASNER AND JOHN DE CICCO. 


It is found that, under Ge, any 8-quadric field becomes a 8-quadric field 
and it has the unique invariant 


F?4+ @ 
D+ 
The canonical form of the 5-quadric field is 
(18’) v cos u -+ w(—sinu+ G) =—0, 


where GA+1. The 8-quadric field (18’) consists of the «1 circles which 
are tangent to the two straight lines 


u—=—aresinG, v=—0. 


Thus in the class of 8-quadric fields are included the fields whose integral 
curves consist of the o' circles tangent to two fixed oriented lines which are 


not parallel. 
The e-quadric field. Any quadric field whose equation is of the form 


(20) v? + + 2v(Decosu+ Hsinu+ F) 
+ 2w(— Dsinu+ Feoosu+ 4G) + Keosu+ Lsinu+ M 


is called an «-quadric field. 
It is found that, under G., any «-quadric field becomes an e-quadric field, 


and it has the two fundamental invariants 


(21) (K —2DF — + (L+ 2DG — 2EPF)?, 
and 
(22) —M+D?+ F? + G@. 


The canonical form of the e-quadric fields is 
(20’) v’+w?+ Kesu+ M=0. 


It is found that if the invariant (21) is zero, then the e-quadric field con- 
sists of all the elements which are at a constant distance from a fixed turbine. 
(See the preceding paper.) 

It is seen that in the class of e-quadric fields are included the fields whose 
integral curves are the «1 circles tangent to two concentric circles of opposite 
orientation. The centers of the circles then are on a circle concentric with the 
two fixed circles and whose radius is one-half the difference of the two gwen 
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The €-quadric field. Any quadric field whose equation is of the form 


(v? — w*) (A cosu + Bsin wu) + 20w(— A sin u + B cos u) 
(23) + 2v0(Dcosu + Esinu+ F) + 2w(— Dsinu+ EF cosu+ G) 
+ Kcosu+ Lsinu+ M=0, 
where A? + B? 0 1s called a €-quadric field. 
It is found that, under Ge, any ¢-quadric field becomes a ¢-quadric field, 


and it has the two fundamental invariants 


— A(D? — — 2BDE — A(F* — G?) — 2BFG7? 
A? + B 
— 2ADE + B(D? — + 2AFG— B(F? — 


(24) 


A? + B? 
A? + B? 


and 


E 4 —2D(AF + BG) —28(—AG + 
(25) 
A? + B? 


The canonical form of the ¢-quadric field is 
(23’) (v? — w*) cosu— sinu-+ K cosu+ M =0. 


It is observed that if the invariants (24) and (25) are both zero, the 
(-quadric field consists of two non-linear flat fields such that the angle between 


them ts 


In the €-quadric fields are included those fields whose integral curves are 
the «* circles tangent to two distinct circles which are simultaneously con- 
gruent and of the same orientation. Then the centers of the circles are on the 
straight line which is the perpendicular bisector of the segment joining the 


centers of the two fixed circles. 
The y-quadric field. Any quadric field whose equation is of the form 


cosu+ Bsinu+1) + w?(— A cos u— Bsin + 1) 
+ 2vw(—A sinu-+ B cos u) 


(26 i 
+ 2v0(Dcosu+ Esinu+ F) + 2w(—Dsinu-+ Fcosu+ G) 
+ Kecsu+Lsinu+ M=0, 
where 
A? + B? =1, 
(27) 


Cue — AB + BD; 


is called an n-quadric field. 
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It is found that, under Ge, any y-quadric field becomes an y-quadric field, 
and that it has the two fundamental invariants 


(28) [K—A(D? — —2BDE]*? + [L—2ADE + B(D*? — E?)}?, 
and 
(29) —M+D?+ EF’. 


The canonical form of the 7-quadric field is 
(26’) v?(1+ cos u) + w?(1— cos u) —2vwsinu+ K cosu+ M=0. 


If the invariant (28) ts zero, then the y-quadric field becomes a spherical 
field. A spherical field consists of the elements which are at a constant dis- 
tance from a fixed flat field (see the preceding paper). 


The spherical field is important in the differential geometry of element 
series. (See the abstract, “The Inverse of Meusnier’s Theorem in the 
Geometry of Element Series,” by De Cicco, which was presented to the 
American Mathematical Society in December, 1937). 


If the invariants (28) and (29) are both equal, then the y-quadric field 
consists of two parallel non-linear flat fields. 


Thus in the class of y-quadric fields are included the fields whose integral 
curves consist of the 2% circles which contain two fixed parallel elements. 


The 0-quadric field. Any quadric field whose equation is of the form 


v*(Acosu+ Bsinu+ 1) + w?(—Acosu— Bsinu+ 1) 
+ 2vuw(— A sin u+ B cos u) 
+ 2v(Deosu+ Hsinu+ F) + 2w(—Dsinu+ cosu+ G) 
+ Keosu+ Lsinu+ M=0, 


(30) 

where 
A? + B? =1, 

(31) D?+ + F? + G?— 2A(DF — EG) — 2B(DG + EF) £0, 


is called a 0-quadric field. 
It is found that, under Ge, any 6-quadric field becomes a 6-quadric field, 
and it has the two fundamental invariants 


(32) D?+ G? —2A(DF — EG) —2B(DG + EP), 
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and 
M+D?+ 4+ @ 
+ K{A(F*— + 2BFG + A(D?— E*) + 2BDE— 2(DF + 
— L{— B(F? — G?) + 2AFG + B(D? — —24DE— 2(DG—EF)} 
(33) | +(A2—B?*) (D?— B®) (F? — G?) —4DEFG(A?— B?) 
+ 4ABFG(D? — EB?) + 4ABDE(F? — G?) 
— (D? + E?)?— (F? + G*)? + (2? + + @) 
D? F? G?— 2A (DF — FG) —2B(DG + EF) 


The canonical form of the 6-quadric field is 


+ cos u) + w?(1 — cos — sin u 
+ 2Dv cos u—2Dw sinu-+ M =0, 
where DA 0. 


In the 0-quadric fields are included the fields whose integral curves con- 
sist of the co* circles tangent to a fixed line and a fixed non-linear circle (proper 
or null) which are not tangent to each other. Then the centers of the circles 
are on the parabolu whose focus is the center of the fixed circle and whose 
directrix 1s parallel to the fixed line in such a way that the distance from the 
fixed line to the directrix is the radius of the fixed circle. 


The x-quadric field. Any quadric field whose equation is of the form 


v?(Acosu+ Bsinu+1) +.w?(—Acosu— Bsinu + 1) 
+ 20w(— A sin u + B cos u) 
+ 2v0(Dcosu+ FE sinu+ F) + 2w(— Dsinu+ cosu + G) 
+ Kecsu+Lsinu+ M=0, 


(34) 


where A? + B?=40,1 is called a -quadric field. 
It is found that, under Ge, any x-quadric field becomes a x-quadric field, 
and it has the three fundamental invariants 


(35) A? + B?, 
and 
[—z A( + + — G?) + (DF 
(36) A? + B?—1 
A? + B?—1 
and 


D? + HK? + F? + G?—2A (DF — EG) —2B(DG + EP) 
A? + B?—1 


(37) M+ 
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The canonical form of the z-quadric field is 


v*(A cosu+1) + w?(—Acosu+ 1) — 2Avw sin u 


+ K cosu+M=0, 


where A~0,+1. 

It is noted that, if the invariants (36) and (37) are both zero, then the 
n-quadric consists of two non-linear flat fields in such a way that the angle 
between them ts not 0 or zx. 


In the x-quadric fields are included the fields whose integral curves con- 
sist of the «' circles tangent to two non-linear circles (proper or null) which 
are neither concentric nor tangent to each other nor simultaneously congruent 
and of the same orientation. Then the centers of the circles are on a central 
conic (not a circle) whose foci are the centers of the two fixed circles and whose 
semt major axis is one-half the difference of the two given radii. 


In this paper we have given the complete analytic classification into nine 
distinct types, and we have given the complete set of invariants of each type. 
It remains to discover the geometric construction of each type, and the geo- 
metric interpretation of the invariants. 


COLUMBIA UNIVERSITY, 
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MEAN MOTION. II.* 


By HERMANN WEYL. 


In order to establish “ mean motion” for the azimuth ¢ of a finite ex- 


ponential sum 


(2) = + Axt, 


in which the amplitudes a, are arbitrary complex constants while the fre- 
quencies A, and phases 6;, 6° are real, one has to resort to the Kronecker equi- 
distribution law for the straight line (2) in the n-dimensional torus space 
(6, ° *,@). The time ¢ is a real variable. The result derived in a previous 
paper of mine [1], for the case of a “totally irrational ” frequency vector 
A= (Ai,° An), is independent of the initial phases The first remark 
which I wish to add here is to the effect that the limit of #(¢)/¢t defining the 
mean motion exists uniformly with respect to the %°. This is an immediate 
consequence of the transcendental method based on finite Fourier series by 
which I proved the equidistribution law. For certain singular values of the 
initial phases 6° the curve z= z(t) will pass through the origin and thereby 
cause ambiguity of the continuation of ¢(¢). In the most effective way our 
uniformity silences these trouble makers by embedding them in the army of 
all possible initial phases. 

In the second place I propose to study the case where dA is not totally 
irrational. As often happens, the whole treatment becomes considerably 
more satisfactory and natural if one is forced to include the “ exceptions.” 
The wholesome influence in this case comes from the necessity of stating the 
problem in terms of an arbitrary lattice basis. In the n-dimensional space of 
the vectors = (&:,- - -,&n) all the equations with integral coefficients h, 


(3) + + hn€n 0, 


satisfied by A= *,An) define a linear subspace of dimensionality 
mn. As one readily sees, EF is a lattice subspace, i. e. we can find m linearly 
independent lattice vectors in E, 


* Received November 18, 1938. 
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(lattice basis) such that a vector 
(4) é= £41, + + 


in £ is a lattice vector (namely a vector with integral components &,) if and 
only if the ¢; are integers. Hence by identifying points on E whose difference 
is a lattice vector, H is changed into an m-dimensional torus space (LZ). We 
call € totally irrational in EF if the components £; are linked by no homo- 
geneous linear relation with integral coefficients. This notion is clearly in- 
dependent of the choice of the lattice basis [;, and A itself is totally irrational 
in FZ. In agreement with (4) we set 


We apply our former method to the function 2(6,- - -,@m) arising from 
(1) by the substitution 


In this function we have to set 


The azimuth of the resulting function z(t) has a mean motion M expressible 
as a certain volume or flux. Namely, one “slits” (#) in the locus of those 
points 6 in # for which (1) is real and negative, and for an arbitrary vector { 
in H one determines the flux W(é) sent through the slit by the constant cur- 
rent of velocity (é,,- Then the mean motion M = W(d). 
The flux W(€) considered as a function of the variable vector (4) has 
quite remarkable properties. By its very definition it is independent of the 


choice of the lattice basis I,,- - -,lmin H. Moreover it is a linear form w E. 
Let. us therefore write 

(6) W(é) +°°°+ m: 

For given values #2,: - -, 6m and with the parameter @; traveling over a full 


cycle from 0 to 1, 2(@1,: - -,@m) describes a closed curve C(2,- - -, 6m). 
The coefficient W’, is given by the integral 


1 1 
0 


where N denotes the number of times this curve C(@.-: - -@m) surrounds the 
origin. I transform the expression for W’, to which our method immediately 


| 
= 


B 


le 
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leads by a very simple trick. If #:,- - -,@m are fixed and ¢ is the variable 
parameter, then 


describes a curve ('(@;,- --,@m) which is actually independent of @, and 
coincides with If it surrounds the origin N (61, 


times, one has 


1 1 
0 0 


The argument 6’; is a fake. However, in this more symmetric form we can at 
once get rid of the particular codrdinate system [;. Considering the fact that 
W(é) has a significance independent of that codrdinate system, and that any 
primitive lattice vector [= (1,,---,ln) in EF (i integers without common 
divisor) may serve as the first basis vector in an appropriate lattice basis for 
E, we obtain the following definition of the linear form W(é) in £. 

Denote for any lattice vector [ in # and any vector 6 in EF, by N(1; 6) 
the number of times the curve 


(7) C(1;6): a: + It) (3131) 
k 

surrounds the origin. Then 

(8) W(l) = (1; 6) }. 


f, indicates the average with respect to 6 over the m-dimensional torus space 
(ZH). The assumption that the |, are without common divisor may be at once 
removed since the curve C'(hI), h a positive integer, is h times the curve C(I). 
When one has to define a linear form in a lattice subspace without prejudicing 
the choice of the basis, it is best to give its values for all lattice vectors. In 
doing so one is obliged to show that these values fit together. Here we have 
got around that difficulty by means of the invariantive significance of the 
form (6) as a volume or flux. 

The final result becomes perhaps more intelligible if looked at in the 
following way. If A (in £) is rational, then it is trivial that 


k 


has a mean motion, because the curve is closed. Yet its mean motion is highly 
sensitive to variation of the initial phases 6, and such a simple result as a 
linear form W(X) is to be expected only after averaging over 6 in (Z). How- 
ever, if X is totally irrational, the curve itself according to the equidistribution 
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law takes care of this smearing effect and has therefore a mean motion equal. 
ling W(A) and independent of 6. 

Replacing e(t) in (7) by a complex variable , one can describe N ([; 6) 
as the total order (number of zeros minus number of poles) of the function 


k 


within the unit circle | {| <1. Hence W({) lies between the least and the 
greatest of the components /,. Approximating to an arbitrary vector (4) in £ 
by such vectors with rational components £’;, one extends this result to all é: 

The linear form W(€) defined on FE lies between the least and the greatest 
of the n components & of €= (&,° ° *,€n). It is thus characterized as a 
certain mean value of the components. 

Our whole treatment calls for an improvement by taking notice of the 
equation 


and the resulting redundance of one of the phases &. We now define FZ by 
all those relations (3) with integral coefficients h for which 


4. hnAn =0 and h, ha = 0. 


E contains the vector e=(1,1,:--:,1). We determine a lattice basis 
{,,°° *,ln of # with [,—e. By operating in the (m— 1)-dimensional sub- 
space H* of spanned by ln we find a mean motion 

(10) M == +- W'wr'm), 

and for any lattice vector [ = + mlm in E, ++ W'nl'n 
is expressed as a certain integral over @2,- - +,@m. However, since, in al 
easily understandable notation, the curve C(@,02:-:-:@%m) arises from 


C(06.:--@m) by rotating it around the origin by the angle @,, one falls 
back on the old expression (8) : 


Moreover, the definition of N (1) shows readily that 
le) = +1 (1 any integer), 
and hence for any lattice vector [ in FE: 


= 
t 
t 


by 
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in particular W(e) =1. Comparison of (10) with (11) reestablishes our 
former results. 
It appears very natural to express the number N in the Cauchy manner: 


2 is again defined by (7), 2’ is its derivative with respect to ¢. Hence 


“Va 


tue (Oe + lt) 


[f one exchanges the integration /, and the integration with respect to ¢, one 
finds that 


v1 
k 0 


with 


f (Ox + Tat) 


Wx(t) is clearly independent of ¢. Indeed, [ is in # and thus for a given 1, 
—> 0;, +- indicates merely a parallel displacement of into itself. There- 
fore 

W(t) = > Wilk 
with 


f ane (Ox) 


These formulas are in keeping with the Hartman-van Kampen-Wintner ap- 
proach [2] and furnish another proof of the fact that W(I) depends linearly 
on J. The argument hinges, however, on the exchange of two integrations, 
which is somewhat awkward to justify in view of the infinities of the integrand. 
I therefore prefer the method here adopted, resting on the simple fact that 
the flux of a constant current of arbitrary velocity through a given hole 
depends linearly on the velocity. 
We summarize : 


Let n real frequencies , and n complex amplitudes a, be gwen. All 
equations +: ++ hnén =0 with integral coefficients h satisfying the 
relations 


+ hy = 0, +° = 0 


6) 
he 
est 
| 
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define an m-dimensional linear subspace E in the n-space of the generic vector 


The vector e= (1,1,---,1) hes in We assume that 
does not vanish identically with 6= running over £. 
Denote for any lattice vector { in FE and any vector 6 in FE by N(1; 6) the num- 
ber of times the curve 
2= + it) (0=t=1) 
surrounds the orig. There exists a linear form W(é) on E such that for any 
lattice vector { in E, 
W(l) = £y{N (1; 6)}. 


W(e) =1. W(é) ts = 0 tf all components & of éare = 0. The azimuth of 


z= > + 


k 


has a mean motion, uniformly with respect to and independent of the initul 
y I 

phases provided the phase vector 6= (6;.: +,6n) lies in The mean 

motion equals W(X). 


THE INSTITUTE FOR ADVANCED STUDY, 
PRINCETON, N. J. 
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SUR LES THEOREMES DE RECURRENCE DANS LA DYNAMIQUE 
GENERALE.* 


par Hivmy. 


Introduction. 

1. Dans le mémoire présent je donne l’analyse logique des théoreémes de 
récurrence de la théorie générale des systemes dynamiques: précisement du 
“ Wiederkehrsatz ” de Poincaré-Carathéodory et d’un des théorémes de G. D. 
Birkhoff sur les mouvements centrals. Je demontre qu’en généralisant con- 
venablement le “‘ Wiederkehrsatz ” d’une part et en précisant le théoréme de 
récurrence de G. D. Birkhoff d’autre part, on obtient deux théorémes qui sont 
dual par leurs énoncés et les méthodes de leurs démonstration. I] est a remar- 
quer que mon énoncé du théoréme de Poincaré-Carathéodory est reversible. 

Enfin, je construit des exemples qui éclaircissent l’etendue logique de la 
classe des systemes dynamique auxquels sont applicables les deux théorémes 


mentionnés. 


2. Considérons les mouvements des points p dans espace métrique .V. 
Nous désignons par p(p,q) la distance entre les points p et q dans l’espace M 
et par S(p, e) le voisinage sphérique du point p du rayon e. Nous supposons 
ensuite que l’espace M est un espace métrique complet.’ Nous supposons en 
outre, qu’il existe dans une base dénombrable de domaines, c’est-a-dire qu’il 
existe un ensemble dénombrable de domaine U,, -,Un,- tel que pour 
tout point pC M et pour tout voisinage sphérique S de ce point il y a un 
(domaine satisfaisant 4 la condition: pC Uy CS. Nous supposons enfin que, 
dans espace M il existe une mesure possédant les propriétés générales de la 
mesure de Lebesgue et telle qu’on a mes G > 0 si G@ est un ensemble ouvert. 

Désignons par f(p,¢) la position du point pC M a Vinstant ¢ du temps; 
f(p,0) =p. Admettons, de plus qu’on a f[f(p,/),7] =f(p,t +7). Len- 
semble {f(p,7¢)} de tous les points de la forme f(p,/) avec p fixe et avec ¢ 
variable toutes les valeurs réelles est nommé trajectoire et le point p est le 
point initial de cette trajectoire. 

Admettons que, dans notre cas, a lieu la dépendence continue de la tra- 


* Received January 10, 1938. 

*La suite des points p,,p,,---,P,,-- > est dite suite fondamentale ou suite de 
Cauchy si pour tout e > 0 il existe un m tel que p(p,,,p,,) < € dés que n > m, L’espace 
oi chaque suite fondamentale est convergente s’appelle espace complet. 
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jectoire des conditions initiales, c’est-a-dire que, pour tout point fixe p, et pour 
tout couple de nombres positifs et e«, TZ on peut indiquer un nombre positif § 
assez petit pour que l’inégalité 


e(f(p,t),f(9,t)) <e 


soit vérifiée des que | ¢ | = 7 pourvu que p(p,q) < 8. 

A étant un sous-ensemble arbitraire de M, nous désignons par f(A, 1) 
V’ensemble des points de la forme f(p,t), ot pC A et ¢ reste le méme pour 
tout pC A. Nous dirons que l’ensemble A est un ensemble récurrent pour 
t—+>-+ «0 (t—— o) si, pour tout nombre positif 7, on peut indiquer une 
valeur de ¢ positive (négative) satisfaisant 4 l’inégalité | ¢t| > 7 et telle que 
les ensembles A et f(A,¢) ont une partie commune non vide. Dans le cas 
contraire, si l’on peut indiquer un nombre 7 positif (négatif) tel que f(A, ¢) - 
= ( pour tout (pour tout ¢=7), nous dirons que ensemble A est wn 
ensemble érrant pour tout + (pour 

Le mouvement f(p,/) est dit positivement (négativement) stable au sens 
de Poisson si l’on peut indiquer, pour les nombres arbitraires « > 0 et T > 0. 
des valeurs de ¢ positives (négatives) satisfaisant 4 V’inégalité |¢t| > 7’ et 
telles que 


e(p, f(p,t)) <e. 


Le mouvement est dit stable au sens de Poisson, s’il est simultanement 


positivement et négativement stable dans le méme sens. 


3. Dans l’espace VW ot un systéme dynamique est défini nous définissons 
une fonction @(p) du point p de cet espace qui caractérise, dans quelque 
mesure, les mouvements du systeme dynamique pour le temps changeant dans 
le sens positif (négatif). 

Nous posons ®(p) = 0 si le point p est situé sur la trajectoire du mouve- 
ment positive (négativement) stable au sens de Poisson. Si, au contraire le 
point p est situé sur la trajectoire d’un mouvement positivement (négative- 
ment) instable au sens de Poisson, il existe toujours un nombre e > 0 pour 
lequel on peut indiquer un nombre positif 7(e) tel que f(p,t) S(p,¢) 
pour tout |¢| Considérons l’ensemble de tous les nombres qui repr¢- 
sentent les rayons des voisinages sphériques de p, possédant cette propriété: 
si cet ensemble a une borne supérieur 7 nous posons ®(p) = 7; dans le cas 
contraire, nous posont ®(p) = -+ oo. 

Nous dirons que la fonction ®(p) est la fonction caractéristique du systéme 
dynamique pour le temps croissant (décroissant). 
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4, Dans nos démonstrations des théorémes concernant les fonctions carac- 
téristiques, nous nous bornerons toujours a l’étude des fonctions définies pour 
le temps croissant, vu que les démonstrations pour le temps décroissant ne 


demandent aucune modification essentielle. 


THEOREME I. L’ensemble Dy de tous les points pC M satisfaisant a la 
condition ®(p) <7 est un ensemble du type Gs selon la classification de I’. 
Hausdorff, c’est-a-dire que, cet ensemble est la partie commune d’une suite 


déenombrable d’ensembles ouverts. 
Prenons une suite de nombres positifs croissant indéfiniment 


Désignons par D,” Vensemble des points p C M pour lesquels on peut indiquer 
un t > Tm, tel que p(p, f(p,7)) < 
Soit p’ un point de ensemble Dy” et soit p(p’, f(p’,7)) =B< 
Choisissons un nombre positif e< $(7—£) et un nombre 6 > 0 assez 
petit pour que Pinégalité p(f(p’, f(q, < soit vérifiée pour tout | 
pourvu que p(p’,g) <8, un tel nombre existant en vertu de la dépendance 


continue des trajectoires des conditions initiales. Alors, 


e(g, 7) <8Se< B) 
p(y’, f(p’,r)) =B 
p(f(p’. 7). f(G,7)) 3(y—B) 


Vou, en vertu de ’axiome du triangle, nous avons 
<9 
Ceci revient a ce que p’ C Dy”, S(p’,e) GC Dy” ou a ce que est un ensemble 
ouvert. I] est aisé de voir que 
OC 
Dy = Dn’ 
ce qui démontre le théoreme. 
CONSEQUENCE I. Désignons par Fy Vensemble de lous les points pC M 
vérifiant la condition ®(p) L’ensemble Py élant un ensemble comple- 
mentaire a Vensemble Dy du type Gs il est un ensemble du type Fo cest-a-dire 


quil peut étre représenté sous la forme 
x 
’ 
(1) => 
ou Fy* est un ensemble formé. 


Conséquence IT. L’ensemble Dy et Fy sont des ensembles mesurables. 
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THEOREME II. L’ensemble D de tous les points pC M satisfatsant a ln 
condition ®(p) = 0 est un ensemble du type Gs. 


Donnons nous une suite de nombre positifs décroissants : 


convergeant vers zéro. 
Désignons par Dy, ensemble de tous les points p C M tels que ®(p) < m. 
Alors, il est évident que 
CO 
D Dn,. 
i=1 
ar conséquent, ensemble )) ¢tant la partie commune d’une suite dé- 
nombrable des ensembles du type Go, il est, lui-aussi, un ensemble du type G. 


ConsEQuENCE I. Deésignons par F Vensemble de tous les points p CM 
salisfaisant a la condition ®(p) ~0. L’ensemble F étant un ensemble com- 
plémentaire a Vensemble D du type Gs, il est un ensemble du type Fo, cest-i- 


dire qu'il peut étre représenté sous la forme 


F=> F; 
i=l 
ou est un ensemble forme. 


CONSEQUENCE II. Les ensembles D et F sont des ensembles mesurables. 


II. 


5. Nous allons considérer maintenant les systemes dynamiques dans les- 
quels tous les ensembles de mesure positive sont récurrent. 
Préalablement démonstrons le lemme suivant: 


LEMME I. Soit Mt un ensemble mesurable et admettons que, pour tout 
p CM soit vérifiée la condition ®(p) si mes M > 0, il se trowvera un 
ensemble borné M* CM, mes M* > O qui est un ensemble errant. 


Nous nous bornerons a la démonstration du lemme pour le temps croissant; 
pour le temps décroissant le lemme est démontre (’une manicre analogue. 


Donnons nous une suite de nombres positifs 


convergeant vers zéro. 

Soit F un ensemble de tous les points pC M pour lesquels &(p) = 0 et 
Fy, un ensemble de tous les points pour les quels ®(p) = y;; alors 


Nk. 


ut 


ot 
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F'n, 
i=l 
Vu que YtC F et en posant Yi; = Mt- Fy, nous pouvons écrire 


(3) M => 
i=1 
Chacun de ces ensembles est un ensemble mesurable, car il est la partie 
commune d’un ensemble mesurable et d’un ensemble du type Fc. Mais on a 
mes 2 > 0, donc, en vertu (3), il se trouvera un ensemble Nt, tel que 
mes Nt; > 0. Choisissons, dans ’espace M, un domaine I au diamétre d < m, 
et tel que, pour l’ensemble DY, = Mt. T, on ait mes MY’, > 0. 
Soit 
Tis 
une suite de nombres positifs croissant. Désignons par Yt,’" ensemble de 
points pC MY’ pour lesquels soit vérifiée la condition f(p,¢) C.-T pour tout 
{=tm. Il est évident que 
(4) MM, = 
m=1 
Montrons que, pour tout m, ensemble Yt," est fermé par rapport a Mt; et 
que, par conséquent, «’est un ensemble mesurable. 
Soit ¢ C Mi’; un point limite pour Mi,” et supposons que g C My”. Alors, 
il se trouvera un /, > tm tel que f(q,¢,) CT. Choisissons un nombre e > 0 
assez petit pour qu’on ait S(q,e) CT et S(f(q, ¢),¢«) CT. 
Choisissons ensuite un nombre 6 > 0 assez petit pour qu’on ait 


(5) f(S(q, 8), t) CS(F(q, 


pour tout |¢| =/,. In vertu de la dépendance continue des trajectoires des 
(onnées initiales, il est toujours possible de trouver un 8. 

Le point q est un point limite pour 9t,’", done, il se trouvera un point 
CM” tel que p’ C S(q,8). Mais alors, conformement a (5), nous aurons 
f(p’,t,) CT, ce qui est impossible. 

Ainsi, tous les Yt" sont mesurables. Mais on a mes Qt’; > 0, et alors, 
en vertu de (4), il se trouvera un ensemble Yt,” tel que mes Yi.” > 0. De plus, 
Pensemble est borné et Pon a f(Dtx’, - Vix” =O pour tout En 


posant M* — Mz”. nous terminons la démonstration de notre lemme. 


THEOREME III. Si dans Vespace M tout ensemble de mesure positive est 
recurrent, tous les points de M, sauf wn ensemble de mesure nulle, sont situés 
sur les trajectoires des mowvements stables au sens de Poisson. 
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Admettons que le théoréme ne soit pas vrai et supposons que l’ensemble 


de tous les points pC M pour lesquels on a ©(p) #0 est un ensemble de 
mesure positive. Alors, en vertu du Lemme 1 on peut trouver un ensemble 
errant de mesure positive contenu dans M ce qui est en contradiction avec la 
condition du théoréme. 

Poincaré a démontré, que si le systeme dynamique admet un invariant 
integral et espace sur lequel il est défini est de mesure finie, tout ensemble 
de mesure positive est récurrent. Par conséquent, a cette classe des systémes 
dynamiques est applicable le théoréme qui est démontré plus haut et ainsi on 
obtient le “ Wiederkehrsatz ” de Carathéodory. 


6. Construisons un exemple de systéme dynamique, dans lequel tout en- 
semble de mesure positive est récurrant et dans le quel, toutefois, aucun in- 
variant integral ne peut étre introduit. 

Préalablement définissons une certaine fonction auxiliaire 7—g(é). .\ 
cet effet, introduisons sur le plan Euclidien £? un systéme de coordonnées car- 
tésiennes orthoganales, et construisons sur les axes des coordonnées, les segments 


Considérons deux suites de nombres 


Bu (n =1,2,--:). 

Prenons, sur l’axe € l’intervalle ouvert A, de longueur 2, dont le centre soit 
Vorigine des coordonnées et, sur l’axe y un intervalle ouvert d, le longueur £;. 
dont le centre coincide également avec lorigine des coordonnées. Sur |’inter- 
valle A,, soit g(é) la fonction linéaire croissante dont les valeurs, sur 4,. 
forment l’intervalle d, sur l’axe y. Sur les deux segments complémentaires 
i Vintervalle A,;, construisons les intervalles ouverts A,’ et A.” (les indices 
supérieurs croissent dans les sens positif de l’axe des abscisses) chacun de 
longueur % et disposés de maniére que leur centre coincide avec les centres 
des segment qui les contiennent. Sur les intervalles A,' et A,?, soit g(é) la 
fonction linéaire croissante dont les valeurs sur les intervalles A,’ et A,’. 
forment respectivement les intervalles ouverts et d.* sur l’axe y, chacul 
de la longuer B, et tels que leurs centres coingident avec les centres des deus 
intervalles complementaires a d, (les indices supérieurs croissent dans les set's 
positif de axe des ordonnées). 

Poursuivons ce procédé a l’infini. 

Désignons par T et G les ensembles ouverts des points, appartenant a tous 
les intervalles construits respectivement sur les axes é et 7. 

La fonction g(é) est définie sur ensemble T, ’ensemble étant celul 


de ses valeurs; cette fonction est croissante et continue sur ensemble I. 


or 


N- 


Is 
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Considérons les ensembles parfaits II et P partout non denses qui sont 
La fonction g(é) 
dans ces points: 


complémentaires respectivement aux ensembles [ et G. 
nétant pas encore définie dans les points € C II, nous posons, 


Il est évident que cette limite existe. 

$=éS+4; il est 
aisé de voir que c’est une fonction croissante et slates ensemble de ses 
is +2, 


La fonction est définie 4 présent, sur les segments — 


valeurs est le segment — 
Ainsi la fonction la représentation et continue 
du segment —} $ sur le segment 


semble II devient ensemble P. 


avec lequel l’en- 


I] est aisé de montrer qu’on a 


mes II = 0, mes P = j 


Reprenons maintenant le plan, euclidien /? et introduisons les coordonnées 
cartésiennes orthoganales 2, y. Considérons l’ensemble L, définie par les in- 
égalités 


Recouvrons l’ensemble LZ par une famille de lignes brisées y = F(a, C) qui 
dépendent d’un paramétre C, avee —}=C + } la fonction F(a, C) étant 
une fonction périodique de la période 27. Sur le segment —rSa2S-+r7, 
nous définissons la fonction F(z,C) de la maniére suivante: 


(C,: 

| [9(C) — Cla + [%9(C) 
F(2,C) =4 g(C) 

| [C —g(C) Ja + [%g(C 

| C si + 


ou 9(C) est la fonction définie plus haut. 
Le fait que la fonction g(C) est croissante et continue, il resulte que, par 


chaque point de l’ensemble ZL, il ne passe qu’une courbe et que deux courbes 
peuvent €tre aussi rapprochées qu’on veut si elles passent par deux points 
suffisemment repprochés. 

Nous pouvons remplacer la famille des lignes brisGes que nous venons 
de construire par une famille de lignes courbes aux dérivées continues, qui leur 


sont trés rapprochées. Ceci peut-tre éffectué de la maniére suivante. 


dle 
dle 
la (of 

g(é) —lim g(é’) 

nt 
dle 
es 
on 

\ 
ts 
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Soit 6 > 0, mais trés petit et dans tous les cas inférieur 4 4. Alors, la 
famille des courbes y = U(z,C) ou 


f F(a, 0) da 


2-6 


U (a, C) = 
aura les propriétés voulues. 
Passons a présent a la construction de l’exemple d’un systéme dynamique, 
Prenons un espace euclidien a trois dimensions H*, introduisons-y un 
systéme de coordonnées cylindrique r, ¢, z et considérons la surface cylindrique 
T définie par les conditions 


Considérons ensuite sur la surface de JT la famille des courbes: 


z= U(¢,C) = af F(a, C) da 
2 
chacune de ces courbes est fermée. 


Finissons a présent sur la surface de T le systeme dynamique de maniére 


que ses mouvements satisfassent aux équations 


dp _ 
z==U(¢,C). 


Tous les mouvements de ce systéme sont des mouvements périodiques, par 
suite tout sous-ensemble non vide 7’ est un ensemble récurrent. 

Montrons maintenant que ce systeme dynamique n’admet pas d’invariants 
intégraux. 

Prenons sur la surface de 7’ un segment de la droite ¢ = 0 construisons-y 
ensemble P et considerons l’ensemble P* de tous les points de 7’ dont les 
coordonnées satisfont 4 Pinégalité —}= ¢= + } et qui sont situés sur les 
trajectoires ayant des parties communes avec P. En méme temps considérons 
sur T un segment de la droite ¢ = z, construisons-y l’ensemble IT et considérons 
ensemble II* de tous les points de 7 dont les coordonnées satisfont aux |’in- 
égalités et qui sont situés sur les trajectoires ayant des 
parties communes avec II. 

I] est aisé de voir, que 


mes P* = }, mes II* = 0 
et que 
f(P*, = 


la 


eS 
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Nous voyons que l’ensemble P* de mesure positive correspond 4 l’ensemble II* 
de mesure nulle, donc le systéme dynamique n’admet pas d’invariants intégraux. 


III. 


7. Démontrons maintenant un théoréme de caractére descriptif dual au 
Théoreme III complétant les resultats obtenus plus haut. Ce théoréme est 
applicable a une classe plus large de mouvements dynamique que le Théoréme IIT. 

Préalablement démontrons le lemme suivant. 


LemME II. Admettons que, pour tous les points p d'un ensemble GC M 
est vérifiée la condition ®(p) ~ 0; st G est un ensemble de la seconde catégorie 
de R. Batre, tl se trouvera dans M un ensemble ouvert G*, qui est errant. 


Nous nous bornerons a la démonstration de lemme pour le temps croissant ; 
pour le temps décroissant le lemme se démontre d’une maniére analogue. 
Soit 


une suite de nombres positifs convergeante vers zéro et telle que mx > me. 
Soit Fy, l'ensemble de tous les points pour lesquels ®(p) = y,: alors 


Fr 
=I 


En posant G; = G- Fy, et on observant que GC F nous pouvons écrire 


(6) 
L’ensemble G est un ensemble de la seconde catégorie de R. Baire, done 
en vertu de (6) un des ensemble G; est seconde catégorie. 
Recouvrons l’ensemble G; par une infinité dénombrable d’ensembles ouverts, 
dont les diamétres ne surpassent pas m,; alors on peut indiquer un domaine T 
tel que ensemble G’;, = G;,:T est de seconde catégorie. 
Soit 


T15 T2,° 59 Tn» ° 


une suite de nombres positifs croissant. Désignons par G,” Vensemble de 
points p C G’, pour lesquels est vérifiée la condition f(p,+) CT pour tout 
tu. 
Il est évident que 

(7) = Gi" 


ue, 

un 

que 

are 

ar 
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es 

es 
ns 
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mais l’ensemble G’; est un ensemble de la seconde catégorie de R. Baire et par 
suite en vertu de (7) on peut indiquer un ensemble G,” qui n’est pas dense 
nulle part. 

Soit G* C T un ensemble ouvert dans lequel ’ensemble de points apparten- 
nant 4 est dense partout. Montrons a présent que f(G*,¢) - G* = 0 pour 
tout t = ry, Admettons le contraire; il se trouverait alors un point ¢ C G* ¢ 
un nombre t, = rv tels que f(q, t,;) C G*. Soit « > 0 suffisemment petit pour 
que S(q,«) C G* et S(f(q, t:).«) C @*. Choissons ensuite un nombre 6 > ( 
assez petit pour que 
(8) f(S(q,8),t) C S(f(q, t),€) 
pour tout |¢| ¢,. 

L’ensemble G;,” est partout dense dans (@*, done, il se trouvera un point 
p’ © G,” tel que p’/-C S(q,8). Mais alors, conformément 4 (8) nous aurons 
f(y’, t:) CS(f(q,4),€) C G* CT, ce qui est impossible. Le lemme est 
démontré. 

Dans ses recherches bien connues sur la théorie générale des systémes 
dynamique G. D. Birkhoff a montré, que si dans l’espace sur lequel le systéme 
dynamique est défini tout ensemble ouvert est récurrent—l’ensemble de points 
situés sur les trajectoires stables au sens de Poisson est partout dense. 

En s’appliquant sur notre lemme, on peut démontrer un énoncé plus précis, 
que celui de G. D. Birkhoff, 4 savoir: 


THEOREME IV. Si dans lV’espace M tout ensemble ouvert est récurrenl, 
tous les points de M, sauf wn ensemble de la premiere catégorie de R. Baire, 
sont situés sur les trajectotres des mouvements stables au sens de Poisson. 


Admettons que le théoréme ne soit pas vrai, et soit /’ l’ensemble de tous 
les points pC M pour lesquels est vérifiée la condition @(p) 0; F est un 
ensemble de la second catégorie de R. Baire. Alors, en vertu du Lemme II on 
trouverait un ensemble ouvert G* qui est errant. Mais ceci contredit la con- 
dition du théoréme. 


8. Kn terminant citons l’exemple d’un systéme dynamique dans lequel 
tout domaine est récurrent et dans lequel, toutefois il y a des ensembles errants 
de mesure positive. 

Considérons, sur ]’axe des abscisses un segment de la longueur 1 avec les 
coordonnées des extrémités — $ et + 4 et construisons-y l’ensemble suivant P 
fermé, partout non dense. 

Prenons une suite de nombres 


par 
nse 
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Sur le segment —}Sx2=-+ 3 prenons un intervalle de longueur 4, 
de maniére que son centre coincide avec le centre du segment primitif. Sur 
chacun des deux segments complémentaires 4 l’intervalle qui vient d’étre con- 
struit, prenons un intervalle de longueur 2:, les centres de ces intervalles 
coincidant avec le centre des segments qui les contiennent. Poursuivons ce 
procédé indéfiniment et désignons par @ l’ensemble des points qui appartiennent 
4 tous les intervalles construits et par ? ’ensemble compémentane sur le seg- 
ment 

Il est évident que Vensemble P est un ensemble fermé partout non dense 
et que ensemble G est dense partout sur le segment primitif. 

Au moven de simples calculs on obtient 


mes = 3, mes P = 


L’ensemble de tous les intervalles que nous venons de construire est un en- 


semble dénombrable; soit 
by, 


la suite de ces intervalles. Désignons par a» et par bn les coordonnées d’ex- 
trémité droite et d’extrémité gauche de l’intervalle A,. Définissons sur le 


segment —}=2= + }, la fonction V(x) comme il suit: 
Di — An 
n—Z Si + 


La fonction V(r) est évidemment continue sur le segment — $ Sa S + 3. 


De plus, des simples calculs montrent que, pour deux points quelconques «, et 


du segment — 4 Vinégalité 


| —V(ae)| S| a, — 


est vérifiée; c’est a dire que la fonction V(«) satisfait 4 la condition de 
Lipschitz. 

Sur le plan euclidien #? ot les coordonnées cartésiennes orthogonales «x, y 
sont introduites considérons ensemble K de points (2, y) satisfaisant a la 


condition 


Sur le diamétre de la circonférence K disposé sur l’axe x construisons un 
ensemble P et définissons sur K un systeme dynamique dont les équations 


différentielles sont 


ell- 
yur 
et 
yur 
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dz 
+ y{y? + V(zx)} 
=—a«{y’ + V(z)}. 


De l’équation de la fonction V(x) et de la forme des seconds membre 
de ces équations différentielles, il s’°ensuit que ces membres sont des fonctions 
continues satisfaisant aux conditions de Lipschitz. 

I] est aisé de voir que les courbes sur lesquelles se disposent les trajectoires 
de notre systeme dynamique forment une famille de circonférences concen- 
triques dont le centre est a l’origine des coordonnées. 

Quant au caractére des trajectoires mémes, il est le suivant. 

Tous les points appartenant a l’ensemble P construit sur l’axe des abscisses 
sont des points de repos, vu que dans ces points les seconds membres des 
équations différentielles s’annullent. En outre, Vorigine des coordonnées est 
un points de repos. Les circonférences qui n’ont pas de parties communes avec 
ensemble sont des trajectoires des mouvements périodiques. L’ensemble des 
points situés sur ces circonférences est partout dense dans K, d’ouw il s’ensuit 
immédiatement que tous les domaines dans K sont des domaines récurrents. 
Quant aux circonférences qui ont des parties communes avec l’ensemble P, 
elles contiennent les trajectoires de quatre mouvements différents; de deux 
points d’équilibre sur l’axe x et de deux trajectoires de mouvements instables 
au sens de Poisson a savoir de circonférences ayant perdu les extrémités des 
arcs continus, aux points d’équilibre. Ces points d’équilibre sont les points 
limites alphe et oméga de deux mouvements instables au sens de Poisson. 

Désignons par Mt Vensemble de points pC K situés sur les trajectoires 
des mouvements instables au sens de Poisson. I] est évident que ®(p) 4°, 
si pC M, et que mes Mt > 0. Alors, en vertu du Lemme J, il se trouvera un 
ensemble 2%* C MC K qui est errant et de mesure positive. II est aisé de 
dégager de K un ensemble analogue a Mt*. 


Moscou, U.S.S. R. 
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A TAUBERIAN THEOREM CONNECTED WITH THE PROBLEM 
OF THREE BODIES.* 


By R. P. Boas, Jr. 


In a classical memoir on the problem of three bodies, K. F. Sundman ? 
had occasion to consider a function U(x), of class C’ for 0 < x < ¢, satisfying 


(1) A+ f eat, 
where A > 0, P(t) = 0, and 

(2) 22U (x4) 2A (0 < =< 
He wished to show that 

(3) (x) A 0+); 


this relation, of course, does not in general follow from (1) and (2), but 
Sundman observed that (3) is a consequence of (1), (2), and a suitable 
auxiliary restriction on U’(«) ; the auxiliary relation which Sundman used is 

where B and K are positive constants. My attention was called to this result 
of Sundman’s by Professor Aurel Wintner, who pointed out that it is of the 
same general character as the well known “ O-theorems ” of Hardy and Little- 
wood,’ although antedating their work by several years. Professor Wintner 
suggested to me that Sundman’s theorem should be obtained as a special case 
of some simpler and more transparent general theorem. In this note I derive 
Sundman’s theorem from the following theorem. 


THEOREM 1. Let f(a) be of class C? on (0, ©); let w(y) be a positwe 


mereasing function in y>0. If 


* Received May 23, 1938. 

* National Research Fellow. 

*K. F. Sundman, “ Recherches sur le probléme des trois corps,” Acta Societatis 
Scientiarum Fennicae, vol. 34 (1907), no. 6. See pp. 10-16. 

*G. H. Hardy and J. E. Littlewood, “Contributions to the arithmetic theory of 
series,’ Proceedings of the London Mathematical Society, (2), vol. 11 (1912-13), pp. 
411-478; 416-428. 
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(5) f(x) =0(z) (x0 +) 

and 

(6) | | = (| O(a) 
then : 

(7) 


If w(y) is a bounded function, Theorem 1 is a special case of a theorem 
of Hardy and Littlewood.* It is an elementary Tauberian theorem, but of « 
distinctly non-linear character because of the rather peculiar condition (6), 

To reduce Sundman’s theorem to Theorem 1, we note that (4) implies® 


(8) | U’(x)| S CU (2) (0<a<e). 


We set g(z) t{U(t)dt. From (1) we have 
0 


(9) g(z) ~ 
From (2), 
(10) 2=C>0. 


Now, using (8) and (10) we have, for0 <<a < ce, 
| (x)| =| + S + U (2) 
= rig 4 aig! (a) < (2), 
Since (3) is equivalent to 
y(t) —3A—0(1) 04), 


Theorem 1, applied to a function f(z) which is, for all sufficiently small ¢, 
equal to g(x) — 4Az, gives the desired result. 

It is interesting to observe that (2) is a redundant hypothesis, since we 
have used only the weaker relation (10), which is actually implied by (8). 


For, (8) gives us 
dU (t)~*/*/dt | S C#, i Cr, tU(t)=C>0. 


Proof of Theorem 1. Let « > 0 be arbitrary. Then by (6) and (5) we 


can find 2, > 0 such that, for some constant a, 
(11) | | < aa f’(x)]) (0 < 2#,), 
(12) | f(x)| < (0 < < 2,). 


*G. H. Hardy and J. E. Littlewood, op. cit., pp. 426-427. 
°C is a generic notation for various positive constants. 


we 


we 
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We may assume without loss of generality that o(0 +) <1. The set F of 
points such that f’(#)|) when ve is not empty, and has «= 0 
as a limit point. Otherwise we should have, for all sufficiently small 2, either 


or <—p< 0, and consequently f(x) = | Jf, | 
> pe, a contradiction of (5). ° 

Consider the curve @ whose equation is y = f’(a) ; let P: (ao, yo) be a 
point of @ such that 2 eH, v < $a,; we may suppose that y, >0. Let N 
be the point (2,0); and M, the point (2%,0). Let 7’ be a point on the a-axis 
such that tan 6 = — a/x, where @ is® the angle M7'P. 


P 


N M 


For x between N and M, by (12), 


(13) | f(x) | < der S ety. 
Also, by (11), 


(14) =—|f'(x)| > —aaro(| y |) = — y |) = o(| y |) tan 6. 
We now observe that when z@ is on the common part of NT and NM, @ is above 
PT. This is evident for a point (a, y) of @ for which y= yo. Since @ passes 
through P, it cannot reach a point below PT until 


dy 


= tan 
dx 


(15) 
Since w(y) is an increasing function, and o(y) <1, (14) and (i1) imply 
that (15) is impossible as long as 0 << y¥ < yo; but since, for x between N 
and 7’, @ cannot reach a point below the z-axis without crossing P17’, we 
cannot have y = 0 between N and 7’. 

If T is to the left of M, @ is above PT for x on NT, (13) holds, and 


consequently 


°The figure is drawn for 7 to the left of M; but 7 may be on either side of M 
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=| f(a) —f(4o)| =| yde| = Area PNT = — 4y,? cot 8, 
so that " 


(16) Yo S 2 (ae) 

If T is to the right of M, we have in the same way 

(17) Rex) = Area PNM = = 

Relations (16) and (17) show that f’(z) ~0 asz—>0-+ in Z. Therefore, 
because f’(x) is continuous, for sufficiently small x, there are no points of the 
complement of # in 0<a< in fact, for x not in | f’(«)| >0, 
where w(u) =1. This completes the proof. 


The proof which we have given uses the method of Hardy and Littlewood; 
it can easily be adapted to prove the more general but less perspicuous 


THEOREM 2. Let f(x) be of class C? on (0, 2): let w(y) be a positive 
increasing function in y>0; let d(x) and W(x) be positive functions in 
xz > 0, such that, for some r= 0, and are non-increasing, and 


=O(a*y(z)), =O(1), 0). 


If, as f(x) =0(¢(x)) and =o(| then 
= 0(V 


If w(y) is a constant, in which case the condition $(z)y(z) = O(1) 
can be dropped, Theorem 2 reduces to one of the theorems of Hardy and 


Littlewood.’ 


PRINCETON UNIVERSITY. 


7G. H. Hardy and J. E. Littlewood, op. cit., pp. 426-427. 


SOME EXTREMUM PROBLEMS IN THE THEORY OF FOURIER 
SERIES.* 


By Ortro SzAsz. 


1. Suppose f(z) is a real- or complex-valued function, periodic of period 
2x and Lebesgue integrable over (—7z,7). Denote its Fourier series by 


(a) ~ Lover, 


so that 
-T 


(v=0,+1,+2,:--); 
we assume throughout 
(3) [f(v)|S1 for —r7<2<z. 


Let there be given m + 1 arbitrary real or complex numbers: po, 1, °° * 5 pm; 


and an integer k. In § 2 we determine the maximum M,, of | > pvcye | under 


p=0 
the assumption (3) and the corresponding extremal functions f(z). In §3 
2n 2n 
we consider the extrema of RD precy, and of > in the subclass of 
0 0 
real-valued functions f(z) satisfying (3), and restricting the numbers py in a 
certain way. In § 4 the result is applied to sine series with positive coefficients, 


n 
giving estimates for > vby and for the partial sums. This is an improvement 
1 


on the estimates, given previously [cf. 4, 5].!. The results are extended in 
§§5 and 6 to generalised Fourier series of almost periodic functions and to 
Fourier integrals, improving on a result due to T. Takahashi [7], and sharpen- 
ing previous estimates [3, 4, 5]. 

2. We have, using (2), 


m 


m 
0 Rar 0 
hence, by (3) 


T m 
(4) | Lm |S f |S pre? | de = Mn. 


* Presented to the Society December 29, 1937. Received by the Editors January 17, 
1938, 


*See the list of references at the end of this paper. 
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Equality holds here if | f(a) | = 1 and if 
f(x) tke y | ive |, where y is a constant 


= 1; this gives 


m 


9 


(5) 
>> pre 


where » denotes the number conjugate to w. If in particular m is even, 


m = 2n, and po, f1,° °°, Pon are defined by the identity 
(6) D = ( Av2")?, 
that is 


pio = do’, fn == AoAn AiAn-1 Ando; 
Pas = AiAn 4. fon = 


then (4) gives 


2n n 
|S | SD | Av |?, 


p-0 p-0 


equality holds here if and only if 


> 
f(a) i(0-kzr) 
> Av 
0 
On replacing py by pré’, where | = 1, (4) gives 
0 
with equality sign, if 
m 1%, 
> pre” —) 
0 


For the case (6) we get 


|) 
] 
¢) 
\ 
0 
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where equality holds, if 


n 


0 


Special cases: 
a) 
We have from (8) 


16 


where equality holds, if 
f(x) = gi(k+n) 


The case / = 1 includes certain inequalities given by L. Fejér [1] and by 


M. Fekete [2]. 

b) w= (v=0,1,-- 
2n 

Now py -( ), v=0,1,---+,2n, and (8) gives 
v 


| |S (") 
0 v 0 Vv 
f(x) = et (ka-9) 


Jowl sd ( 
0 Vv 0 V 


with equality sign for f(a) et 2-6) ging, 


equality holds if 


In particular for é=1 


¢) Av = (—1)"( (v= 0,1,- ,n). 
v 
Now 
py == 1, (v= 0, 1, 
w= *)( (v=n+1,-+-2n). 
p=v-n p 


v=0 n+1 1 


3. We now assume f(z) real valued, that isc.1—=¢. Then 


(9) = al e~ ta (x) dz 
2a 0 
1 


-T 0 
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Suppose 
Ay = An-v, (v= 0, 
then 


Hence ais is real, and (9) gives 
0 
2n T n 
= f(x) ( Ayet(n/2-V)2)2 cos (k + dx 
= f(x) ( > Ayet(n/2-v)@)2 gin (k + n)z dz. 
This yields 
2n 1 T 2n 
prove | S | cos(k-+ ( pret(r2) dr 
0 Rar 0 
— ‘= | sin(k + n)z | ( dr, 
0 J 0 


But (cf. 6, p. 36) 


(10) 


2 COS 
| | = 2 (1-2 


and replacing by 


hence 
| cos(k + n)x| = 
2v(k 
Assuming 


2(k +n) >n, or 2k >—n, 


from (10) by termwise integration 


2 
0 T oO 


Equality holds in (11) if 


+ f(x) =sgn cos (k + n)z, 
and in (12) if 
+ f(z) =sgnsin (k + n)z. 


The function f(# + ¢) has the Fourier coefficients 


0), 
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1 1 
Qa -T Qar -T 


and we find 


2n n 

(13) [RE | a, 


Equality holds in (13) for a given ¢ if 


+ f(x +t) =sgn cos (k + n)z, 
and in (14), if 
+ f(x + t) =sgn sin(k + iv) a, 


In particular for Ay = 1, v=0,1,---,n, and k=1 
(15) | R(cye** + 4+ (n + 1) en, 
+ nen - "Cons | <* (n+ 
(16) | 1) t A nen 
Cony t | =? (n +1). 
Replacing ¢t by —¢t, adding and subtracting yields 


(17) | cos vt +S cos vt | n, 
(18) | 2 vay sin vt + » (2n —v)ay sin vt | < =n, 
n+l 
1 
) sin vt 


n n+) 


With the notations 


Ao 


£n(z) + (a cos ve + by sin vr) = Su, 


5n(2) = > (b, cos ve — ay sin vx) 
1 


on(Z) 


> 
we have 


— onl 2) {  (2n—v)w (n—v)wr} 
mes { + (2n — v) Uy}. 
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Hence (15) and (16) give 


(15) | on(t) —on(t)| S 


(16’) | Fon(t) —on(t)| S— 


4. We now suppose in addition 


by = 0, (v= 1, 2,3,---); 


then (19) with 0 yields 


(20) (2-1-2782. --). 
1 T | 


This is sharper than the estimate contained in a previous result [4, § 4]. For 
n= 1 [cf. 5] 


b, 
and equality holds only for f(z) =1, 0<2<za, f(—z) =—f (zx), hence 
4fsing , sin3 
f(z) = 2( 4 


For n > 1 the smallest constant 8, satisfying 


(21) > vby = 

1 
is not known; but the example 

© sin vt 

together with (20) gives 

2 4 
(22) = Bn = 

7 


Using the identity 


= 1 n 
> Uv += On = w= > dy sin va, 
1 1 1 


n-1 
and Fejér’s theorem: | S| Uy | =n, (21) and (22) yield 
1 


2-2732--- 


(23) \Sbysinve | S1+ 


| 
| 
| 
| 


or 


SOME EXTREMUM PROBLEMS IN THE THEORY OF FOURIER SERIES. 171 


On the other hand 


If we assume only 
by = 0, (v==1,2,---,N), 


then (19) can be applied only for n= $N, and (20) and (23) remain valid 
for nS 4N. 


5. Similar results hold for generalized Fourier series and for Fourier 
integrals. 

Let y(x) be a measurable real function of the real variable x, let y(— 2) 
=—y(x). Suppose that | <1, and that 


lim = y(t) sin At dt = b(A) = M{y sin Al} 


exists for all A > 0. It is known [cf. 3, p. 321], that b(A) vanishes, except 
for an enumerable set of A-values. Denoting in a certain order by Ay, A2,* * 
those A for which (A) ~ 0, the series 


> bn sin dnt ~ W(x), where = 2b(An), 
1 


is called the Fourier expansion of We denote by pi. p2,° * a sub- 
sequence of (An), consisting of linearly independent numbers, and by (yn) 
the subsequence of those A», which can be represented in the form 


h 
An = DS where rational, h integer. 


p=1 

let be a positive integer, Q’ = q!, P=qQ = and 

Tq(v) = Shy» b, sin Anz, 

where 

q | | 
P whenever 0 < An = Vapa, Va integer, 

a=1 

va! << P, and =0 for all other A». Then 


where 
> 2 


P sin 
2Q 
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thus from | ¥(t)| S 1 it follows 
(24) | Ta(t)| <1. 


We also introduce the “ polynomials ” 


(25) 8,(z,q)= ken? Dy SIN 


sin 


and the expression 
=f" sin 2yt 
D ken bn sin Ant sin 2nt 
>> ken Dn {cos (An — 27) — cos(An + 2y) t} 


sin 


dt 


dt 


sin? 


Using the formula 


2 f1—|k|f if <y 


we get 


| 


| An-29 | << 27 


2, 


2n<An<47 
1 


Ankn by (2 — 2) Dn. 


21 <An< 47 
On the other hand, using (24) 


sin? 4 


dt sin 2r | 


dr 


| B(n)| S= =f | sin 


= =" | sin 27 | dr = — * let. 6, p. 31 for a more general formula]. 


Replacing 2y by y and dividing by 2 we get finally 


Ankn bn + > (1-2) ken! Dn | = 


2 
2y 0< 1 < 


(26) 


We now suppose 
b(yn) =0 for 0< yn <Q, O>0, 


and choose » < $0; then from (26) 


| 
| 
a 


ila]. 
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Passing to the limit gy 00, we have kn —> 1 if Ane(yn), and (27) gives 


(28) | >> yub(yn) 


0< Yn=n 


which is analogous to the inequality (20). 
Also from (25) and (24) 
sin? yt 


2 
| Sn(a,q)|S nt? dt = 1, 


and from (27) 


x 
DS by sin Ane |\=-; 


combining these two inequalities : 
P 4 
| S kn sin Ane | S1+-. 
1<AnS2n 
Writing py for kn if An = yv, we thus have 


(29) 12 b(w) sin we | S144. 
It follows from (28) that > Ob(y) sinyw converges absolutely, hence 
passing to the limit q—> o in (29), and writing 2 


If (p,) is a basic sequence of (A;), it follows that 


and this series converges absolutely. If in particular all b, > 0, then © and 
are arbitrary. This result improves upon the one given in [4], § 6. 


6. We now pass on to Fourier integrals. Let g(x) belong to L?(0, 0), 
y(—2) = — g(x), and | g(x)| S1,1< pS2, =p/(p—1). Then, as 


0, 
2\% 
G (a, a) -(2) { g(t) sin ta dt 
0 


converges in the mean with exponent p’ [8, p. 96] 


dz = 0. 


lim (| G(x) — G(z, a) 


a~>oo 0 


— 
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(}(z) is the transform of g(x), and we have 


d 1 — cos tx 
d co 1 — cos tz 
g(r) = V2 4 


almost everywhere. 
If F(x) and 1S and f(x), G(x) are thei 
transforms, then [cf. 8, p. 54, 104] 
co 
F(x) G(a2)dr = f(x) g(x) dz. 


This gives in particular 


(1—£) G(x) sin tae =(2)"5 
L) 
We also consider 
— cos tx) dz dl 


It follows from | g(z)| 


sin? =~ (t— 7) 1 
2\% oe) 2\% co] sin? u *) 
| S(t) | = (2) dz = (2) 9 U2 du = 9 


or 
(30) | (=) 
Furthermore 
T 


sin? 


IIA 


heir 


da. 


dt der 
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Or 


we 


aS, + ‘(1 G(x) de | <(2)" 


this is the inequality analogous to (26). We now suppose 


20, #0: 


X 9 \% | 
| f (x) dx = 2r (2) | 
oo 


| 2\% 
f xG (ax) sin at dx = 2 (2) A. 
Jo 7 


Combining this inequality with (30), finally 


(32) | G(x) sinatdz | =2 (2) + 
2 


then from (31) 


and 


As an analogue to a theorem of R. E. A. C. Paley on Fourier series T. 
Takahashi [7%] proved (I quote from the Zentralblatt fiir Mathematik, vol. 15, 
p. 21): “let f(a) « L(0, and | f(x)| = M, 0; let F(x) be the cosine 
transform and //(z) the sine transform of f(z). If F(#) 20, « > 0, then 


| 
f, F(u) cosvudu | = AM; 
0 
if 20, > 0, then 
| w | 
| H(u) sin cu du | = 
0 


A and B are universal constants. For cosine transforms we have given [5] 


Ye 
the bound (=) M. This is the best possible, as is seen from the example: 


f(r) = , |f(z)|sSa (2)" f(0) =a M,a>0; 


_ fi for 0< aca 
/0 for a> a. 


a 
f P(u)du—a— (2) M. 


For sine transforms we have given ? [5] the bound 


a \3 
* There is a misprint in formulae (12) and (12’) : replace (5) nw by (5) ° 


; 
| 
| 
| 
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where @% is the root of a transcendental equation. (32) improves on this 
estimate, being 
sin? 


To find a lower bound for the best possible choice of B let g(x) = e-, hence 


a(e) = (?)" ite [8, p. 179]. 
Now 


o l+z om 142’ Xr 
sin u 1 (> dz sin u 


as A—» 0. Hence a lower bound for the best estimate in (32) is 


2\% (7 si 
(2) sinU 
0 


The same bound is found by considering 


sin 1 
= = —— lo 
g(2)—= =, Ga) log | 
and calculating 
A 1 
, sin — dx 

V | 

for large X. 
UNIVERSITY OF CINCINNATI. 
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CORRECTIONS. 


Corrections for a previous paper by the same author, On the partial sums of 


certain Fourier series, vol. 59 (1937), pp. 696-708. 


P. 697, 1. 3, read instead of r—2/2. 

P. 697%, 1. 5, read + 1)] instead of + 1). 

P. 700, 1. 5, read 0 instead of r> ow. 

P. 700, 1. 6 from bottom, read Tables instead of Table 

. 701, formula (21), insert a)-+, so as to read a) + . 
1 

. 701, last 1. delete “in”; 

. 705, 1. 3, the formula on this line should be numbered (31). 


. 705, 1. 3, replace w by y. 
705, 1.6 from bottom, read [K,(t—2x) —K,(t+2)] instead of 


[K,(t—2) + K,(t-+2)]. 
P. 706,1.1, read insteadof 


0< 0<AnSw 


P. 706, 1. 3, read + 2t) + — 2t)] instead of 
[Tq(x + 2t) —Tq(2— ]. 


P. 707, 1. 1, read 0 Sp < O instead of <Q. 
P. 708, 1.10, readao + bnsinAnxv) instead of 


0 
a+ D> (a.cosnxz+ sin nz). 
0<AnSo 


4, 
of 
12 


CORES OF COMPLEX SEQUENCES AND OF THEIR 
TRANSFORMS.* 


By RatpH PALMER AGNEW.? 


1. Introduction. Let s,,s.,- - - be a sequence of complex numbers. For 
each n = 1, 2,3,- - -, let Cy be the least convex closed set of the finite complex 
plane containing the points $n, Then obviously C,0C, 05: 


Let C = C,C.--- be the intersection of the sets C,, C2,---. The set C (which 
is necessarily convex and closed) is called by Knopp * the core (Kern) of the 


sequence S,. In case ( contains just one point, sn is convergent. In case ( 
is empty (contains no finite point) the sequence s, is called definitely (be- 
stimmt) divergent, and we shall write s,~ o. For example, if sy is n or 
m according as ” is even or odd, then each set C, consists of the part of the 
first quadrant of the complex plane remaining after removal of a triangular 
section with right angle at the origin; in this case it is easy to show that the 
core C of s, is empty and hence that s,~ «. Likewise if s, =n -+ 1(—1)"’, 
then s,~ «. If s, mi", then each C, contains all points of the complex 
plane; hence C also contains all points of the complex plane and it is not true 
that S,~ «. If s, = (—1)”, then each (’, and hence C consists of the real 
axis and again s, ~ fails. 

of complex constants transforms a given sequence 


A matrix A= || ax 


Sn into the sequence 
n 
4 
A Cn == > AnkSk, 
k=1 
and defines a method of summability A which assigns to the sequence s, the 


value lim on when the limit exists. The method A is regular if it assigns to 
OO 
each convergent sequence the value to which it converges. If A is regular 


then the core T of the A transform on of each convergent sequence s, is identi- 
cal with the core C of sn, the two cores T and C each consisting of the single 
point which is the limit of the sequence s,. 

The well known Silverman-Toeplitz necessary and sufficient conditions 


for regularity of A are 


* Received February 4, 1938. 

1 Presented to the American Mathematical Society, February 26, 1938. 

2The author is indebted to Professor Otto Sz4sz for a conversation which suggested 
the problem solved by Theorem 3.1, and to Professor W. A. Hurwitz for helpful 
criticisms. 

*K. Knopp, “Zur Theorie der Limiterungsverfahren,’ Mathematische Zeitschrift, 
vol. 31 (1929-30), pp. 97-127, p. 115. 
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(1.1) > | an | M (n =1,2,---) 
k=1 
(1. 2) lim dng = 0 == 1,2,-- -) 
(1. 3) lim > ana = i; 
k=1 


M being a constant. 
Concerning real matrices a, Knopp (loc. cit., p. 115) has proved the 
Kernsatz. Jf A is regular and 


(1. 4) = 0 (n, k=1, 2, 3,° 


then the core CU of each sequence s, contains the core T of its transform on. 

It follows, as Knopp points out (loc. cit., p. 118), that if A is regular 
and satisfies (1.4), then s,~ « implies on ~ @. 

In § 2 we give a characterization different from but equivalent to Knopp’s 
definition of definite divergence. In § 3, we characterize the class of complex 
regular matrices A having the property that s,~ 0% implies on ~ #, and 
show that this class is identical with the class of complex regular matrices A 
having the property that #@(s,) implies on ~ In § 4, we show 
that a condition only slightly less restrictive than Knopp’s condition (1.4) is 
necessary as well as sufficient to ensure that the core of each sequence s, must 
contain the core of its transform o,. A corresponding theorem involving the 
class of bounded sequences is obtained. 

In §5 we give, with comments relevant to cores, a generalization of a 


theorem of Steinhaus * which can be phrased as follows: 


Corresponding to each regular transformation A, there is a bounded 


sequence s, such that the core of the transform on contains more than one point. 


We use #2 (z) and &(z) to denote the real and imaginary parts of 2, 


so that z= (z) + i&(z). 


2. A discussion of definitely divergent sequences. It is easy to show 
that if s, ~ then | s,|—> For if s,»~ then C is empty. Since C is 
the intersection of the monotone decreasing sequence (,, C2, Cz,- + - of closed 
sets, it follows that corresponding to each Rk > 0 we can choose an index N 
such that Cy contains no point of the circle |s |< R; then | s, | > R when 
n=WN and |s 


does not imply s, ~ «. If the points s, all lie in an angle < 7 and | s,|—> @, 


n|—>o. The example Sn = (—1)"n shows that ls, |—> © 


*H. Steinhaus, “ Some remarks on the generalizations of the notion of limit” (in 
Polish), Prace mat. fiz., vol. 22 (1921), pp. 121-34. 


¢ 
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then s,~ «©. That the converse of the last statement does not hold follows 
from a consideration of the sequence s,—=n- (—1)"n*. A more signif- 


cant theorem is the following. 


THEOREM 2.1. A necessary and sufficient condition that sp be definitely 
divergent ~ «) ts that an angle exist such that 
(2. 11) lim (Sne*?) = + 

Sufficiency is easily established. If (2.11) holds, then for each M > 0 
we can choose N such that (sne**?) > M when n= WN. It now becomes 
clear that the core of the sequence s,e*? can contain no point with real part 
<M. Hence the core of s,e‘” is empty. Since the core of sp is obtained by 
rotating the core of s,e*”, the core of Ss» is empty, i.e. Sn» 

To prove necessity, let s,~ «©. With Cn defined as in §1, there is a 
unique point P, of Cn nearest the origin O, and if we put Pn = pne*? where 
pn = 0 and —a2 < gn Sz, then limpn—-++ ©. Choose WN such that pp > 0 


when n= WN. When n= N, the line Ln which is the perpendicular bisector 
of the line segment OP, cannot intersect C,, for otherwise convexity of C; 
would imply that P, is not the point of C, nearest O. It follows that the 
point O and the set C;, lie on opposite sides of the line Z,. Consider first the 
case where n > n’= WN exist such that dry dn. In this case the lines L, 
and L, divide the plane into four wedges, and the set C, lies in the wedge W 
vertically opposite the wedge containing O. If we let ¢ be the angle through 
which the points of the plane must be rotated to bring the ray bisecting the 
wedge W into the direction of the positive real axis, we can show that 
lim @ (sne*?) = -+ In the alternative case, for alln=WN. In 


this case, we can show that lim @& (sne-##N) =-+ o and Theorem 2.1 is 


proved. 
We now give, for use later, a rather obvious lemma. 


LEMMA 2.2. If two sequences s» and s’n are so related that 


(2. 21) lim | Sn —s’n | = 0, 


then the cores C and C’ of sn and s’y are identical. 


To prove that C’ C C, assume that 2’ is a point of C’ not in C. Then 
there is an index p such that z’ is not in Cp. Let 2” be the unique point of Cy 
nearest 2’. Let a=2+ and + 2(2”—2’)/3 and let 
| 2” — 2’ | = 3d so that |a—2’|—|B—a|=—|2#’—B|=—d. Choose an 
index g > p such that | <d when n=q. Let La and Lg be the 
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lines perpendicular to the line 2’z” at a and B respectively. The points of Cp 
and hence the points sq, Sq.1,: * - are all separated from 2’ by the line Lg, and 
it follows that the points s’g, %q.1,° ° - are all separated from 2 by the line La. 
Therefore z is not in C’, and hence not in C’, This contradiction proves that 
0’ CC. Likewise C C C’, and Lemma 2. 2 is proved. 


3. Regular transformations. Considering regular matrices of complex 


elements Gnxz, We prove 


THEOREM 3.1. In order that a regular matrix A may have the property 
that 8» ~ «© implies on ~ w, tt ts necessary and sufficient that an index K 
exist for which 
(3. 11) = R = 0 k= K. 


The condition (3.11) implies no restriction on the elements of the first 
K —1 columns of the matrix an, but does imply that all elements in the 
K-th column and to the right of it are real and non-negative. 

Proof of sufficiency for Theorem 3.1 follows easily from the next lemma 
which is a trivial extension of Knopp’s Kernsatz. 


Lemma 3.2. If A is regular and satisfies (3.11), then the core C of each 
sequence S, contains the core T of its transform. 


To prove this lemma, let A be regular, let (3.11) hold, let s, be a given 
sequence, and let on = Sanus. If we set a’ng =O or Anz according ask< K 
or k = K, then the transformation 

n 
k=l 
is regular and satisfies (1.4). It follows from the Kernsatz that the core C of 
Sn contains the core IY of s’n. But regularity of A implies that lim(o’n — on) 
=(), and it follows that the core T of on is the same as I’. Therefore C OT 
and Lemma 3. 2 is proved. 
As our first step in the proof of necessity for Theorem 3.1, we establish 


Lemma 3.3. If A is regular and has the property that s,~ ~ implies 


o,—~ «©, then there is an index K, for which 
(3. 31) X (ane) = O ke = 


To prove this lemma, suppose A is regular and that (3.31) fails. We 
construct a sequence Sn = Xn + 14n for which %, > + © so that sn ~ ~ while 
o.~ © fails. To indicate the manner in which the elements of the sequence 
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Sy are determined, we assume that indices 1 = ny my << 
have been defined, and assume that s, has been defined for 1k Sn,.. 


Choose an index vp > my, such that 


| ay, | <1/2p 
k=1 
k=np-_,+1 


and let 


S = p+ ip Np-1 <k 
Then 


Vp 


ov, = + (p+ ip?) yk 


~ 
+ 


so that 


| ov, — (p+ ip?)| S| + | ptip?| |1— 
k=1 ke itp 
<1/2p+ 1/2p = 1/p. 

Next, choose ky and n, such that vp < hy Sn, and ¢ < 0 where 


On = 0 + 
Let 
=ptaty = ky 


where x and y are real numbers to be determined presently. Setting 


Vp Np 


we find 
On, =%+ (b+ 1¢) (a+ ty) 
(a bx — cy) + ca+ by). 


Let V, be the greatest real number such that V, = — p and cV,— ba— cB 


= 0. Let a and y be determined by the equation 
On, = (a+ be —cy) +2(B + cr + by) 


It turns out that « = 0, and hence that # (s;) = p when i: = ky. 


The procedure outlined above furnishes a sequence 
of indices and a sequence s; such that 
(3. 32) = p XK ES Np. 


The transform o, of s, is such that 


(3. 33) ov, = p+ ip? + ey; On, = (p=1,2,: °°) 


all 


| 

S 

le 

th 

Ne 
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where > 0 and V, =—p. The estimate (3.32) implies that o. It 
follows from (3.33), Lemma 2.2, and the fact that the core of a sequence 
contains the core of each subsequence, that the core T of the sequence o, con- 


tains the core of the sequence +, defined by 


ip” (p= 1, 3, * 
(p = 2, 4,6,-- -). 


Since | tp | > % and the sequence rt, has an infinite set of points on the semi- 


parabola z= « + 1a*, «= 0, and an infinite set on the negative imaginary 
axis, it can be shown that the core of ry is the closed right half-plane 0e (z) = 0. 
Hence the core T of o, contains this half-plane and o, ~ « fails. This proves 
Lemma 3. 3. 

[f a matrix a, is regular and such that s,;~ « implies o, ~ «, the 
conjugate matrix d,,; also has these properties, and Lemma 3.3 implies that 
there is an index > A, such that & 20 whenk = Ko, i.e. (day) 
when } = K.. Combining this result with Lemma 3. 3, we have 

LemMMA 3.4. /f A is regular and has the property that s,~ « implies 
o,~ %, then there is an index K. for which 
(3. 41) (ly) = 0 => K.. 

We complete the proof of Theorem 3.1 by proving 

LemMA 3.5. Jf A is regular and satisfies (3.41) bul not (3.11), then 
there exists a real sequence s, of non-negative real elements for which s,—>-+- x 


while the cove V of the transform o, is the entire real axis. 


Choose K. such that (8.41) holds and let s,=0O when l= < Ws. 


Suppose now that indices Ky = my My Mp1 have been 
defined, and that s; has been defined for 1S Choose v, > such 
that 

vy 

(lv | <1/2p: ] - > | < 


and put 


Se == p Nyy < ke: Vy. 
Then 
Vy; 
80 that 
Np Vy 
lov,—p| S| aye) <1/2pt+ 1/ep—1/p. 
k=np-yt1 
Next, choose and n, such that vp < S ny and an, <0 when n= np, 
k= Upe Let 
== p Sup, kK 


= p +2 
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where zx is chosen such that « = 0 and 


Vp Np 
. 
on, 2 An ykSk P k © p- 
k=1 k=Vp+1 
This procedure furnishes indices = < << my < ve << and 


a sequence s, of real non-negative elements for which 
Sk = P < ke = Mp, (p 1, 2, 
ov, > p—1/p; (p = 1, 2,- 
It is easy to see that s,->-+ o, and that the core T of o» is the entire real 
axis. This proves Lemma 3.5, and Theorem 3.1 follows. 

In proving Theorem 3.1, we showed that if A is regular and (3.11) fails, 
then there is a sequence s, for which (s,) ~-+ while on~ fails, 
This observation, together with the fact that 0 (s,) — © implies s, ~ 2, 
gives 

THEOREM 3.6. In order that a regular matrix A may have the properly 
that (sn) >-+ «© wmplies aon ~~ ~, tt is necessary and sufficient that an 
index K exist for which 
(3. 61) Anz = (dnx) = 0 kX. 

It appears from Theorems 3.1 and 3.6 (and can be shown directly 
with the aid of Theorem 2.1) that the class of regular matrices for which 
(Sn) + o implies o, ~ © is identical with the class of regular matrices 
for which s, ~ implies on ~ 

The condition (3.61) is not necessary in order that a regular trans- 
formation be such that sp = 02 (sn) > -+- % implies on ~ «©. This is shown 
(for example) by the simple regular transformation 
(3. 62 o*, = (1+ 
whose matrix is a diagonal matrix. It is clear that if s, = ® (sn) ~+ %; 
then (o*,) =s,—> and hence o, ~ 

4. Theorem on cores. The next theorem is on the one hand a slight 
extension of Knopp’s Kernsatz, and on the other hand a converse of the 
extension. 

THEOREM 4.1. Jn order that a regular transformation A, determined by 
a matrix dy; of complex constants, may be such that the core C of each sequence 
sn contain the core T of its transform on, it is necessary and sufficient that an 


index K exist for which 


(4. 11) nk = 174 (Ani) = 0) k K. 


and 


real 
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Sufficiency is asserted by Lemma 3.2. To prove necessity, we observe 
that if (4.11) fails, then by Theorem 3.1 there is a sequence s, for which C 
is empty while T contains at least one point so that TC C fails. 

In our proof of Theorem 4.1 we showed that if (4.11) fails, then there 
is an unbounded sequence s, whose core does not contain the core of the 
transform of s,. It is not true that failure of (4.11) necessarily implies 
existence of a bounded sequence s, whose core does not contain the core of the 
transform of Ss». In fact, in the case of (3.62), (4.11) fails and the core of 
each bounded sequence is identical with the core of its transform. 


THEOREM 4.2. In order that a regular transformation A, determined by 
a matrix dng of complex constants, may be such that the core C of each 
BOUNDED sequence S», contain the core T of its transform on, tt is necessary and 
sufficient that 

. 
(4, 21) lim > | | = 1. 


m—>00 k=1 


It is known ° that, for a regular transformation A, (4.21) is necessary 
and sufficient to ensure that 


| Slim sup | sm — Sn | 


lim sup | Om —— On 


for each bounded sequence sp. Necessity follows from this. To prove suffi- 
ciency, let A be regular, let (4. 21) hold, and let | | <M. Let dni = + tenx 
Where and are real; and let = + b-ng where 


Dt nz = + | One |) /2 and = — | |)/2 SO. 
Let 
n 
= AnkSks on Dt nkSke 
k=1 


Then (W. A. Hurwitz, loc. cit., pp. 615-616) the matrix bt», is regular and 
lim 3 | | =0; lim | | = 0. 
m—>00 k=! 


Hence the core ( of s, contains the core IY of o’n; and 


— 0 


n n 
On —o'n | M | nx M > Cnk 
k=1 k=1 
implies that the core T of on coincides with the core I’. Therefore C  T and 
sufficiency is proved. 
5. Theorems of Steinhaus type. The following theorem is a generaliza- 
tion of a theorem of Steinhaus ($1). It implies (among other things) that 


5W. A. Hurwitz, “The oscillation of a sequence,’ American Journal of Mathe- 
matics, vol. 52 (1930), pp. 611-616. 


ils, 
ils, 
0, 
rly 
tly 
ich 
ces 
ns 
wn 
rht 
he 
by 
we 
an 


186 RALPH PALMER AGNEW. 


it is impossible to specialize a regular transformation A and a core C of a 
sequence s, in such a way that the core T of the transform o» must be a 
proper subset of C. 

THEOREM 5.1. Jf A is regular and KE is a closed non-empty point set in 
the complex plane, then there is a sequence s, of points of E such that the 
set EH, of limit points of 8» coincides with Ef and the set Ho of limit points 
of on contains EF, t.e. Ko = L. 

Let 4, %,° - - be a sequence whose elements form a subset of HL’ dense 
in #. Let the elements of the sequence 


be denoted in order by B;, >. Let be an index such that 


| Bi — 1 | < 


and put = when 1=k=n,. In general, when n, << <n, 
are defined, and s; is defined for 1 = k S choose mp» > ny_, such that 


np 
| By On ykSk — On,kPp | < 
k=np-1+1 


and put s; == Bp when m_; <k Sm. With the sequence s, defined thus by 
induction, we observe that | Bp —o(mp)| < 2” and that s, and op have the 
requisite properties to establish Theorem 5. 1. 

In case the set H of Theorem 5.1 is convex as well as closed and non- 
empty, the core CU of the sequence s, constructed in the proof of Theorem 5. | 
is the set / and we have TO Ho 0H; =C =F. If moreover A is regular 
and satisfies (4.11), then we have [CC as well as TOC. These remarks 
prove 

THEOREM 5.2. If A ts regular and satisfies the condition 


(5. 21 ) = ae (Ani) k K, 


then, corresponding to each closed convex non-emply set EH in the complex 
plane, there is a sequence s, such that the core C of Ss» and the core T of its 


transform o, both coincide with i.e. T=C = Lf. 


It follows from Theorems 4.2 and 5.1 that Theorem 5.2 holds when 
(5. 21) is replaced by (4.21) and the sets 7 considered are bounded as well ' 


as convex, closed, and non-empty. 
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NON-LINEAR ALGEBRAIC DIFFERENCE EQUATIONS WITH 
FORMAL SOLUTIONS OF THE SAME TYPE AS THE 
FORMAL SOLUTIONS OF LINEAR HOMO. 
GENEOUS DIFFERENCE EQUATIONS.* ! 


By Otis KE. LANCASTER. 


Here, we consider the following problem: Given a non-linear algebraic 


difference equation 
(1) 


where / is a polynomial with rational coefficients in its arguments 2, y(z), 
y(a+1),---,y(w-+m). What is the nature of # when the equation has 
a solution in common with that of a linear homogeneous algebraic difference 
equation? Or more generally, what is the nature of / when (1) has a formal 
solution of the same general type as that of the formal solutions of linear 
homogeneous algebraic difference equations? That is, what are the properties 
of F when (1) has a formal solution of the form * 


(2) y (2) (2). 

where 
R(a-O/P)) = sy) + soa (2/p) 


pis a positive integer and ap is an integer? And, how many solutions of this 
type may a given equation possess ? 


First. we state an obvious theorem. 


THkoremM 1. A non-linear algebraic difference equation cannot have a 
formal solution (2) which does not cause each of the homogeneous parts to 


vamsh identically, unless a= 0, 8; =0 and b=1. 


This theorem permits us to divide the problem into two cases, with regard 
to the vanishing or non-vanishing of the homogeneous parts of (1) when y(a) 
is replaced by (2). 

* Received January 11, 1938. 

‘The thanks of the author are due to Professor G. D. Birkhoff for suggestions 
furnished by him during the preparation of this paper. 

°G. D. Birkhoff. “ Formal theory of irregular linear difference equations,” Acta 
Mathematica, vol. 54 (1930). pp. 205-246. 
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Case I. The series (2). makes the homogeneous parts of (1) vanish 
identically. 


We treat this case by considering only homogeneous equations, remem. 
bering that when the equation is non-homogeneous the same properties must 
hold for each homogeneous part thereof. 


1. Equations satisfied by all solutions of linear equations. 


THEOREM 2. If a non-linear homogeneous algebraic difference equation 
of the m-th order is satisfied by all the solutions of a linear difference equation 


l 

(3) (a+ i) =0, mn), 

where do(@),@:(@),° * +,a1(x%) are polynomials in x, then, it may be written 


in the form 


(4) 


where ®y, +, Pm_-1 are homogeneous polynomials in the y’s, whose coefi- 
cients are rational functions of z. 


Proof. When m = 1, any non-linear algebraic difference equation may be 
written in the form 


(5) 
+ y(t +1—1)) 


where ®o, +, and are homogeneous polynomials in the y’s, whose 
coefficients are rational functions of « with poles congruent to the zeros of 
a,(x). The first part of (5) vanishes at all points incongruent to the zeros 
of ai(x) for every solution of (3). So, when the general solution of (3) isa 
solution of (5) it must satisfy, at all points incongruent to the zeros of a:(), 
the difference equation 


(6) W(z,y(z),- y(~™+1—1)) =0. 


This is only possible when the coefficients of Y vanish identically in z, for the 
general solution of the non-linear difference equation (6) contains fewer 
arbitrary parameters than the general solution of the linear equation (3). 
Q. E. D. 


CorotLary 2.1. A first order non-linear homogeneous algebraic dif- 
ference equation, F(x, y(x), y(x +1)) = 0, is satisfied by all of the solutions 
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\ 
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of a first order linear difference equation y(x +1) —a(x)y(x) =0, where 
a(x) is @ rational function, if and only if y(a«-+ 1) —a(x)y(x) is a factor 
of F(x, y(x),y(x@+1)). 


It follows immediately from the corollary that it is always possible to 
form a first order difference equation of the q-th degree which is satisfied by 
all solutions of qg distinct first order linear difference equations, and, in general, 
that a first order homogeneous equation of the g-th degree is satisfied by all 
the solutions of the g linear equations formed by setting the factors equal to 
zero. But the problem of determining the linear equations whose general 
solutions satisfy a given non-linear difference equation of higher than first 


order, is not a simple factoring problem, since >) ai(x)y(a + 7) may not be a 


i=0 
factor of F(z, y(z),---,y(a@-+m)). The following questions naturally arise: 
How many distinct linear difference equations of the first order have solutions 
which satisfy a given non-linear difference equation? May this number ever 
be infinite? If infinite, what are the special characteristics of the equations ¢ 

From a formal standpoint the first of the above questions may be stated 
in the following manner: How many linearly independent formal solutions 
(2) satisfy a non-linear homogeneous difference equation ? 

After Theorem 2 it is clear that if a non-linear difference equation is 
satisfied by all solutions of a linear equation, it is also satisfied by all the 
forma! solutions of the linear equation. However, since it is not known that 
all formal solutions of a non-linear difference equation are asymptotic repre- 
sentations of actual solutions, the number of linearly independent formal 
solutions (2) is greater than or equal to the number of linearly independent 
solutions that satisfy homogeneous linear equations. We hope to show later 
that these two are equal, but at present we concentrate only on the formal part. 


2. Formal series solutions. We consider in detail the conditions which 
are sufficient to insure that a non-linear difference equation of g-th degree and 


the m-th order, 


L 
1s formally satisfied by an expression of the form (2). If 


(2) (2) R(g-(/p)) , 
then 
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av? 


(9) +1) (: + — +: 
? 


el” 


(a) 


8(p—1)t , 82(p—1)” 
1 
Spy 
Sp 
24 
p+1l. 1/1 


since formally 


(x + + 4/z)14(1 + 


gavtria (1 1/2) ia paw log (1+i/x) 


ar 


1+——+- 


(1 + i/x) rp) 73+ 


( 


ar’ av) 1 

ae 


22 


5; 20-9) /P(1+i/a) (p-J) /P 


8 


5; (ati) __ 


- 
and 

S; sj 


P-P /P[1+(p-j) p . 4/a+((p-j)/p) ((-j) /p) (47/2! 77) + 


2! p? 


1° 


+ | 


i((j—1) # 
2! x 


+ 
Hence, 
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(10) y(z (x + te) ia) 
(a) . A(z) (2) Ay-1 (2) D(a) -S(a, P)s 
where 
io?) 


§,(p—1) (4 
A, (2, p) = [1 


2! 


phar 


pre 


1 | — 


a l2p- -1)/p_ 


x 2! 


and 


(pt 1)/ /p 


2(% ly + + iq) 1 


» q-1 


(pt2)/p 


| 
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i 
y+1.. 
1 (1,7 + + 

(2p+1)/p 


When we substitute the expression (10) in equation (7) and remove the 
common factor (2), the leading terms of the series 
are of the form 
: ght ... +4q). 


i 


If the relation is a formal identity, then there must be two leading terms of 
the same degree in x; while all other terms are not of higher degree; that is, 


for some values of 1, 12,° and Where not all of the values 


ty, t2,° *, are equal to the values j,, j.,- - -, jq respectively; and 


Expressing these two relations in another manner, we have 


and 


bmn == 0,1, 2,- >, m). 


These conditions admit a simple geometric representation. For, if we 
plot the points (t+ Where t + ++ % 18 
taken along the horizontal axis and ki,i,...i, along the vertical axis, the con- 
ceivable values of a are given by the negative of the slopes of all possible lines 
joining two of these points, while the inequality (12) will only hold if the 
other points lie below or on a line whose equation is 


— heyyy... 4g = — Ole — (fi 


(see Figure 1). This leads to a broken line LZ, concave downwards, whose 
vertices fall at certain of these points, while all other points lie below or on 
this line L. 
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It is important to note that in the above diagram two or more points may 
coincide, since several points may have the same abscissa. In this respect 
it is unlike the diagram used by Birkhoff in his development of the formal 


theory of linear difference equations.* If the diagram has a “ multiple poini 
vertex,” that is, if two or more points + t2 + tq) coincide 
at a vertex, then the negative of the slope of any line 7 passing through the 
point, such that all other points lie below /, is an admissible value fora. Hence, 
all values of an interval give possible values for a. For example, if P is a 
multiple point vertex, (see Figure 2) then the negatives of all the slopes of 
the lines passing through P and the region A give admissible values for a, 
The diagram for a difference equation of the m-th order and the q-th degree 
may have mq — 3 multiple point vertices. Hence it is possible to have mg —3 
intervals of values for a. If none of the vertices of the Puiseux diagram are 
multiple points, then the negatives of the slopes of the line segments of L 
determine uniquely all the allowable values for a. 

There is always at least one value for a, for a linear equation, but this is 
not true for every non-linear equation. For if all 

Aviztg... tg = 9 (v= 0, 1, 4 


except, when 7, + i, -+----+ t= K, where K is an integer, and if, the values 
ki,i,... i, ave all distinct, then the line in the Puiseux diagram which connects 
these points is vertical. Hence there is no finite value for a. Jn all other 


cases there is at least one a. 


THEOREM 3. /fi,+%i.+---+-+%—K for all terms of a homogeneous 
algebraic difference equation and if all the exponents ki,i,...i, are distinct, 
then there is no formal solution of the form (2). 

When a vertex of the Puiseux diagram is a multiple point, a may have 
irrational values, but, since irrational values of a do not yield formal solutions 
of a linear difference equation, they are excluded from the remainder of the 
discussion. 

When a=c/h is a rational number, if we take p—h and divide the 
supposed identity (formed by substituting (10) in equation (7)) by the 
highest power of 2, 1. e. 


then our relation becomes 
m a’ 
, 1t,4-...4 
(13) (« Otis... 4g 
- ; ig=0 


, , 
+iq). 4 (x) -A, (2, h) 


Api (a, h)- D(x) -S(a,h) =0, 
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Wisi 


where, when is the difference in degree of' the term +40) 


h 
and the term of highest degree, 
(14) n=wi,n—w=—rh (r= 0,1, 2, 3,°°*) 
i142... 
= 0, n—w Arh 
(n = 0,1, 2,3,---). 


Since the equation (13) is a formal identity, the coefficient of the powers 
of 1/x must vanish. If we let 


( ) f( ) 


and equate the constant term of (13) to zero, we have 


f(b ) Sot 0. 
Hence, 


(16) f(b) =0. 


This equation determines the values of b, we shall call it the “ characteristic 
equation.” There is a characteristic equation for each rational value of a. 
When the vertices of the Puiseux diagram are not multiple points, then, as 
stated above, the values of a are uniquely determined. If we denote these 
values by *,@n, Where a, > > dn, then, the total number 
of non-zero values for 6 (counting the roots according to their multiplicity 
in the separate equations) is precisely y, where v is the difference in the maxi- 
mum and minimum values of the sum 1, + + %. For if an 
are the values of x for the successive vertices the number of roots of the n 
characteristic equations corresponding to are 

In — Ln_, respectively. 

When the Puiseux diagram has a multiple point at ¢ = z,;, then in addi- 
tion to the m characteristic equations mentioned above there is another, viz., 


(17) ber Wotstg... ig = 0 


(the summation is to be taken over all values 7,, i2,° * -,%q such that their sum 


equals z,). This equation does not have any non-zero roots, unless 


a Ot; ... tq 0 


and then it is satisfied by any value. Hence, if 
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for the abscissas of each multiple point vertex of the Puiseux diagram, then 
again, the number of non-zero values for 6 is precisely the difference between 
the maximum and the minimum values of the sum 1, + 1,+:-+-+%. We 
call $,(b,a) =0 the secondary equation, $2(b,a) =0 the tertiary equation, 
; where 
m 
41=0, 49=0,...,%4q=0 
. . . 
1, 2, 3, ), 


and the a”j4,4,...i,’8 are the coefficients of the powers of 2-‘4/?) in the product 


Aristo... 4 
A(z) doits...te+ $4... |. 


If 6, is a root of the characteristic equation, f(b) = 0, when the coeff- 


cient of z-“/") jn (13) is set equal to zero, we have 


h—1 
8: b,f’(b;) =— — a). 
This equation uniquely determines 8; when b, is not a multiple root of 
f(b) =0. But when 6, is a multiple root of f(b) = 0, 8, does not exist 
unless 6, is also a root of the secondary equation. 

Equating the coefficients of z4/”) to zero, we obtain the equations 


5, = — $;(5;, 4) + (8:1, 82, 85-1) 


h 
(7 = 2,3,---,h—1). 
db,f’ (b;) — a) + Wn So, ° 


j—h 
So h if (01) 


So So 


+1,h+2,- °°), 


which determine in order the 6; (7 = 2,3,---,h—1), d and the ratios 
(J =h+1,h+2,---) provided b,f’(b,) ~0. 


Thus we have established the following theorem. 


THeoREM 4, i; i, is not equal to the same constant for 
all terms of a homogeneous algebraic difference equation, and if one of the 


characteristic equations has a simple non-zero root, then the equation has 4 
formal solution of the form (2). 

The above theorem was stated so as to insure the existence of at least one 
a and one 6. When an a exists there may be no non-zero values for b, hence 


no formal solutions of the desired type. 


| 
i 
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| 
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hen THEOREM 5. If %=K forall terms of an homogeneous 
reen algebraic difference equation, and if, two or more of the leading exponents 
We kisig... ig are equal, and if > Woinis... AO then, the equation does 
” not have a formal solution of the form (2). 

3. Regular equations. Before stating the other results that are evident 
from the above consideration, it is convenient to make the following definition. 

; 
- DEFINITION. A homogeneous algebraic difference equation is “ regular” 
if the roots of each of the n characteristic equations are distinct and if the 
Puiseux diagram does not have a multiple point vertex at x= 2, for which 
otsis... ig = 9. 
effi- 
THEOREM 6. A regular homogeneous algebraic difference equation has 
vand only v linearly independent formal solutions (2), where v is the difference 
between the maximum and minimum values of the sum + t2 ++ + ty, 
“of CoROLLARY 6.1. A regular homogeneous algebraic difference equation 
xist of the m-th order and the q-th degree which contains both of the terms 
+ m) and co(x)[y(x) KO has mq and only mq 
linearly independent formal solutions of the form (2). 
4, Cases where the characteristic equations have multiple roots. Now 
let us consider the case where b, is a root of the characteristic equation of 
multiplicity » > 1, but is not a root of the secondary equation. If a= c¢/h 
it is clear from the preceding work that a series (2) in which p==h cannot 
formally satisfy the difference equation. Hence, if there are solutions of the 
form (2) corresponding to 6, then p must have some other value. We set 
p=oh and replace y(a) by the expression (2). After the highest common 
factor has been removed, the relation is 
08 m W ; 

iq=0 

(7) By oh ) A2(z, wl) Aon wh) D(x) S(a, wh) == 0, 
for 
“ Where the a”’s have the same meaning as before. 
“i Before proceeding to show that the coefficients of the series exist, we 
due prove a lemma. 
LEMMA. 
nce m r 

iqz=0 i=1 
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where cr = 1 and the other c;’s are integers and f(b) =0 is the characteristic 
equation (16).° 
Proof. This is obviously true for r=1. Assume it is true for r—1, 
If we set 4; %2-+-° %=j then by definition 


4,=0, q-0 


(wherecs— > OF 
(b) 


iq=0 
Therefore, 


>> — (b) 


44=0, ig=0,...,4qg=0 


m = 


4,=0, ig=0,... 2 


and after the assumption the right member equals 


orf) (b) + = (b). 
Q. 


’ From this lemma it is possible to obtain an identity given on page 20 of Boole’s 
“ Finite differences.” For if f(b) is of the n-th degree and b, is a root of multiplicity 
n, then 


n 


f =f’ (bo) =... = =0 and =an!. 


Now from the lemma 
b 


n 
i=0 
n 
a,b,°n! = a,b," 3 (— 
i=-0 


Hence, 
n 
(n—1)! = (n—1)"+ (n ) ) 
2! 
__ (n—1) (n— 2) (n— 3)” 
3! 


41. 


If Adams had utilized this he would have simplified his results concerning irregular 
linear difference equations for the case where all roots of the characteristic equation 
are equal. See C, R. Adams, “On the irregular cases of the linear ordinary difference 
equation,” T'ransactions of the American Mathematical Society, vol. 30 (1928), p. 526. 
’ See also G. D. Birkhoff and W. J. Trjitzinsky, “ Analytic theory of singular difference 


equations,’ Acta Mathematica, vol. 60, pp. 1-89. 
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Hence the statement holds for r. 

When the coefficients of (7 = 1,2,---,w#—1) in (19) are set 
equal to zero, we obtain equations which are satisfied for all values of 
* Soy S1,° For, these relations are composed of poly- 


nomials in these constants whose coefficients vanish, since they are (after the 


-1 
lemma) of the form (by). 
i=0 
Placing the coefficient of «-“/" equal to zero, and employing the relation 
(20), we have 
(ho — 1)°b,°F 
w!(wh)” 


= — ¢, (4, b,). 


And since by hypothesis 6; is not a root of ¢,(a,b,) =O this equation de- 
termines w distinct values for 8. 
When the coefficients of a!(+s)/oh (7 —1,2,---) are equated to zero, 


we have 


(wh — 7) (ho 1) f() 
(w —1) ! (woh)® 


poe 1,2,-°-, h—2), 
(wh — 1)°b,°f (J ) 


wh 1 W-1§ wf(w) b, 
(g—oh + 1) ( ) f ( ) ) S918 j-wh+1 = Wj (8, a, b,) 


(wh)?(w—1)! 
(j =oh,oh + -), 


where the expressions yj; are polynomials in the previously determined con- 
stants. Hence, for each of the w values of 8, there is one and only one value 
for each of the constants $2, 83,° d, * *- 


The solutions are all linearly independent, therefore: 


THEOREM 7%. A homogeneous algebraic difference equation has v and only 
v linearly independent formal solutions of the form (2), where v is the dif- 
ference between the maximum and the minimum values of i, + i. ++ + ++ ty, 
if the multiple roots of the characteristic equations are not roots of the corre- 
sponding secondary equations and if the Puiseux diagram does not have any 
multiple point vertices for which vinta... tg == 0. 

Corotnary 7.1. A homogeneous algebraic difference equation of the m-th 
order and the q-th degree, which contains both the terms c,(x)[y(a + m) |? 
and ¢,(x)[y(a) ]%, KO, has mq and only mq linearly independent 
solutions of the form (2) if the multiple roots of the characteristic equations 


ic 

y 
ar 
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are nol roots of the corresponding secondary equations and if the Puiseur 
diagram does not have any multiple point vertices for which 
, 
a ig =O. 
Now let us view briefly a few cases in which a multiple root of a char- 
acteristic equation is also a root of the secondary equation.‘ 
If a characteristic equation has a root b; of multiplicity » > 2 which is 
a simple root of the corresponding secondary equation, and if a= c/h, where 


h > 1, then there exist formal solutions: One of the form 


(a) y(x) b (x) 
(21) and w»—1 of the form 


When h = 1 the formal solution (21) exist if 


1 m ‘ 
2! (w— 1) 4,=0,4,=0 iq=¢ 
and 


(w — 10, °f (6;) 


22) + Bigs — 
(o—1)!(—1)" Paths (1) —1)-2! 
4,=0, i2=0,...,4q=0 
for 7 = 2,3,4,- ~~. In particular, the two conditions are satisfied for all m 


values of 6, if 


m 


4,=9, 
When w = 2, the solutions (21) both reduce to the type (a), but, in order 
for the equation to possess two solutions of this type, further conditions must 
be fulfilled. 

When ), is a w-fold root of the characteristic equation and is a multiple 
root of the secondary equation the problem is more complicated. We cannot 
state as Adams* did for the case of the linear homogeneous difference equa- 
tions, “that the presence of b,; as a ;-fold root of the secondary equation 
tends to reduce to » —w, the index of the root of 2 according to powers of 
which the series proceed.” For such a statement cannot hold unless 


*C. R. Adams has treated the irregular cases of the linear difference equation. 
Transactions of the American Mathematical Society, vol. 30 (1928), pp. 507-541. 
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m 
> (i;? ale in? otite. i, (be%) até - - () 
ig=0 
and even then, for sufficiently large other conditions must also be satisfied. 
If » S/A and 6, is a root of multiplicity =o of ¢,(b,,a) = 0, a root of 
multiplicity =o—1 of ¢$2(b;,a) =0,-- +, a root of multiplicity = 2 of 
dw-1(b1,a) = 0, and is not a root of ¢.(b,,a) = 0, then there are w formal 
solutions of the type 


If 6, is a root of all =0 2,- -) then there is a solution of 
the form y(z) = 0,”. If wo >/h again the problem has additional complica- 
tions. The equations for the determination of the coefficients - , 8-1, 
d, 8,/80, S2/80,* * * contain terms whose coefficients are of the form 


™m 


) 


4,=0, in=0,..., 49 
--,K), and 
m q 


(1S 2,3,- - -, 1,2;- - 


Such quantities cannot be expressed as a linear combination of the various 
derivatives of the characteristic, secondary, equations, hence, we cannot, 
on the basis of the multiplicity of the root b of these equations, determine 
when the coefficient of the undetermined quantities are non-vanishing. 


5. Equations with an infinite number of solutions. In the above con- 
siderations, we have found that homogeneous difference equations which satisfy 
certain restrictive conditions have only a finite number of formal solutions of 
the type (2). However, there are, as is evidenced by the following obvious 
theorem, difference equations which have an infinite number of solutions of 
the form (2). 


TuroreM 8. If i, +%.+:-+++%7=K for all terms of a non-linear 
homogeneous algebraic difference equation and if the sum of all the coefficients 
vanish identically in x, then there are an infinite number of solutions (2). 


[y(x) = b,” is a solution for all values of b,]. 


Theorem 8 applies to a special class of difference equations whose Puiseux 


° ‘ . ff 
diagrams have multiple point vertices for which > . ig = 9. 


Before considering the family of all such equations, let us see whether the 
difference equations whose Puiseux diagrams do not have multiple point ver- 
tices for which ps oi... ig = 9 may have an infinite number of 
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solutions (2). For each difference equation of this class the values of a and } 
are uniquely determined and are finite in number, hence, if there are an 
infinite number of solutions (2) there must be an infinite number of values 
for someone of the quantities 6; (t= 1, 2,---,p—1), d or si/so (t=—1,2,--°), 
It is possible for one of these quantities to have an infinite number of values. 
For example: the expressions (22) give the coefficients of the constants 
5;, d, 8:/8o in the linear equations which determine them. Hence if (22) 
vanish for some j, say 7 = 2, and the other term of the equation for the 
determination of 8, also vanishes, then 6, is arbitrary, while all the other con- 
stants 6;, d, s;/so are uniquely determined since (22) can vanish for only one 
value of 

It is conceivable that the equations for the determination of the constants 
5;, d, si/So may all have a degree greater than unity. If this were the case the 
difference equation might be satisfied by each series of a “branched set of 
series ” infinite in number. For example, if all the equations for the de- 
termination of the constants are of the second degree and the roots of all the 
equations are distinct, then there would be 2'* values for s:/sy. Hence there 
would be a countable infinity of solutions of the form (2). Such a condition 
can never actually exist, as can be seen by inspecting the supposed identity. 
For when the degree of the equation for the determination of d is M > 1, the 
degree of the equation for the determination of s,/s) is M, < M, the degree 
of the equation for the determination of s2/so is Mz = My, (the equality sign 
only holds when M, 1), and so on, until the degree of the equation for 
determining the constant s,/s) is one. 

Returning to the study of the class of difference equations whose Puiseux 
diagrams have multiple point vertices for which = 9, 


we first consider homogeneous difference equations which have the property 
that 4, + for all terms, i.e., 


Ari; 


=09. 


Here it is not possible to obtain solutions which proceed by fractional powers 
of z, so we look for solutions of the form 


(24) y (x) = + + °°). 


The substitution of this expression in (23) gives 


2 


- A(x) D(x) -S(a,1) =0. 
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Equating the coefficients of the powers of 1/z to zero, we have 


(44? + %? 19”) dot, .. + Po (G, == () 
1) $1 ° 
So So 


€ € 
1, 2,3,-- -), 
where the expressions P; involve only previously determined constants. Hence, if 
there are always an infinite number of formal solutions of the form (24),—one 


for each non-zero value of 6. When the inequality (26) is not satisfied, there 
are no solutions of the desired type unless 


(27) ig = 9. 


[f the equality (27) holds and the inequality (26) does not, then the equa- 
tions which determine the constants are 


— + doi... ig] + ig = 0 
— (1? + tq?) ig + (4,7 + +++ + doi, ... ig} 
— doi... ig] + Por = 0 


[+2 


1, 2, 3,- - -), where Q; and Py; (t= —1, 0,1, 2,- - -) are known quanti- 
ties. When 


30) (41? + 12? + + tq”) tg + + doi, ... iq] FV) 


there is at least one value for a. And when a is a root of (28) such that 


+ + doi... ig] + Por = 0, 


(31) +i?) +5 + + doi, ... ig} 


for] = 0, 1, 2, - , then it is possible to determine at least one value for each 
of the constants d and 87/8», since the coefficients of the linear terms in the 


| 
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equation (29) do not vanish. Hence, there is always at least one formal 
solution for each value of b. When the inequality (30) holds and 

sisi... ig = 9, 


then the condition (31) may be replaced by 


(31’) + + di... ig — + + doi... 0, 
for 10,1, 2,- -, since may be zero. 


In the general case the coefficients of the powers of 1/xr up to and in- 
cluding (1/r)"* vanish identically for all values of the unknowns. This is 
the case when 
where JS n—1, fi frtjet If the 
equalities (32) hold and if 


j=2 igt...+ig=K 
for y = — 1, 0,1, 2,- - -, then the coefficient of (1/r)”"* is an algebraic equa- 


tion in a which does not contain any of the other undetermined constants. 
Moreover, the constant term in this equation is zero and the coefficient of the 
—1]. Hence a=0 isa 


linear term is different from zero [(33) for y 
solution. The coefficient of (1/z)" gives an equation for the determination 
of d, the coefficient of (1/r)"*' gives an equation for the determination of 
$,/8o,° °°, and in each of these equations the coefficient of the linear term is 
different from zero. Therefore, the constants d, s,/s) may be determined in 
order.°® 

Hence: 


5 In order to see the validity of the above statement it is convenient to write 


(1 + i,/a)4(1 + + (1 + = exp{d[log (1 + 1,/x) 
+ log (1 + ++ +4 log(1 + 


=exp jd = 


3a 


= --+4,) 


Since in this formal expression the coefficients of the powers of 1/x are polynomials 


in d with coefficients of the form 


| 


mal 


ils 


NON-LINEAR ALGEBRAIC DIFFERENCE EQUATIONS. 205 


THEOREM 9. A non-linear algebraic homogeneous difference equation, in 
which + ig = K for all terms, has an infinite number of formal 
solutions of the form (24) tf the relations (32) and (88) are satisfied. 

The conditions of this theorem are more restrictive than necessary. A 
more general statement is the following: If the relations (32) hold for 
ls n—2; if 

j=2 
and if there exists an a (defined by setting the coefficient of (1/2)"-* equal to 


zero) such that 


(uF + tg! igh 0 
for y = 0,1,2,: - -, then (23) has an infinite number of solutions of the 


form (24). Although this statement is still very restrictive, because of the 
algebraic complications we have not attempted to obtain better results. 

We now treat the general case. 

Here there are an infinite number of rational values for a such that the 
terms corresponding to some multiple point vertex are of higher degree than 
any other term of the equation. For a= c/h we assume a solution of the 
form (2), where ph. When y is replaced by this value and the common 


factor removed the supposed identity is 


(34) (« (ban) tot... a- D(x) 
(a, h) - h) Ans (a, h) - =O. 


If the coefficients of the powers of 1/z'/" equal zero, then b is determined by 


the equation 
m 


i1=0, ig=0, iq=9 


The coefficients of the linear terms in the linear equations which determine 8,, 
(j=1,:--,p—1), d and s;/s) (j =1,2,: -) are of the form M,by/,(b), 
(M; 0). Hence, if (35) has a simple non-zero root there is a formal solu- 
tion (2). Therefore, there are in infinite number of formal solutions if there 
are an infinite number of values a for which the corresponding equations (35) 
have a simple non-zero root. 

We state that there can never be an infinite number of rational values 


of a for which the corresponding equations (35) have a simple non-zero root. 


0, 
in- 
is 
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la- 
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Construct the Puiseux diagram including a point for each term of the given 
difference equation. (See Figure 3.) If / is a line through the multiple 
point vertex P with a slope —a, then the equation for the determination of } 
has for its coefficients the coefficients of the terms corresponding to points 
lying in some line I’ which is parallel to 1. If the equation (35) is to have a 
simple non-zero root the line /’ must pass through at least two distinct points. 
But since the number of points in the diagram are finite (the coefficients of 
the equations are polynomials) the number of possible lines connecting two 
distinct points is finite. Hence our statement is true. 


\ 
\ 


Fia. 3. 


When equation (35) vanishes identically, b is determined by the first one 
of the equations, 


m 


41=0, i9=0,...,4q=0 
which is not an identity. In case any one of them has a simple non-zero root 


then the other constants are all uniquely determined. If equations (36) 
j =1,2,3,- + -,h are identities for all values } and if 


m 
44=0, in, =0,...,%4q=90 


then the constants 8;, d and s;/s) are determined for every value of b. Hence 
there are an infinite number of solutions. It is easy to see further that 1! 


Y= kj, ly 
x \ 
x \ 
\ 
\ 
x x we 
x 
x 
x 
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there exists an a such that the equations (36) are identities in b for 


j=0,1,2,- - -,h-+-2 where d is the first value of A < h for which 


44=0, 
then again the constants are determined for an infinite number of b’s. For if 
(38) is satisfied for one value of b it is satisfied by an infinite number of values. 
When no @ exists such that (38) holds for 4 < h but there exists an a such 
that (36) holds for 7 =0,1,2,---,A+h;hZSA< 2h, where Xd is the first 
value for which 


0, io= 


2h 


y= - - then, again the constants may be 
determined for an infinite number of solutions. 
In general, when there exists an a such that 


0,4 
9=0,...,3tq=0 


for all positive integers such that (j, + jo 
the coefficients of 1/zx* = 0,1/h,2/h,- --,n-+k/h) vanish for all values 
of the constants §,,52,° 81-1, d, $:/S0, +, Tf the identities (39) 
are satisfied and if there exists a b such that 


G=0; 

y=—h+1,—h+2,---,—1,0,1,---, then the coefficients of the linear 
terms in the equations which determine the constants 8;, d, 8;/s) are of the 
form (40). Therefore, the quantities 8;, d, s;/so may be determined in the 
order of their sequence. When the inequalities (40) hold for one value of 6, 
they hold for an infinite number of values. Hence we have the following 


theorem : 


THEOREM 10. A non-linear homogeneous algebraic difference equation, 
whose Puiseux diagram has a multiple point verter at c=-2, for which 
oi... ig = 9, has an infinite number of formal solutions of the 


form (2) if for an admissible a there exists a b such that the relations (39% 


and (40) are satisfied. 
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Theorems 8 and 9 are special cases of Theorem 10. 

Case II. The series (2) does not cause each of the homogeneous parts 
to vanish. 

It follows from Theorem 1 that a formal solution (2) which does not 
cause each of the homogeneous parts to vanish must be one in which a = 0, 
(4=1,---,p—1) and b—1, i.e, 

(41) y(z) = 


When (41) is a formal solution of the general algebraic difference 


equation 
4,=0,...,%4q=0 

then 


i 
igtdj (cous. oo ty + + 


4,=0,...,4q=0 
K R( (a+ R( (a + 4+ =0. 
If this relation is an identity in x, two of the leading terms must be of the 
same degree. While all other terms are of lower degree. That is, d must be 
determined so that 
ig, = ty, + Jed 


where the values j;,%,° are not all equal to the values jo, i,,° ij, 
respectively, and where 

bk, 

ty IDS ty, + jad 


for all other values of j,%,---,7;. Here again these conditions may be 
represented by a Puiseux diagram. For if we plot the points (j, kji,...i;); 
(See Figure 4) the negatives of the slopes of the lines connecting two such 
points give all conceivable values for d. Hence we are led to a broken line, L, 
concave downward, whose vertices fall at certain of these points while all other 
points lie below Z. Again, it is possible for two points or more to coincide 
at a vertex of the diagram. When L has a multiple point vertex for which 
D @oi,...i;, = 0, any value of an interval is an admissible value for d, but 
jr 


when ZL does not have double point vertices the slopes of the segments of L 
uniquely determine the values of d. 
Under the assumption that the Puiseux diagram does not have any 


multiple point vertices for which a’oi,...i,, == 0, d has n rational values. 
jr 
For each of these values there is a corresponding equation 


al 


E 


he 
be 


es. 
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(42) Wa, (So) = 0 
which determines the values for so. !f we denote the n values by d,, do, +++, dn, 
where d, > d2>--+-+>d,, then the total number of non-zero values for 5» 
(counting the roots according to their multiplicity in the various equations) 
is precisely q. For if jo, j1,° * *; Jn are the values of the successive vertices 
the number of roots of the n equations corresponding to d,,d2,- --,dn are 
ji — Jos 9 Jn— Jn-s, Yespectively. 
Kirt 
~ 
™x 
x 
x=] 


Fie. 4. 


For a rational value d, = c/h it is necessary to set p equal to h in order 
to insure that the coefficients of the powers of (1/r)'/” contain at least one 
undetermined contsant s; The products 


R((a+ i, (1/0) ) R((a+ ~ ) ) 


are of the form 


+ terms involving and s; 


181809} 


Therefore, the coefficients of the constants s; in the linear equations which 
determine them are W'a,(8o). Hence, if the equations (42) do nol have multi- 
ple roots there are always q solutions of the form (41). 
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CONCERNING THE CONVEXIFICATION OF CONTINUOUS 
CURVES.* 


By G. Harrop, JR. 


1. It is the purpose of this paper to show that certain classes of bounded 
continuous curves can be regarded as convex spaces on the introduction of an 
appropriate metric. 

By a metric space is meant a set of points for which a non-negative real 
number p is defined for each pair of points in the set satisfying the usual 
conditions 

1. p(a,b) =0 if and only if a=), 
2. p(a,b) =p(b,a) >0, 
3. p(a,b) + p(b,c) = p(a,c). 


The distance function p is called a metric of the space. The point b will be 
called a between point of a and ¢ (and of ¢ and a) if and only if it is distinct 
from each of a and ¢ and further p(a,b) + p(b,c) = p(a,c). A metric space 
FR will be called convex (Menger ') if to every pair of distinct points .r, y in P 
at least one between point exists. .\ topological or metrical space is called 


convexifiable if it is homeomorphic with a convex metric space. 


2. Menger? has shown that every compact im kleinen connected cou- 
tinuum which is are lengthwise im kleinen connected * may be convexified ly 
re-defining the distance function in an appropriate way. The question arises 
as to whether or not it is possible for every continuous curve to define the 
metric in such a way that the curve is arc lengthwise im kleinen connected 
and hence convexifiable. It can be shown, for instance, that it is not possible 
to define a metric throughout the interior and on the boundary of a Jordal 
region in such a way that for all curves imbedded in this region the property 
of arc lengthwise connectedness im kleinen exists. It appears that the choic 
of a metric by means of which the curve, which may be regarded as the space, 


* Received April 28, 1937; Revised July 6, 1938. 

1K. Menger, “ Untersuchungen iiber allgemeine Metrik,” Mathematische Annalet, 
Bd. 100, pp. 75-163. 

2K. Menger, loc. cit. 

*The set M is said to be are lengthwise im kleinen connected provided that ” 
every € > 0 there exists a 56> 0 such that p(p,q) <6 implies that p and q cal he 


joined by an are in M of length less than e. 
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is to be convexified will depend largely on the structure of the curve with 
which we are dealing. 

It has been shown by Kuratowski and Whyburn * that acyclic curves can 
be convexified, and further, that this property of a continuum is cyclicly ex- 
tensible, hence in all cases it will suffice to limit our considerations to the true 
cylic elements of the various curves. The point p of M is called an im kleinen 
eyele point of MW if for each « > 0, p lies on some simple closed curve in M 
of diameter <e. It will be shown that the following types of curves’ are 


convexifiable: 


a) plane continuous curves having at most a finite number of comple- 
mentary domains, 


b) bestandig regular curves, and 


g 
c) curves having a set of im kleinen cycle points K such that K is totally 


disconnected. 


3. ‘The proof of 2.a) for the case of a single complementary domain is 
immediate since each true cyclic element (in case the curve M is not acyclic) 
is topologically equivalent to a closed unit circle. 

In case has two complementary domanis we distinguish ac- 
cording as ( = B(R,)B(R.) ®°=0, or ~O0. In the first case M is homeo- 
morphic to the closed circular ring? 1S rS 2,0 22 which is clearly 
are lengthwise im kleinen connected. If (0, two cases are distinguished 
according as B(PR,) = B(R.) or B(R,;) ~ B(R.). If the first relation holds, 
M is a topological circle and can be convexified. In the second case let the 
at most countable number of components of B(?.) —B(R.)B(R,) be 


2 Kach 7; will be an are with end-points aj, b; in B(R,), except 
in case B(R,) — B(R,)B(R,) has a single component 4, may be B( fi.) itself. 
To each ¢; corresponds an unique closed Jordan region D; contained entirely 


in M such that /; plus an are s; of B(R,) forms the boundary of D;. Livery 
00 x 
point of M is contained in B(R,) + % Dj, hence M = B(f,) + 3 Di. Map 


the interval 0O=/=1 on B(R,) so that /=0, /=1 correspond to a point 
qe B(R,)B(R.). To the unique are aj); of B(R,) not passing through q¢ will 


‘Kuratowski et Whyburn, “Sur les elements cycliques et leurs applicatione,” 
Pundamenta Mathematicae, Tome 16, pp. 305-331. 

5 Unless stated otherwise it is understood that all curves mentioned lie in a 
Euclidean space of dimensions. 

°B(R) denotes the boundary of the region R. 

7B. V. Kerekjarto, Topologie 1, If, 2. 
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correspond an interval ¢; of 0 1. On e; construct an equilateral triangle 
with ¢; as base. Denote the triangle plus its interior by gi, then gi can be 
mapped topologically on D; with a;b; corresponding to e;. Call the point-set 
thus constructed on the unit interval N, and let T denote the above described 
transformation which carries N into M. Evidently 7 is one-valued and con- 
tinuous on N and each point in M corresponds to an unique point in N apart 
from qg which is the image point of both end-points of the unit interval in N. 
The set NV is a compact locally connected continuum with a single comple- 
mentary domain and hence can be convexified. Let the corresponding distance 
function in N be p. That M can be convexified follows from the ® 

THEOREM. Let N be a compact convex metric space which is mapped 
continuously on the metric space M in a one-to-one fashion except for the 
points of the closed subset A of N all of which are sent into a single point q 
of M. Then M is conver with the following definition of distance: 

y) = min. A) + y’) }, 
where x is the image point in M of a’ in N. 

To show first that p is a distance function we notice that if «= y, then 
orv,y ¢Asop(z,y) =0. If p(x, y) =0, either c = y’ since p isa 
distance function, or, »(2’,A) + y»(A, y’) =0, and since A is closed, this 
implies that a’,y’eA so «c—=y=g. The symmetry condition is obviously 
fulfilled. 

In order to prove the triangle inequality we notice that since p is the 
distance function in a metric space, we have 

By definition of the number p we have 

3) = 7); A) + »(A, 7) = p(p, q)- 

Now the expression p(p,q) + p(q,7) is equal to the left side of one of the 
four following inequalities which hold by virtue of 1), 2) and 3); 

a) p(p’, q)+ Y= ‘j= p(p, 7), 

B) 4)+ 7) = A)+ 7) = p(p, 7), 

y) A)+ + (97,7) = A)+ (A, (7,7), 


Hence p is a metric. 
®The author is indebted to A. N. Milgram for the suggestion that the author's 
method would yield the following theorem in place of a special case previously given. 
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Next it will be shown that to distinct points z,y in M there exists a 
between point z. First, if gex-+ y and p(z,y) =4p(2’, y’), then there exists 
a point 2’ such that p(a’, 2’) + y’) =p(2’, y’) since N is convex. Hence 
by definition of p, p(x, 2)-+ p(z, + y’) = y). 
Thus by the triangle inequality z is between 2 and y. If qex+y and 
y) Apa’, y’), then p(x, y) = p(a’, A) + w(A, y’). Since p(2’, A) 
=p(z,q), we have p(2,y) = p(2z,q) + p(q,y), thus q is between z and y. 
Next, if gq (say), the existence of a between point to g and y must be 
established. Since A is compact there is a point c’ of A such that 
w(A,y*) = p(c',y'). Since N is convex there is a point zt of N for which 
e(q,y) = + y*) = w(A, y'). Obviously 21 € y? + A, hence 
zeyt+q. Now p(q,2z) + (zy) Sh (c’,2*) + p(2',y") =p(A,y’) =p(q,¥). 
Thus z is between g and y. 

The proof in the general case is easily established by induction. Sup- 
posing that all bounded plane continuous curves with n —1 complementary 
domains can be convexified, let M be a curve of the same type with n com- 
plementary domains. As before, we distinguish two cases according as all 
boundaries of such domains are mutually exclusive or not. In the first case 
M is topologically equivalent to a closed domain N bounded by a circle C, and 
n—1 smaller circles C2, Cn interior to The circles are mutually 
separated and C2, -, Cn are exterior to one another. Obviously is are 


lengthwise im kleinen connected hence this case is disposed of. 
n 
If B(R;) B(R;) ~0, then M+ — + is a continuous curve 
1 


with two complementary domains. There is no loss in taking Rj = RF, as the 
unbounded complementary domain, for if this type can be convexified, then, 
by performing an inversion of the plane about an interior point of R; all cases 
can be made to depend upon this one. The inversion carries M into another 
hounded continuous curve in a one-to-one bi-continuous manner which does 
come under the special type being considered. If qe B(h,)B(2), then 
M=M+R,+h,+R,+---+ RP, is bounded and has two complementary 
domains. We construct next a set N on the unit interval which is carried by 
the transformation 7 into M', as in the case n = 2. Since N has one comple- 
mentary domain, the set N minus the counterimages of R;, Ry: + +, en, which 
we may call N*, has the property of being a bounded continuous curve with 
n—1domains. Moreover, T carries N* into M in a continuous fashion which 
is one-to-one except for the points of the closed subset A consisting of the 
end-points of the unit interval in N* which are both mapped into the point q. 


*B. V. Kerekjarto, loc. cit. 
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By assumption N* is convex with respect to the distance function p, hence 
applying the theorem given above on mappings of a convex space we conclude 


that M is convex with respect to the distance function p(a, y). 


4. By a regular curve is meant a bounded continuum WV such that each 
point p of M is contained in arbitrarily small neighborhoods V such that 
B(V)M consists of a finite set of points. If the sum of a regular curve M and 
an arbitrary regular curve M* (such that MM* = 0) is again a regular curve, 
M is said to be bestandig regular. Such a curve can be completely characterized 


in the following ways: 


a) A continuum M is bestandig regular if and only if the set of its 
branch points A has an enclosure A which is totally disconnected : 1° 
b) A continuum M is bestandig regular if and only if for an arbitrary 


non-degenerate sub-continuum L of M the set JJ — JZ is not dense in M.™ 


From a) it is evident that each true cyclic element M of a bestandig 
regular curve M' is also bestandig regular. From b) the free arcs !° are every- 
where dense in J, and if ¢ is any are in M, the free ares in M which are con- 
tained in ¢ are everywhere dense in ¢. The number of free arcs such that any 
pair have in common at most end-points is countable since to each free arc / 
with end-points a and 6 may be associated an open set /— (a+b) in M and 
certainly the number of open sets in M such that no two have a common point 
is countable. Let these free arcs be denoted by U2, The are uy, can 
be regarded as a topological image of the interval J, (0S y= 1/h). 
If N = 3/;,, then N is carried into Sw, by this transformation 7 which carries 
I, into uw. To each are t in M is associated a p length which is defined to be 
the sum of the lengths of all intervals and sub-intervals of N whose images 
under 7’ are contained in ¢. On account of the way in which the intervals /; 
were defined and of the fact that every are in M contains a free are or a sub- 
are of a free are this » length for a definite are ¢ is positive and finite. By 
means of the » lengths a convexifying metric for M will be introduced. 

Define p(p,g) =. 1. b. of the set of » numbers corresponding to the set 
of all ares ¢ joining p and q in M. To show that p is a metric we notice first 
that p(p. =9. To show that p(p,q) = 0 implies that p= q let 
be any sequence of arcs in M joining this pair of points (pA q). We shall 
show that there is a certain sub-are common to infinitely many /,., and, since 
the contribution of the p length of this sub-are is a certain 6 > 0. p(p,q) > 9: 


°G. T. Whyburn, Monatshefte f. Math. u. Phys., Bd. 38 (1931), 8. 1. 
11K. Menger, Kurventheorie, Leipzig, (1932), S. 264. 
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Let (ti) be any sequence of ares in M joining the distinct points p and 4. 
M is bounded and lim. inf. (/;) 0 thus D = lim. sup. (¢,) is a continuum. 
Letting A denote the branch points of M, the set 4 is totally disconnected. 
If ze D — DA, then for V(z) sufficiently small there are no branch points in 
V. Since z belongs to D, there is a sub-sequence (t;,) of (¢;) such that 
§(tk,,2) tends to zero as hy becomes infinite. If infinitely many /;, pass 
through z they are identical in V since there are no branch points in this set 
and hence the common sub-are does exist. The alternate possibility is that 
MV consists of a countable set of components C; containing a sequence of 
points py, p2,° converging to z, pie Ci, but this is not possible since is 
arcwise im kleinen connected. 

That p(p,q) satisfies the symmetry and triangle conditions is readily 
evident from the definition of p. To show the existence of a point 7 such that 
1) + p(t, 7) =p(p,q) let be a sequence of arcs in M joining p and 
q for which the g.1. b. of the corresponding p lengths is p(p,q). To each [;, 
let z, be the first point on the arc passing from p to q such that p(p, 2x) 
= p(p,q)/2. There must be one on account of the continuity of the metric. 
If a certain z, occurs infinitely often, set r= z;,, otherwise let rez. Then 
ris between p and qg. For, if p(p,7) = p(p, 7)/2 —«, « > 0, we have a con- 
tradiction since p(p, lim. = lim. p(p, = p(p, ¢)/2, as hi increases in- 
definitely, where (z,) converges to r. If p(p,r) =p(p,q)/2 +6 «>0. 
again a contradiction occurs. If (z,,) converges to 7, then for V(7)  suffi- 
ciently small, V, p(p, ze,) p(pq)/2 + ¢«/2; if U © V then for z, in U, 
p(p, 2.) = p(p,q)/2 + Now any point wu preceding z,, on in V—U 
is such that p(p, uw) = p(p, q)/2 + €/2, but this contradicts the definition of 
a, Hence r is between p and q. This completes the proof that bestandig 


regular curves are convexifiable. 


5. To show that a bounded continuous curve with a set of im kleinen 
cycle points C such that C is totally disconnected is convexifiable it will suffice 
to show that each true cyclic element is bestandig regular. Since C is totally 
disconnected, MC is totally disconnected, where M is a true cyclic element of 


the given curve. Hence our proposition is implied by the 


THeorEeM. Jf M is a cyclic curve and C is totally disconnected, where C 


is the set of im kleinen cycle points of M, then M is bestandig regular. 


First, we shall show that under the given conditions M is hereditarily 
locally connected. If it were not, there would exist a sub-continuum K of M 


which is a convergence continuum. Hence the order of any point p of K is 
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infinite. . Since C is totally disconnected we can fix our attention on a point 
in K which does not belong to C. But by Theorem 6 of the paper Concerning 
points of continuous curves defined by certain im kleinen properties,” by G. T. 
Whyburn, a point of a cyclic curve which is not an im kleinen cycle point is a 
point of finite order, hence p does not belong to K. Now to show that J is 
bestandig regular it will be sufficient to show that there can be no sub- 
continuum JZ in A, where A is the set of branch points of M@. If there were 
such a sub-continuum, it would be a continuous curve itself since M is heredi- 
tarily locally connected, and as such it would necessarily contain an are [. 
The are ¢ is composed of branch points and limit points of branch points of 
M. Since C is totally disconnected, C is not dense on ¢ hence not uncountably 
dense on ¢, thus by Corollary 1, {3 of the paper referred to above, the are { 
contains an arc segment which is an open subset of M. Hence an arc ¢ with 
the above supposed properties can not exist. Thus M is bestandig regular. 
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CERTAIN MEAN VALUE THEOREMS, WITH APPLICATIONS 
IN THE THEORY OF HARMONIC AND 
SUBHARMONIC FUNCTIONS.* ! 


By F. W. PERKINS. 


Introduction. ‘The purpose of this paper is to investigate the properties 
and uses of a certain type of integral mean. Let f(t) be any real single valued 
function, continuous on the interval 0 = ¢= <a of the real variable ¢. The 
expression $(«, 8,p; f) studied in Part I, represents (in general) a weighted 
arithmetic mean of the values of f(¢) on the interval 0 <t<p. The weighting 
function depends on the variables a, B and p. The function $(¢, 8, p;f) is 
related to the Laplace Integral, and to certain expressions used in the theory 
of summability.? 

In Part II we discuss applications of the previously developed theory. 
Given any function uw, continuous in a finite region R of the plane or of space, 
we define fp(/) as the arithmetic mean of uw on the boundary of the circle or 
sphere with center at an interior point P of & and sufficiently small radius ¢. 
Through properties of ¢(«, B,p; fp) we obtain anumber of mean value theorems 
for harmonic and continuous subharmonic functions.* Although the most 
interesting applications explicitly given involve merely $(1, 8. p; fp), some 
results may be obtained which involve (a, 8. p;fp) for general values of a. 
We do not consider superharmonic functions, since their properties can be 
inferred directly from those of subharmonic functions. 


* Received September 1, 1937; Revised June 8, 1938, September, 1938. 

1 Some of the results contained in this paper were announced by the author at the 
International Congress at Oslo in 1936. F. W. Perkins, “ Mean value theorems with 
applications in the theory of harmonic, subharmonic and superharmonic functions,” 
Comptes Rendus du Congrés International des Mathématiciens, Oslo, 1936, Tome II 
(1937), pp. 64, 65. 

*See, for example, L. L. Silverman, “The equivalence of certain regular trans- 
formations,” Transactions of the American Mathematical Society, vol. 26 (1924), 
pp. 101-112. 

*For brief discussions (with bibliographical references) of known mean value 
properties of harmonic and subharmonic functions, see the following publications: 
G. Bouligand, “ Fonctions harmoniques. Principes de Picard et de Dirichlet,” Mémorial 
des sciences mathématiques, Fascicule XI, Paris (1926); see particularly pp. 4-6 inc.; 
T. Radé, “ Subharmonic functions,” Ergebnisse der Mathematik und ihrer Grenzgebiete, 
Bd. 5, Heft 1, Berlin (1937); see particularly Chapter IT. 
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PART [: Properties or $(¢, B,p;f). 


1. Definition and fundamental properties of (a, B,p; f). We give 


first the following definition: 


i 


DEFINITION. Corresponding to a given function f(t), real, single valued 
and continuous on the interval 1: 0 Sta of the real variable t, we define 


a junction $(%,8,p;f) for certain values of the real varjables 4, B and p by 


the following relations: * 


(2) $(9,B,p3f) =f(p), when 0< B and 0 <p = 8; 
(3) 6(%,0,p;f) =f(0), when 0S and 0 </p =a; 
(4) $(%,8,0;f) =f(0), when 0S and 0 


Throughout this paper we are concerned only with me quantities, and in 
theorems relating to (a, 8,p:f) the function f() will be assumed (without 
further explicit statement) to be single valued and ane on the interval 
1:0StSa. | 

From (1) and (4) we have also | 


Tr(a), | 
when0<¢4,0< Band0SpH=a. 
If f(¢) =1 when 0=/ =a, then $(4, B,p;f) =1 when 0S 4, 0S8 
and 0 = pa. Moreover the inequality | 
| 
G,<f(t) << 


implies the inequality | 


G, B pif) < (2606004, 


| 
Let fo(t), f.(t), fo(t),: fn(t) be n+ 1 functions, each continuous 
on J, and let ¢o, be n+ 1 constants. If | 
k=n 
f(t) eafz(t), 


{ 
k=0 
| 


‘The absolute convergence of the integral in (1) becomes obvious on making the 
substitution ¢ = pe-v/B. | 


j 
| 
H 
{ 
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then 
k=n 
a, B,p3f) Bp; fr), 02 6 CH 
$(%, B, | ‘= 
k=0 


In particular, if f(¢) is a polynomial of degree n, 


k=n 
k=0 


we have 


k=n 6} a 
B, pn) = = Ch (; p*, 0 = B. = p = 
k 


/ 


and 
h(a, 0, Pn) = Co, 0S 4, 


We also note that if a constant B is chosen so that 


| fi(t) — fe(t)| SB, = 
then 


(6) | B.p3fi) fe)| SB, 4 62 CS 


By considering first the case in which f(/) is a polynomial and then using 


Weierstrass’ polynomial approximation theorem, we obtain the results given 


below in Theorems 1 and 2: 


THEOREM 1. The expression $(2,8,p;f) represents a continuous func- 
tion of a, B and p throughout the region 


() = 0 = B, 0 =; p al, 
except along the line segment 


4 0, B=0. 


If B and p are constant and a becomes positively infinite then (a, B, p;f) 
approaches the limit f(0): 


0, B,p;f) = lim B,p;f) =f(0). 


a>+x 
If x and p are constant and B becomes positively infinite, then $(%, B, p3f) 
approaches the limit f(p): 


b( = lim p(%, Bia; == f(p). 


B+ 
2. Lel a’, and be any non-negalive constants, and let 
f’(t) = B,t:f), when OStSa. 
Then 
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THEOREM 3. For values a, B and p such that | 
0<BP and 


the function (a, B,p;f) has a continuous first partial derivative with respect 
to B, and 


For values of «, B and p such that | 
l=a 0=8 and 0< 


the function (4, B,p;f) has a continuous first partial derivative with respect 


to p, and 
(8) Bs pf) [6(a—1, B, p3f) — (a, B,e3f)]. 


It is readily verified that this theorem is true when f(t) is a polynomial, 
and it is possible to determine an infinite sequence of polynomials p(t), 
p(t), p™ (t),- + +, which converges uniformly on I to f(t). Using (6) 
we see that when 0 = 2,0 < Band0=tZa, | 


B,e;p™) = $(4, p;f), 
and so | 


moreover, for fixed « and p the convergence is in each case uniform with 
respect to on any interval = = B”, where and are positive con- 
stants. Hence 0¢(, 8, p; f)/08 exists and is given by (7). The relation (8) 
may be established by a similar method. Finally, the continuity of these 
partial derivatives follows from known properties of boundedness and con- 


tinuity of (a, B,p;f). 


2. Further properties of (2, 8,p:f). This section is devoted to proper- 
ties of ¢(%, 8,p;f) which will prove useful in the discussion of applications. 


THEOREM 4. If a’, B’ and p’ are constants such that 
and if f(t) is a non-decreasing function of t on the interval 0S t Sa, then 


(i), 6(a, B’,p’;f) is a non-increasing function of « on the interval 0 S4, 


st 
it: 


We 


wl 


| 

| 

| 
| 


ct 
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ii), 6(a, B,p’;f) is a non-decreasing function of B onthe interval 0 = Bp. 

P >] 

(iii), f(a’, B’, p3 f) is a non-decreasing function of p on the interval 
0S 


=p = 
The theorem is obviously true if at least one of the constants @’, B’ and »’ 
is zero, and so we may exclude this case from further consideration. 
To establish (i) for the case in which 0 ’ and 0 ‘<= a, we first 
let a, and @ be any two constants such that 0 < a, < a and note that there 
then exists a positive constant y) uniquely determined by the condition 
a) 


Referring to (5) we may write 


= fi¢ ee’) f e-Vy%" [T (ae) 


But the integral in the last line of the above formula has the value zero, and so 


By holding a, fast and allowing a, to approach zero as a limit we see that this 
relation is also valid if a, 0. This completes the proof of (i). 
The validity of (ii) is readily established through (i) and (7). 
To pe that (iii) is valid when 0 < @ and 0< f we note that if 
0S pi S po =a, then 
BY, po; f) BY, 
— te-Vdy = 0, 


yor ( Oy ) = 0. 


(a1) 


(a, ) | dy. 


Ch 
which yields the desired result. 

TuHeoreM 5. If there exist a positive constant a and a non-negative con- 
stant B’ such that $(o,B’,p;f) Sf(p), when 0S pSa, then f(t) attams 
its minimum value on I: 0StSaat t=0. 

If the theorem is false, there exists a constant p’ such that 0 < p’ =a and 
< f(t) when OSt<p’. Since f’,p’;f) is either f(0) or a 
weighted mean of the values of f(¢) on the interval 0 < ¢ < p’ this implies that 

f(p’) < f), 


which is inconsistent with the hypothesis of the theorem. 


3 
| 


co 
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THEOREM 6. If there exist constants B’ and B” such that 
(9) < and (1, 8’, p;f) 8% p3f), when 0S p Za, 
then to an arbitrary positive ¢ there corresponds a & such that 
(10) 8<a and 


Furthermore, in this theorem we may replace (1, B”,p;f) by its limiting 
value as B” becomes positively infinite, that is by f(p). 

The limiting form of this theorem, in which $(1, 8”, p; f) is replaced }y 
f(p), is obviously true, inasmuch as Theorem 5 tells us that in this case f(t) 


assumes its minimum value on / at /=0. 
In the case in which 0 = fp’ < B”, the relations (9), (1) and (3) yield 


70 


Setting p equal to the smaller of « and a (or their common value if «=4@) 
we see from the first law of the mean that there exists a 6 satisfying the 
requirements (10). 

As the first step in the consideration of the case in which 0 < fp’ < p", 


we establish the following lemma: 
Lemma. If B’ and B” are positive constants and if 0 < pa, then 


Using (8) and (2) we see that 


(11) ¢(1, 


B’B’[ 8". e3f) 8. +8 ip [6(1, 8”, psf) Bp: f)] 
0 / 4 

After multiplying by p®”-! and integrating we have 

(1, BY, psf) ~6(1, f)] = (B” —B’) Bt, 


Through integration by parts we see that 


p ” 0 , , ” 


0 79 


From the last two equations we obtain the desired relation, (11). 


Returning to the consideration of the theorem for the case in which 


0< p’ < B”, we see that in this case (9) and the lemma yield 


= (1) 


the 
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B Jo 
or, multiplying by the positive quantity B’p8"/B”(B” — Bp’), 
(12) 0 6(1, B’,p:f) Bt; f)|dl, O<pSa. 

From this it follows that $(1, 6’,¢;f) attains its minimum value on J at 
{= 0, for otherwise there would exist a constant p’ such that 0 < p’ =a and 
6(1,8 f) < #1, 7), ie 
and on setting p= jp’ in (12) we should have a contradiction. Hence 

6(1,8’,9;f) OStSa, 
which may also be written in the form 


Except for difference in notation, this is the hypothesis of the previously con- 
sidered case in which ~’ = 0, and so implies the validity of the theorem for 


the case in which 0 < fp’ < fp”. 
TuroreM 7. there exist constants 2” and B’ such that 


and 


(13) when pSza, 
hen to an arbitrary positive e, there corresponds a § such thal 
and f(0) = f(s). 


Furthermore, in this theorem we may replace 6(2”, B’,p3f) by us limiting 


value as a’ becomes positively infinite, thal is by f(0). 
In the limiting form of the theorem we assume that 
(9) = B. psf), OSpH=a. 


If the desired result is immediately obtained; if 0 < then $(2’, B’, p:f) 
is a weighted mean of the values of the continuous function f(¢) on the 
interval 0 << / <p. Hence, denoting by é the smaller of the constants « and a 


(or their common value if ea) there exists a constant 6 such that 
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and so, 
f(0) =f (8). 
Hence the theorem is valid in the limiting form. 
Turning now to the case in which (13) is assumed, we set % = a” — o/ 
and 
f(t) = 6(¢, B’,t;f), ts«. 
Using Theorem 2, we see that (13) may be written in the form 
Using Theorem 5 we have 
that is, 
f(0) = B.p;f), 0S p=a. 
We have already shown that this inequality implies the desired result, and so 
the proof is complete. 
THEOREM 8. Let « be a non-negative constant and f a positive constan!, 
and set 
f(t) = when OStSa. 
If it is possible to choose «& and f’ (subject to the above restrictions) so thal 
Sf'(p), when 0S pa, 
or so that $(1,1,p;f’) ts a non-decreasing function of p on the wmlterval 
0=p Sa, then to an arbitrary positive « there corresponds a § such that 
8<a and f(0) Sf(8). 
If (1,1, p;f’) =f'(p) when 0 = p =a, then from Theorem 5 we know 
that f’(p) attains its minimum on the interval 0 = pa when p=0. Hence 


f(9) = p;f), 
and the desired result follows from the limiting form of Theorem 7. 
If ¢(1,1,p:f’) is a non-decreasing function of p, then 


0 


when 0< pa. Noting that f’(p) and $(1,1,p;f’) are continuous when 
p = 0, we infer that 
(1, Sf (p), 


and the desired result follows from the first part of this theorem. 
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PART II: AppLicaTIons. 
In Part II we discuss the use of the foregoing results in the study of 
certain properties of functions continuous in a finite region of the plane or 


of space. 


1. Definitions. We formulate our definitions first for the spatial case, 
and later comment on the situation in the plane. 

By a finite region f of space we mean a finite domain (that is, a bounded, 
open, connected set of points) of euclidean space of three dimensions, or such 
a domain together with some or all of its boundary points. 

The finite region comprising the interior and boundary of the sphere of 
positive radius ¢ with center at the interior point P of R will be denoted 
by Sp(t). 

Let wu be any function which is continuous at each point of Rk. We define 
as the peripheral mean of w associated with a region Sp(t) contained in FR, 
the arithmetic mean (with respect to area) of the value of u on the boundary 
of Sp(t). We denote this mean by fp(t) and extend the definition of fp(t) 
by writing fp(0) —=wu(P). For any fixed interior point P of # the function 
fe(t) is continuous for each value of ¢ for which it is defined. 

We define as the radial mean of wu associated with an Sp(p), contained in 
R, the value obtained by first forming the arithmetic mean of wu (with respect 
to length) on a radial line drawn to an arbitrary element of area on the 
boundary of Sp(p) and then determining the arithmetic mean of this result 
(with respect to area) on the surface of the sphere. 

In order to define the conical mean of wu associated with an Sp(p) con- 
tained in FR, we first select a directed diameter L of Sp(p) and consider the 
arithmetic mean (with respect to area) of the value of u on the lateral surface 
of the right circular cone formed by those radial line segments of Sp(p) which 
determine with Z an angle 6, either acute or obtuse. The result thus obtained 
is now interpreted as a function of the solid angle Q = 27(1— cos @) formed 
by the cone at P. The arithmetic mean with respect to Q of this result is 
defined as the conical mean of wu associated with Sp(p). We will show later 
that this mean is independent of the choice of L. 

The volumetric mean of wu associated with an Sp(p) contained in FP is 
defined as the arithmetic mean of u with respect to volume over the region 
Sp(p). 

In the plane it is possible, in most cases, to define concepts corresponding 
to those we have given in detail for the spatial case. The peripheral mean 
of w associated with a circular region Sp(t) contained in R is computed by 


15 
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forming the arithmetic mean of ¢ with respect to arc length on the boundary 
of Sp(t). We may set fp(0) = u(P), as before. The radial mean also has a 
direct analogue; the volumetric mean in space corresponds to an areal mean 
in the plane. The conical mean has no direct analogue in the two dimen- 


sional case. 


2. Geometric interpretations. [11 this section we give interpretations 
of (1, 8. p: fr) for certain values of B. 


THEOREM 9. Jf wis a function continuous in the finite region R of space, 
and if dp is a function (not necessarily continuous) of the interior point P 
of R such that 0 < ap and Sp(ap) < R, then the following interpretations are 
valid when 0 pS ap: 


(1,0, p; fr) is the value of wat LP; 
1, fr) 
(1, 2, p; fp) is the conical mean of u; 
3, p; fr) 
$(1,+ «,p;fpr) ts the peripheral mean of u. 


is the radial mean of u; 


is the volumetric mean of u; 


If Ris a finite region of the plane, then 


(1, 0, p; fr) is the value of uat P; 
$(1,1,p; fr) is the radial mean of u; 
(1, 2, p; fr) is the areal mean of wu; 


$(1,+ «,p;fp) ts the peripheral mean of u. 


Each of the means involved (in space or in the plane) is that associated with 
Sp(p). 


We study first the situation in space. The interpretation given for 
(1, 0,p;fp) is evidently correct. In discussing some of the remaining cases, 
we shall find it convenient to introduce a spherical codrdinate system, choosing 
as pole an arbitrarily selected interior point P of J’, as polar axis (6 =) any 
ray drawn from P, and as the plane of the prime meridian (y = 0) any plane 
through the polar axis. Let Q be any point of R with spherical coordinates 
(r,6,W); we introduce as an alternative notation for u(@Q) the symbol 


u(r,0,w~). We observe now that 


fr(t) = f u(t, 0, sin 6 dé, 0St=ap. 
tT / 0 70 
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The radial mean of wu associated with Sp(p) is 


— sin dé ull 6, y) dt. 
By a change in the order of integration this is found to be (1, 1, p; fp). 

If L is chosen as the polar axis, the arithmetic mean of wu with respect to 
area on the cone described in the definition of the conical mean is 


+f tt i” u(t, 6, dy. 
Tp” 0 ri) 


Now dQ = 2x sin 6 d6, and so for specialized L the desired conical mean is 


ay u(t, sin 6 dé, 


which is $(1,2,p;fe). The value of this expression is clearly independent 
of the choice of the polar axis of the codrdinate system, and so represents the 
conical mean of wu associated with Sp(p) for any choice of L. 

The properties of volumetric means are well known. It is a simple matter 
to verify that the volumetric mean of wu associated with pees is (1, 3, p; fp). 

The validity of the interpretation given for #(1,-+ «,p;fp) is obvious 
from Theorem 1. 

The interpretations given for the case in which F is a finite region of the 
plane can be justified by methods analogous to those used in the spatial case. 
It should be noted that although the areal mean in the plane is the geometric 
analogue of the volumetric mean in space, it corresponds to a different value 
of B in B,p; fpr). 

We also observe that $(1,1, 9; fp) and $(2,1,p;fp) may be interpreted 
as the arithmetic averages on the interval 0 << ¢t <p of the peripheral and 


radial means, respectively, associated with Sp(/). 


3. Harmonic and subharmonic functions. We use the term “ har- 
monic ” in the classical sense,? and for subharmonic functions adopt the 
following definition, which is essentially that given by Kellogg.® 

Let uw be a function continuous in the finite region R (of the plane, or of 
space). Let @ be any closed subregion of R. Let v, be a function which is 
harmonic in @ and such that uw v, on the boundary of ®. If, for every 


® See, for instance, O. D. Kellogg, Foundations of Potential Theory, Berlin (1929), 
p. 211, 
°O. D. Kellogg, loc. cit., p. 315. 
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such #@ and v,, we have w= v1, in the interior of 02, we say that w is sub- 
harmonic in the interior of &. 

Two known properties of subharmonic functions play an important rdle 
in the theory outlined in this section. Each of these properties was originally 
given with reference to a more general type of subharmonic function. In the 
form in which we shall use them, these results are contained in the two theorems 


stated below: 


Riesz’s THEoreM.’ If the function u is subharmonic in the interior of 
a finite region R of the plane or of space, then for each intertor point P of R 
the function fp(t) is non-decreasing throughout the interval on which it is 
defined. 


LirrLewoon’s THEOREM.® A necessary and sufficient condition thal 
function u, continuous in a finite region R of the plane or of space, be sub- 
harmonic in the interior of R is that, gwen any positive constant e, to each 
interior point P of R there corresponds a constant 8p such that 


0O<dp<e, Sp(dp) << R and u(P) Sfr(Sp). 


By choosing the f(t) of Part I as fp(t) we obtain, with the aid of these 
two theorems, various results concerning subharmonic functions. Many of 
these results lead at once to theorems concerning harmonic functions, by virtue 
of the fact that a necessary and sufficient condition that w be harmonic is that 
both w and —wu be subharmonic. We give the following as an illustrative 
example: 

THEOREM 10. Let u be a given function, continuous in a finite region R 
of the plane or of space. If u is subharmonic in the interior of R and if to 
each interior point P of R we assign constants ap, B’p and B”p such that 


0 ap, Sp(ap) R and B’p <— 
then 
$(1, B’p, p; fr) = $(1, when = ap. 


Conversely, if to each interior point P of R there correspond constants ap, fr 
and Bp satisfying the conditions given above and, further, such that 


¢(1, B’p, P fr) = (1, B’’?, P> fr), when 0 = p = ap, 


7F. Riesz, “Sur les fonctions subharmoniques et leur rapport 4 la théorie du 
potentiel,” II, Acta Mathematica, vol. 54 (1930), pp. 321-360. See also T. Radé, loc. 
cit., paragraph 2. 4. 

8 J. E. Littlewood, “Cn the definition of subharmonic functions,” Journal of the 
London Mathematical Society, vol. 2 (1927), p. 189ff. See also T. Rad, loc. cit., 
paragraphs 1.6 and 2. 1-2.3 ine. 
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then u 1s subharmonic in the interior of R. Furthermore, throughout this 
theorem we may replace (1, B’p, p;fe) by fe(p) for some or all points P. 
In this theorem we may substitute the word “harmonic” for “ sub- 


harmonic,’ provided that we write 


p3fr) = ¢(1, BY’, p3fr), when 
and 
( B’r, Pp; fr) — fr(p), when = ap, 


in place of the corresponding inequalities.® 


Interesting results may be obtained as particular cases of this theorem, 
in either two or three dimensions. For example, if w is subharmonic in the 
interior of a finite region # of space, then the means of w associated with any 
Sp(p). contained in F# satisfy the following inequalities: 


u(P?) = radial mean = conical mean 


= volumetric mean = peripheral mean, 


and conversely, if for each interior point P of R some pair of these quantities 
satisfy (for all sufficiently small positive p) a weak inequality corresponding 
to their position in the scheme given above, then wu is subharmonic.?® 

Our final theorem gives a condition that u be subharmonic which contains 


as special cases several results due to Littlewood." 


THEOREM 11. Let u be a function continuous in a finite region FR of the 
plane or of space. A necessary and sufficient condition that u be subharmonic 
in the interior of R is that to each interior point P of R there correspond a 
positive constant ap such that Sp(ap) < R, and three sequences of constants 


9 


2 3 (2 ( ( CY 
ap"), ap' Bp f Bp! and pP pp ? 


Compare the implications of the condition u(P)= 0, p; fp) = 8" ps fp) 
with the theorems on mediation quoted by Bouligand, loc. cit., pp. 4-6. 

10 Necessary and sufficient conditions that wu be subharmonic given in previously 
published papers include the inequalities 

u(P) Speripheral or areal (or volumetric) mean, 
due to J. E. Littlewood, (loc. cit.) and the inequality 
areal (or volumetric) mean & peripheral mean, 

given by E. F. Bechenbach, and T. Radé, “Subharmonic functions and surfaces of 
negative curvature,” J'ransactions of the American Mathematical Society, vol. 35 (1933), 
pp. 662-674. See also T. Radé, “ Subharmonic functions,” paragraphs 2.8 (p. 8) and 
3.25 (p. 19). 

11 J. E. Littlewood, loc. cit. 
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such that 


0= 0< 0< = ap, (k = 1,2, * lim pp” = 0, 


and 
(14) u(P) = ¢(ae™, pp ; fr), == 1,2,3,-- -). 


The necessity of the condition is obvious from Theorem 4. ‘To demon- 


strate the sufficiency we note that given any positive integer k there exists a. 


such that 
0< <pp™ and $(ar™, pp™; fr) = fr(8p™), 
and so, given any « > 0 there exists a 8p such that 
0<dp<e, Sp(de)< and u(P) Sfr(8p), 


whence we obtain the desired result through Littlewood’s Theorem. 
We note that to obtain a corresponding necessary and sufficient condition 
that uw be harmonic we need only replace the inequalities (14) by equations. 


CoROLLARY. A necessary and sufficient condition that a function u, con- 
tinuous in a finite region R of the plane or of space, be subharmonic in the 
interior of R ts that to each interior point P of R there correspond constants 


ap, p and satisfying the conditions 
0 <ap, Sp(ap)< Rk, 0S and 0< 
and such that $(@’p, B’p,p3;fr) is a non-decreasing function of p on the in- 
terval 0S 
We note that if we replace the words “ non-decreasing function of p” by 


“independent of p” we obtain a necessary and sufficient condition that wu be 


harmonic in the interior of #. 


DARTMOUTH COLLEGE, 
HANOVER, N. H. 
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ON THE SMOOTHNESS OF INFINITE CONVOLUTIONS OF THE 
TYPE OCCURRING IN THE THEORY OF THE 
RIEMANN ZETA-FUNCTION.* 


By AUREL WINTNER. 


The smoothness of infinite convolutions of the type mentioned in the title 
has been treated by an estimate of Fourier-Stieltjes transforms of the distribu- 
tions on convex curves (cf. Wintner [4], pp. 328-329; Jessen and Wintner 
[2]). The method of obtaining such an estimate consisted in an extension of 
the usual estimate of the Bessel functions J,, and has used, besides a lemma 
of van der Corput, the assumption that the spectra are sufficiently smooth 
convex curves. The resulting estimate has then been refined in such a way 
as to vield an asymptotic formula also (Haviland and Wintner [1]). The 
methods applied are decidedly restricted to the convex analytic case and to a 
two-dimensional distribution. Also they represent quite a complicated part 
of the theory, developed loc. cil. [2]. In fact, this part and only this part of 
the theory had to be restricted to the two-dimensional case (loc. cit. [2]). 

The object of the present paper is to develop a simpler and more general 
method, which is free of the restrictions of the dimensionality, analyticity, and 
convexity, and is quite elementary in nature. The method is adapted to the 
cases of the type occurring in connection with Dirichlet series in the theory 
of numbers. Actually, it does not yield any information in case of finite con- 
volutions. Correspondingly, the method applies precisely in those cases in 
which it supplies corresponding smoothness properties for Bernoulli convolu- 
tions also (cf. Wintner [5]). 

Let & be a set in a j-dimensional real vector space, and let e denote an 


arbitrary point of &. In order to simplify the manner of speaking, it will be 


assumed that & is the sphere | e | = 1, formed by all unit vectors e. Lebesgue 
integrals over whole & will be denoted by ‘fl - -d3&,.. The areal measure on 


¥ will be thought of as normalized by introduction of a constant factor in such 
away that the area (dX, of & becomes unity. 
Let f be a (real) vector function with & =f) components, which is 
defined as a function of the position pe in the interior of 3; so that 0 =p < 1. 
Suppose that f =f (pe) is, for every fixed p, a measurable function on 3. For 
every p, the mapping 2 = f(pe) of & determines in a k-dimensional euclidean 


* Received October 7, 1938. 
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x-space an absolutely additive set-function dp = dp(L), defined for every Borel 
set of the x-space as the =-measure of the set of those points e at which 


z=f(pe) belongs to H. Since 


(1) = 1, 


¢p(/) is a distribution function. Denoting by wu an arbitrary point of another 
real k-dimensional euclidean space, and by A(w) =A(u;w) the Fourier- 
Stieltjes transform of a distribution function y=y(l) on the «x-space, one 
readily sees that 


(2) A(U; bp) = fexp{tu: f(pe) jade, 


where the period denotes scalar multiplication. 

It will be assumed that ¢p() has a finite standard. deviation, that is, 
that the expectation value of «* = «- wz is not + #. In view of (2), this will 
be the case if and only if the function f(pe) of the position e on & is of class 
lL” for every fixed p. As far as the k moments of the first order are concerned, 
the center of the mass distribution ¢p(/) will be assumed to be the origin of 
the «-space for every p; so that the expectation of z is the 0-vector. According 


to (2), the condition which is imposed on f(pe) by this normalization is that 


(3) Sf (pe) = 0 


for every p. 
It will also be assumed that f(pe) is in the neighborhood of the center 


of & of the form 
(4) f(pe) = pg(e) + 9(p), 


where g =g(e) is some (vector) function which is independent of the dis- 
tance p, and the o-term is meant to hold uniformly for all directions e. Since 
the function g of the position e on & clearly is of class L’, 


(4 bis) =flu-g(e) 


defines a quadratic form in the / components of w. 
Finally, it will be assumed that the non-negative definite quadratic form 


(4 bis) is positive definite. 
Since | u-f |? S 


0(u*f?) as wf? > 0. 
Hence, from (2), (1) and (3), 
A (usp) =1—Ff (pe) + f0(u*f(pe)?) de. 
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Since (4) holds uniformly in e, it follows that 


A (3) =1—4f g(e) + w|) + as p| w|—>0. 


But g(e) is of class L? on &; so that, on using the notation (4 bis) and the 


inequality of Schwarz, 


A(w; bp) = 1— (u) + o(p’u*) as p|u|—>o. 


This means that log A(w; dp) = — dp?«(u) + 0(p?u?) ; so that 
(5) A(u; = exp{— 4px (u) + 0(p*u*)}, as p| u|—>0. 
Now choose a fixed sequence p2,° of positive numbers py which tend 


with 1/n to zero, and denote the distribution function dp = dp() belonging 
to p=pn simply by dn Denoting by a the minimum, by the 
maximum of the positive definite quadratic form (4 bis) on the sphere | uw | = 1, 


one has 
(6) aw? = x«(u) S Bu? (0< 


for every wu. Hence it is clear from (5) and from the assumption 


(7) pn — 0, 


oO 
that the infinite product Il A(w; qn) is uniformly convergent in every or in 


n=1 
no sphere | w| < const. of the u-space according as the series 
(3) = 
n=1 


is convergent or divergent. This means that the infinite convolution 


is convergent if and only if so is the numerical series (8). [This fact is not 
implied by the general theory of infinite convolutions (cf. Jessen and Wintner 
[2], Theorem 5). In fact, g(e) in (4) is merely assumed to be of class L? 
on %. But if g(e) is not bounded (almost everywhere) on %, then (4) and 
(7) imply that the spectrum of ¢,(/) is not a bounded set for sufficiently 
large n]. 

It will be assumed that (8) is convergent, i.e., that (9) defines a dis- 
tribution function 6=¢(/). The Fourier-Stieltjes transform of this ¢ is 


(10) A(ujo) dn). 
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Comparison of (6) with (5) also shows that the infinite product (10) is 
absolutely convergent for every u, the series (8) being convergent. Further- 
more, from (2) and (1), 


| A(w: on)| S fd. = 1. 


Hence, the absolute value of the infinite product (10) is not increased if one 
omits some of its factors; so that 


(11) | A(u;¢)|S W | A(u;¢,)| 


N(u) 
holds for every wu and for an arbitrary function N of uw. 
Since the constant @ occurring in the first of the inequalities (6) is posi- 
tive, the asymptotic formula (5), when applied to p = pn, is seen to imply the 
existence of a positive constant y which has the property that 


(12) | A(u; S exp{— 4ap,7u?} whenever p, |u| < y. 


On placing N(u) =y/|u| for an arbitrary u340, the estimates (11) and 
(12) are seen to imply that the inequality 


| A(u;)| S exp{— 4auw? (y = const. > 0) 
Pn 


holds for every w30. Consequently, there exist two positwe constants y, 
c (= 4a) such that 


(13) A(u; = O(exp{— (y/|u])}) as |u| oo, 
where 
(14) K(v) = & pr,’ (v>0). 

Pn<v 


In order to apply the estimate (13)—(14) of (10) to the questions men- 
tioned in the introduction, suppose first that the given sequence pi, p2,° °° of 
positive numbers is of the type 


(15) pn const. n—> 0, (const. > 0). 


where o is a constant; since (8) is supposed to be convergent, o > 4. From 
(15) and (14), 

— Const. f as 0, 


K(v) ~ Const. & 


n r 


where Const. > 0; so that 


K(v) ~ (1 — Const. v?-/7 as 
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Hence, from (13), 
(16) A(u;¢) = O(exp{—C | as oo, 


where C = ¢(1 — 2c)-'y?""/" Const. is a positive constant. 
Similarly, if (15) is replaced by the more general condition that, for some 
fixed o (> 4) and for any given 8 > 0, 


(17) const. < pn < const. as n—> w, 
where the positive const. may depend on 6, then, again from (13)-(14), 
(18) A(u;o) = O(exp{—C | as 


where C' = C; is positive and independent of u, while « > 0 is arbitrary. 
Condition (17) is satisfied for every 6 > 0 if 


(19) pn’; 


where pn is the n-th prime number. This is clear from the elementary in- 
equalities of Chebycheff, since these imply that the ratio p,:n log n remains 
between two positive bounds as n—> o. 

Now it is known that if the Fourier-Stieltjes transform A(w;w) of a 
distribution function y —w(/) is such that 


A(u;~) =O(\ul~), |}u|—> 


holds for every fixed g > 0, then ¥(F) is absolutely continuous with a density 
) 
for which all derivatives exist and are uniformly continuous in the z-space. 


In particular, this will be the case if 
(20) A(u;w) = O(exp{— C | w |*}), 


holds for some pair of positive constants C, A. If, in addition, one can choose 
A= 1 in (20), then the density is regular analytic and bounded in a “ strip ” 
about the real domain, with a “ width ” which tends with U to « ; so that the 
density of y is a transcendental entire function if one can choose A > 1 in (20). 

Since (18) means that y = ¢ satisfies (20) for every A which is less than 
1/c, it follows that, in the case (17), the infinite convolution (9) is absolutely 
continuous with a density for which all partial derivatives exist and are uni- 
formly continuous in the 2-space; and that this density is a transcendental 
entire function if 1 (> $). 

As far as the conditions imposed on the mapping x = f(pe) are concerned. 
notice that if the i: components of the vector function f are regular harmonic 
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functions of 7 variables in a sphere about the origin of these j variables, and 
vanish in the first order at this origin in such a way as to have there a Jacobian 
matrix of rank &, then all the conditions (3), (4), (4 bis), (6) are obviously 
satisfied. If, in particular, 7 = 2 = k, one can choose the components of f (pe) 
to be the real and imaginary parts of any power series 


F(z) = cz + such that c, 40 and lim sup | ¢n < 


Now, in the asymptotic distribution theory of (the logarithm of) the 
Riemann zeta-function (cf. Jessen and Wintner [2]) one has simply 


F(z) = — log(1 —2z) == 4. 1,8 


while the pn are given by the particular case (19) of (17). 

It may be mentioned that the above elementary method also applies in 
problems of the type occurring in connection with the logarithmic derivative 
of the Riemann zeta-function (cf. Kershner and Wintner [3]). 
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THE FOURIER SERIES AND THE FUNCTIONAL EQUATION OF 
THE ABSOLUTE MODULAR INVARIANT J(*).* 


By Hans RADEMACHER. 


1. The Fourier expansion for the absolute modular invariant J(r) is 


(1.1) (7) =e? 4 744 +S 


n=1 
with 


. Vn k 1 k 


(1.3) Ax(n) = exp (nh + | hh’ =—1 (mod k). 
hmodk 
(hyk)=1 


This expansion was first given by H. Petersson in 1932.’ I regret not having 
been aware of Petersson’s priority when I recently published it again.*? Our 
two proofs, however, have nothing in common, since they approach the problem 
from two opposite sides. Petersson discusses modular forms of negative 
dimension 7=— 2. The derivative J’(r) is clearly of dimension —2. By 
means of his generalized Poincaré series Petersson constructs a modular form 
of dimension — 2, of which he shows, through a theorem of uniqueness, whose 
application in this case he briefly indicates, that it must be identical with 
J’(r). By expanding his Poincaré series into a Fourier series he finds the 
series for J’(r) and by integration that for J(r). On the other hand, my 
method is a refinement of my variant of the Hardy-Ramanujan method, which 
originally was only applicable to modular forms of positive dimension. The 
Kloosterman method permitted its extension to modular forms of dimension 


zero.” 


* Received August 26, 1938. 

1 Hans Petersson, “ Ueber die Entwicklungskoeffizienten der automorphen Formen,” 
Acta Mathematica, Bd. 58, pp. 169-215, in particular p. 202. 

2“ The Fourier coefficients of the modular invariant J(7),’ American Journal of 
Mathematics, vol. 60 (1938), pp. 501-512. I avail myself of this opportunity to supple- 
ment a remark in that paper. When I mentioned there (p. 511) that only the nu- 
merical values of c, and ec, seemed to appear in the literature I had overlooked the 
paper of W. E. H. Berwick, “An invariant modular equation of the fifth order,” 
Quarterly Journal of Mathematics, vol. 47 (1916), pp. 94-103, in which the author 
gives the numerical values of the coefficients up to c¢;. 

®The present paper had, with another introduction, already been submitted for 


237 


3 


238 HANS RADEMACHER. 


If we leave aside a normalizing constant factor and an additive constant 
the modular function J(7) is unambiguously characterized as the function 
regular in the upper 7-half-plane, having a pole of the first order at 7 = 0 for 
the variable « = ¢*7'7 and satisfying the functional relations 


(1. 4) J(r) =J(r+1), 
(1.5) J(r) =J(—1/r). 


The problem we are dealing with in this paper is so to speak the converse of 
that of determining the series (1.1) for the modular function J(7). We ask 
here: given the expansion (1.1), how can we see that it represents a modular 
function, i.e. that the function defined by the expansion satisfies the above 
mentioned functional relations? Now it is obvious that (1.1) as a Fourier 
series has the property (1.4). We are therefore only concerned with (1.5). 

Our method will, in rief words, consist in a transformation carrying 
(1.1) over into a certain double series. In this double series, which is not 
absolutely convergent, we shall have to interchange the summations with 
respect to the two indices of summation. The greatest part of our conclusion 
will be purely formal. Since only the treatment of the double series involves 
some analytical intricacies, we shall deal with it in a separate lemma, which 
we prove first, in order not to interrupt the continuity of the main reasonings. 

2. Lemma. Let + be complex with positive imaginary part. Then 

« +N K +K (2rim’/k) 

(2.1) Slm =lm> > 


‘ = 
k=1 N00 m=-N (her K-00 =1 m=-K h (kr m ) 
(m,k)=1 (i,k) =1 


where m’ is defined as a solution of the congruence 


mm’ =— 1 (mod k).* 


Proof. We first prove the convergence of the left-hand side of (2.1). 
We have 


+N 1 1 
(m,k)=1 (h.ke)=1 |nk+h|S=N 


hence 


publication, when on September 14th, 1938, I received a letter from Professor Petersson, 
drawing my attention to his previous publication. 

‘The dash ’ is used in this meaning throughout this paper; the modulus of the 
defining congruence will always be clearly stated by the context. 
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+N k) 1 1 
m=-N ( ™m) hmodk N->00 n v/h 
(m,k)=1 (h,k)=1 nhth| SN 
1 1 
= é 
2 2 2 
(h,k)=1 
_ p(k ) > e7 (27 il’ /k) e2Tiv(T-h/k) 
hmodk y=0 
(h,k)=1 
+N 


li 
k (ker — m) 
(m,k)=1 


p=0 hinod 


(h,k)=1 
Now the inner sum of the last term is a Kloosterman sum, for which we have, 


after Estermann, Salié and Davenport,® the estimate 


(2.31) exp = (h’ - | = 


hmodh 
=1 


We put 
(2. 32) fi, B>0 


and obtain 


‘ exp | ——— (h’ + hy) ()[ k? {— 


Consequently from (2. 2) 


(2. 33) k (kr — m) ( 


(i,k) 


This shows the convergence of the first sum in (2. 1) 


We now can enunciate the lemma in the following form 


K (21rim’/k) 
(2. 4) lim lim = — == (), 
h=1 K < |m|S=N h ) 
(m,k)=1 


in which form we are going to prove it. 


We first consider 


2rim’/k) 


N->00 Noo K< |m|=N h (/ 
(m,k)=1 


Now the function 
§ for (m,k) — 1, 


9 
(2. 61) g(m) = 10 otherwise 


5 For references cf. my paper cited in footnote 2. 
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is periodic modulo k and can therefore be expressed as a “ finite Fourier sum ” 
5 
(2. 62 g(m) = > 
j=1 
The coefficients B;, are found in the customary way: 
j, y way 


k k k 
> g(m) e~(2rilm/k) Byx >> e2mi(j-l)m/k 


m=1 
g(m)e e~(2rtjm/k) | 
C m=1 
1 9 . 
(2. 63) exp | (m! + jm) ] 


(m,k)=1 


Here we have again a Kloosterman sum, so that 
(2. 64) Bj 


We note separately the special case 7 =k: 


1 k 
k m=1 k 
(m,k)=1 


The formulae (2.61), (2.62) and (2.65) permit us to transform 7;,‘%-’) 


of (2.5): 


= k 
K < |m|S=N k (kr m) 
k-1 i jm/k (k) 1 
Pe <n k(kr —m) k ke = k(kr m) 
This leads to 
= lim 
9 > B 2rijm/k B, 
( k kr —m +5 k her m 


+ > (; ) =8§,+8.+ 


“Kar kr + m 


say. The convergence of the infinite sums will be shown incidentally. 
With the notation (2.32) we have ® 


®The following estimations could be considerably shortened and simplified if we 
were to content ourselves with the special case of purely imaginary 7. In fact, this 
would suffice to prove the relation (1.5) under the same restriction, which then could 
be lifted by the principle of analytic continuation. However, I have not chosen this 
way since for the purpose of this paper it seems to me more natural to leave 7 as 
unrestricted as is compatible with the sense of (1.1). 
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u(k) J ( 1 
\ (a+ tB)k—m iBk —m 


5 ( 1 1 


1 
Lo. ( (ak + m)? + Bk?)* (m? + + 2 m? +. 


— 


it 2| a | 
k ((| | k—m)? + + m? 
Here we have 
9 9 
x” k 
K 


We write 
(2. 83) = > -+- > Sy So. 
K<mS(\al+1)K (jaj+1) Kom 
Now (2.4) shows that we always have 
&. 
Therefore we majorize the sum s, in (2.83) if we replace there the sequence 


(|a|k—m)?, 


by twice the sequence 
m?, 


so that 


] 
8, 
| VK ( m? + 48K 


1 1 log K 
| (ate =) ( k ) 
where we have suppressed under the O-symbol the irrelevant parameters @ 


and B. 


In s. we have 


16 


L<K m 
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hence 
| a | m m 
= - 
[a[+1 
Therefore 
=) 

The inequalities (2.81), (2.82), (2.83), (2.84), (2.85) together show that 
(2. 86) log K 4 


For the estimation of S, we first consider a finite sum. We have 


N+B4+TX K+4+T00 
N e27ijm/k » ) dz 
9 ¢ — == 
m-K+1 kr — ‘ kr—z 
N+4-TX K+3-7Xx 


where the paths of integration are straight lines forming the angle 


§—argr 
with the positive real axis, where 
(2. 92) 0<b<z. 


The absolute convergence of the integrals is easily ascertained because of 
With 

(2. 93) =r+(¢+ 

we have 


| e2Tij2/k | (27 jBt/k) 


The denominator (e**** — 1) is different from zero on the paths of integration. 
For the question of convergence we can therefore disregard an interval around 
= 0 and need only discuss | | = 1 in (2.93). We obtain 


| iz | e -27Bt ___ 1 
hence 
ij2z/k (27jBt/k) 
e2miz = | e-27Bt __ 1 | 


This shows the convergence of the integrals, as well as the uniform con- 

vergence of the integrand to zero with |t|—o, for K+4S¢2N +4}. 

If we put 
+00 

(2m jBt/k) dt = C, 


| e27i(a+iB)t 1 | 


I 


an 


we 
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we have in particular for the first integral in (2. 91) 


N+4+700 
Nad | 2=N+h+rt | kr —z | 
N+4-7T0 1 
= C Me 2 = = : 


which tends to zero with N tending to infinity. Hence 


e2tijm/k e2Tije/k dz 
kr — m kr —z 
K+3-T00 
and so 
x e2tijm/k 1 C 
kr —m |r (K+ 4) sind 


If we introduce this into the definition (2.7) of S,; and make use of (2. 64) 
we obtain 
(2. 94) 8, = O(k-“/)*K-1), 


The analogous estimate holds true for S,. Combining (2.7), (2.86), and 
(2.94) we get 


From this we deduce further 
K K 
= O(K- log K +") = O( log K). 
k=1 


In virtue of the definition (2.5) of 7;,*) this implies the assertion (2. 4) 


and therefore proves the lemma. 


3. We now proceed as follows. Putting 


‘= errr. 
we have from (1.1) 
fo 
(3. 1) f(x) = 1289S (7) =a + 7444+ 
n=1 


The function f(x) is regular for | z| <1 with the exception of z=0. The 
convergence of the power series in |2|< 1 follows immediately from the 


asymptotic formula 
1 


V 2 n3/4 


pinvn 


Cn 
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which in turn is a corollary of (1.2).7. The function J(r), which in the 
present discussion we have to consider as defined by (1.1), is therefore analytic 
in the upper r-half-plane. 

Introducing (1.2) and (1.3) into (3.1) we obtain 


00 & n 
n=1 Vn k=1 k k 
Vn n ke 
k=1 hmodk n=1 Vn 
(hk )=1 


OC 
(3.2) 12°J(r) =a'+ 7444 22 (2m ) 
h=1 k 
(hyk)=1 


with the notation 


n=1 Vn k n=1 
Here 
1 An \/w 27 k 


is a transcendental entire function of order $. We remark that by a theorem 
of Wigert, the function ®(z), which (3.3) defines only in the interior of the 
unit circle, can be continued analytically over the whole z-plane, with the 
exception of the point z= 1, where it has an essential singularity. The 
expansion (3.2) therefore shows a decomposition into “ partial fractions ” 
similar to that one which I have obtained in connection with the generating 
function of p(n).8 We do not pursue this remark here any further. 


From (3.3) and (3.4) we infer 


(3. 5) \?” 


7 Cf. Watson, Bessel Functions, p. 203, formula (2). 
8“ A convergent series for the partition function p(n),” Proceedings of the 
National Academy of Sciences, vol. 23 (1937), pp. 78-84. : 


Re 


( 
4? 
9 x si 
is 
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Jor the transformation of the inner sum we make use of Lipschitz’s formula °® 


T(iv+1) 1 
Vp-2Ttn 


which holds for #(¢) >0,v>0. We can apply it on (3.5) if we put 


(3. 51) 
‘or y= 0 we have 


and so 
{ v! +N 1 \ 
(3 61) k } $+ 27 (2a + 
T N Gat 
1 +N | (ke (t+lid 
= 
(3. 62) =— — +lim — __]), 
k N->0o l=-N 


We need in (3. 2) 


and therefore, because of (3.51), 


= tr 1 h 
Inserting this in (3.62), we obtain 
(3. 63) Dy, (27 ) + lim é ( -kr+h+kl) —1) 
= — 927 i/k(ktT-m) 
t+ — Ti/ Tm —1). 
Nox Qn moh (mod 


If we go back to the power series for the exponential function, viz. to (3.61), 
we see that for y= 1 the limit process N— o may be carried out under the 
sign of summation with respect to 1. For v= 0 the limit process 

|m—h|=kN 
is equivalent to 


M— o, |\m| SM, 


ae Lipschitz, “Untersuchung der Eigenschaften einer Gattung von unendlichen 
Reihen,” Journal fiir Mathematik, Bd. 105 (1889), pp. 127-156, in particular p. 136. 
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since the single term 


2ai/k (kr — m) 


tends to zero as |m|— oo. The equation (3.63) can therefore finally be 


| 


written 
(3. 64) D;, (27 th/k) ) — +! im > 1 ). 
M—>x% 27 m=h(modk) 
|m|=M 


From this we obtain 


(2m th’ /k) (2m th/k) ) 
hmodk 
(h,k)=1 


k 21 |m|=M 


(m,k)=1 


(3. 7) 12° J (7) a= 144 


Returning to (3.2) we get now 


+ lim > e7(27im’/k) t/k(kr-m) 1). 


k=1 |m|=M 
(m,k)=1 


The condition (m,k) = 1 implies that the value m = 0 can be assumed only 
together with k =1. We separate this term. Furthermore we have 


In consequence of these remarks, (3.7) goes over into 


(3. 8) 12°J (r) = e27i/T + 


k 
+> lim > exp \ 2m — exp ( — 2m — 
k=1 1<|m|=M kr —m k 
(m,k)=1 


It is from this formula that we intend to derive the functional equation (1. 5). 
4. For this purpose we have to show that (3.8) can be replaced by 


(4.1) (r) 4 4 731 


mm’ +1 
K — m'r 
k 
+lim exp \ 271 — exp (— - ) 
K-00 k=1 kr —m k 


(m,k)=1 
It is, however, simpler to consider the infinite sum in the form — it has 
in (3.7) instead of (3.8). Indeed we have 


Sin 


tery 


is 
Ph 
firs 
the 
onl 
| 
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=D lim (¢2mt/k(kr-m) 1) 
k=1 M->00 |m|=M 
(m,k)=1 


k=1 k{kr —m) 
(m,k)=1 
1: Qart 
(4. 2) S= lim = (27im'/k) 
ik=1 M00 |m|S=M k(kr — m) 
1 
k=1  m=- A k (kr —m) 
1 


The separation into two sums is permissible since both are convergent. This 
is true for the first in virtue of our lemma. The second sum is absolutely 
convergent in all three summations together and admits therefore any re- 
arrangement of its terms. If we apply moreover our lemma to the first 
member on the right-hand side of (4.2) we get 

S = lim — = 


h=1 |m|SK k (kr -— m) m) 
(m,k)=1 


k=1 |m|SK 


(m,k)=1 
K oe) Qari, 
K-00 k=1 |m|SK A! k (kr — m) 
(m,k)=1 


K 
k=1 |m|SK 
(m,k)=1 


This proves (4.1). 

5. The rest of our reasoning is now purely formal. The sum of the 
first three terms of the right-hand side of (4.1) is invariant with respect to 
the transformation r > — 1/r. In order to establish (1.5) we have therefore 


only to prove 


mm’ + 1 
— 
k .m 
exp \ — exp | — 2m — 
1<\m|<K kr — m k 
(m,k)=1 
mm’ 
t+ m’ 
m’ . 
= >» exp \ 271 — exp | — 2m- 
1</m/<K —k—mr k 
(myk)=1 


Since these are finite sums we can suppress on both sides the identical second 
terms in the parentheses. Our assertion is therefore reduced to 


= 
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K — — kh + m’r 
2 exp —— cp { ——— 


1 


K q / 
=> Dexp[ 
k=1 m=1 = 
(m,k)=1 (m,k)=1 


In this formula we have set 


, mm +1 
(5. 2 — k’ = 
k 
We have also used the fact that if m’ belongs to m in 


mm’ ==— 1 (mod k) 


then — m’ belongs to —m. The equation (5.2) is symmetric with respect 
to m and k, since 


(5. 23) mm’ + kk’ +1 = 
so that, corresponding to (5. 22), we also have 
(5. 24) h:k’ == — 1 (mod m). 


We may write (5.1) in the more symmetrical form 


K K / K K = 
CT 


k=1 m=1 k=1 m=1 


kr +m 
(m.k)=1 (mk)= 1 


mr —k mr+tk 
(m,k)=1 (m,k)=1 


3ut this equation is obviously true, since one side goes over into the other by 
a mere change of notation, namely by replacing m, m’ by k, k’ and conversely. 

We have therefore proved the functional property (1.5) as a consequence 
of the Fourier expansion (1.1) with the coefficients (1.2), (1.3). 
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